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Abstract: In this paper, we introduce the concept of the Bn-classical orthogonal polynomials, where B, is
the raising operator By, := z2 -d/dx + (2(a -1z + I)I[, with nonzero complex number « and [ representing the

identity operator. We show that the Bessel polynomials Br(la) (z), n >0, where « # —m/2, m > —2, m € Z, are
the only Bn-classical orthogonal polynomials. As an application, we present some new formulas for polynomial
solution.

Keywords: Classical orthogonal polynomials, Linear functionals, Bessel polynomials, Raising operators,
Connection formulas.

1. Introduction

Let {Bﬁf‘)}nzo be the monic Bessel polynomial sequence. It satisfies the following explicit
expression [10, 23]

= 2" "I'(n+2a+v—1)
B@@) =% (" Voo 1.1
(@) VZZO <y> I'2n+2a —1) =, n2b (1.1)

for « # —m/2, m € N. To complete the definition, Bﬁba)(()) is set equal to

I'(n+2a—1)
(Oé) = n >
By (0) =2 T2n+2a—1)’ n > 0. (1.2)

It is well known that the monic Bessel polynomial sequence is classical and satisfies the following
relations [8, 10, 16, 23]:
—The Second-Order Differential Equation (SODE)

2*B@Y () + 2(az + l)BT(la)/(x) =n(n+2a—1)BY =), n>0. (1.3)
—The Lowering Relation (LR)

DB (z) =nB“ (), n>1, (1.4)

n—1


https://doi.org/10.15826/umj.2022.2.001
mailto:Baghdadi.Aloui@fsg.rnu.tn 
mailto:jihadsuissi@gmail.com
mailto:jihad.souissi@fsg.rnu.tn

Bessel Polynomials and Some Connection Formulas 5t

where D := d/dx is the standard derivate operator.
After a simple calculation, the SODE can be written for n > 0 as follows

/

<x23£f‘)/(x))l + (2((a ~Da+1)B (m)) = (n+1)(n + 2o — 2)B@) (z). (1.5)

Using the LR (1.4), the equation (1.5) becomes for n > 0

/

(+2B (@) +2((a = Do+ 1)BE (@) = (n+20 - B (@),

Using the primitive of the last equation, we get

xQB,(f‘)l(x) + 2((a -1z + 1)B,(La) () = (n+2a — 2)Br(f_:__11)(x) + K,

with (aw # —m/2, m > =2, m € Z), and where, using (1.2), we have

K =2B(0) — (n+2a —2)B“ Y (0) = 0.
Then we finally obtain the following Raising Relation (RR) satisfied by the monic Bessel polyno-
mials

Bo B (z) = (n+2a — 2)BLV (2), (1.6)

where B, := 22D + 2((o — 1)z + 1)I is called the degree raising shift operator for the Bessel
polynomials with T representing the identity operator. For more details see also the degree raising
shift operator for the family of classical orthogonal polynomials [13].

In view of (1.6), we can say that {Bﬁla)}nzo is an B,-classical polynomial sequence, since it
satisfies the Hahn’s property with respect to the operators B, i.e., it is an orthogonal polynomial
sequence whose sequence of B,-derivatives is also orthogonal. Note that an orthogonal polynomial
sequence {py, }n>0 is called classical, if {p), },,>0 is also orthogonal (see [16-19]). This characterization
is essentially the Hahn—Sonine characterization (see [11, 21]) of the classical orthogonal polynomials.

In the same context, a natural question arises about the characterization of B,-classical or-
thogonal polynomials. The purpose of this paper is to introduce the concept of the B,-classical
polynomial sequence and to give a complete description of this family of orthogonal polynomials.
Note that many researches have been devoted to these topics where lowering, transfer and raising
operators have been used (see for example [1-7, 9, 11, 12, 20]).

The paper is organized as follows: Section 2 gives the basic notations and tools that will be
used throughout the paper. Section 3 deals with B,-classical orthogonal polynomial sequence. In
Section 4, we put in evidence some differential relations satisfied by the polynomials solution of our
problem. In Section 5, we give a conclusion.

2. Preliminaries

Let P be linear space of polynomials in one variable with complex coefficients and P’ be its
dual space, whose elements are linear functionals. We write (u,p) := u(p) (v € P, p € P). In
particular, we denote by (u), := (u,2™), n > 0, the moments of u. Let us define the following
operations on P’. For any linear functional u, any polynomial f and any (a,b) € C\{0} x C, let
Du =14, fu, hqu and Tyu be the linear functionals defined by the duality [15, 16]

(fu,p) == (u, fp), (u',p) :== —(u,p’),

(hau,p> = <u7 hap> = (u,p(am)>, <Tbu7p> = <u,7’,bp> = <u,p(m + b)>
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A linear functional w is called normalized if it satisfies (u)p = 1. We assume that the linear
functionals used in this paper are normalized.

Let {pn}n>0 be a sequence of monic polynomials with degp, = n, n > 0 (MPS in short) and
let {uy, }n>0 be its dual sequence, u,, € P’, defined by (upn,pm) = 0pm, n, m > 0. Notice that v is
said to be the canonical functional associated with the MPS {py, }»>0 (see [16-18]).

Let us recall the following result.

Lemma 1 [16, 17]. For any u € P' and any integer m > 1, the following statements are equiv-
alent:

(1) <u?pm*1> 75 O’ <u’pn> = Oa n 2 m,
m—1
(i) IN, €C, 0<v<m-—1, Ap_1#0 suchthat u= Z AUy

v=0
As a consequence, the dual sequence {ug]}nzo of {pg]}nzo where
phl() = (n+ 1) Dppyr(x), n>0,

is given by [16, 19] as
Dulll = —(n 4+ Dupyy, n>0.

Similarly, the dual sequence {y, },>0 of {pn }n>0, where
Pn(x) :=a "pyaz +b)
with (a,b) € C\{0} x C, is given by [16, 19]
Up = a" (hg-1 0 T_p)up, n>0.

A linear functional u is called regular if we can associate with it a MPS {py, },>0 such that [16, 19]
as
<uapnpm> = rn(sn,ma n,m=>0, m, 7é 0, n>0.

The sequence {py, }n>0 is then called a monic orthogonal polynomial sequence (MOPS in short)
with respect to u. Note that u = (u)pug = g, since u is normalized.

Proposition 1. [16]. Let {p,}n>0 be a MPS and let {uy}n>0 be its dual sequence. The follow-
ing statements are equivalent:

(1) {pn}n>0 is orthogonal with respect to uy,

(i) {pn}n>0 satisfies the linear recurrence relation of order two
{ po(z) =1, pi(x) =z = fo,
Prt2(r) = (& = Bnt1)Pnt1(®) — Yntapn(z), 1 >0,

where
B = (uo,zpp)(uo, pp) ", 1 >0,
and
Y1 = (g, poy)(uo, p2) 1 #0, n >0,

(iii) the dual sequence {uy}n>0 satisfies:

uy, = (g, p2) *ppug, n > 0.
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A MOPS {pp}n>0 is called D-classical, if {Dpy,},>0 is also orthogonal (Hermite, Laguerre,
Bessel or Jacobi) [19]. Moreover, if {p,}n>0 is orthogonal with respect to wug, then there exists a
monic polynomial ¢ with deg¢ < 2 and a polynomial ¢ with degt = 1 such that wug satisfies the
Pearson’s equation (PE) [19]

D(¢UQ) + T/JUO =0.

A second characterization of these polynomials is that they are the only polynomial solutions of
the SODE [8, 19],
O(@)ph11(2) = Y(@)Pp41(2) = Mapps1(z), n >0,

where

Ay = (n+ 1)<%¢”(0)n —() #£0, n>0.

Note that if p,(z) = By (x), n >0, (& # —n/2, n > 0) is the monic Bessel polynomial and
we write B(® for ug, then the regular form B(®) satisfies the following PE [16, 19]

D(2?B)) - 2(az +1)B®) =0, (2.1)

and B\ (x), n > 0 satisfies the SODE (1.3).
3. The B,-classical polynomials

Recall the operator
By:P — P,
fo— Bo(f)=2f +2((a— Dz +1)f,

with a # —m/2, m > =2, m € Z.
Clearly, the operator B, raises the degree of any polynomial. Such an operator is called raising
operator [14, 22].

Definition 1. We call a sequence {P,}n>0 of orthogonal polynomials B,-classical if
{Bo Py }n>0 is also orthogonal.

For any MPS {P, },>0 we define

1
or equivalently
(n+2a — 2)Qni1(z;a) == 2°P)(z) + 2((a — 1)z + 1)Py(z), n=>0, (3.1)

with initial value Qo(x;a) = 1.
Clearly, {Qn+1(;@)}n>0 is a MPS and

deg Qni1(z;0) =n+ 1.

In the sequel, we write

Qn(z) == Qn(z;a), n >0,
if there is no ambiguity. Our next goal is to describe all the B,-classical polynomial sequences.
Assume that {P,},>0 and {Qy, }n>0 are MOPS satisfying

Pryo(2) = (2 — @nt1) Pot1(2) = W1 Pa(2), n 20, (3.2)
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with initial values Py(x) =1, Pi(z) =  — wp, and

Qn+2($) = (1' - Hn—l—l)Qn-‘rl(x) - Cn+1Qn($)7 n >0, (33)

with initial values Qo(z) =1, Q1(z) = = — by.
Next, a first result will be deduced as a consequence of relations (3.1), (3.2) and (3.3).

Proposition 2. The sequences { P, }n>0 and {Qn}n>0 satisfy the following finite type relation
2Py (2) = Qni2() + $nQni1(2) + 1aQn(z), n >0,
where
Sp = (n+2a — 2)(wn — 9n+1), n >0,
thn = +2a—3)y, — (n+2a —2)(pt1, n>0,

with the convention vy = 0.

P r o o f. Differentiating (3.2), we obtain

rlz+2($) = (z— wn+1)P7/L+1($) — V1P, (2) + Ppya(z), n>0.

We multiply the last equation by 22 and the relation (3.2) by 2( (a—1)x+ 1), take the sum of the
two resulting equations, and substitute (3.1). Then, we get

(n 4 20)Qny3(x) = (n 4 200 = 1)(& — @n41)Qny2(x)
—(n+ 200 — 2 41Qni1(x) + 22 Poyi(z), n>0.

Using the relation (3.3), we get
2?Pry1(z) = Qnis(®) + (n 4 200 — 1) (@na1 — Onsa) Quia (@)
+((n+2a = 2)ynq1 — (N4 200 = 1)Cng2) Quya (z), n > 0.

In fact, this result is valid if n + 1 is replaced by n with the convention ~y = 0. Hence we got the
desired result. O

Note that, for n = 0, the Proposition 2 gives

2? = Qa(x) + (2 — 2)(w0 — 01)Q1(2) — (2a — 2)(1Qo(), (3.4)
and using the fact that
Ql(x):x—(%:x—i-m,
we obtain

Q2(z) = 2% + (200 — 2)(0; — wo)z + (200 — 2)C1 + 2(6; — wy).
It gives by comparing with (3.3) for n =0

=+ 2(a— 1wy 1 2(a—1)
b1 = 2 — 1 T le-D@a-1 " 2a-1
¢ _9091+2(W0—91) . -1
L 20 — 1 T (a-1%

Denote by ug and vy the regular forms (linear functionals) in P’ corresponding to { P, },>0 and
{@Qn}n>0 respectively. Then we can state the following result.
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Lemma 2. The following algebraic relation between the regular forms ug and vy holds

zuy = 2 U
P roof. According to Proposition 2, we obtain
(z%v9, Py(z)) =0, n>1. (3.5)

On the other hand, by (3.4) we have
(avo, Po(x)) = (vo, Q2(x)) + 2(a — 1)(zwo — 01){vo, Q1(x)) — 2(x — 1)¢1 (v, Qo(x))r

. 59

since {@p }n>0 is orthogonal with respect to the normalized form vy. According to Lemma 1 and
using (3.5) and (3.6), we obtain the desired result. O

Based on PE satisfied by the linear functional of B(®), we can state the following theorem.

Theorem 1. The sequence of Bessel polynomials {B,(La)}nzo, with o # —m/2, m > =2,
m € Z, 1is the only B,-classical orthogonal sequence. More precisely, P, (x) :B,Sa)(x) and
Qn(z) = B (@), n > 0.

Proof. If weapply vy in (3.1), we get for n >0
(vo, (n 4 200 — 2)Qp41(2)) = <vo, 2P (x) + 2((a— 1)z + 1)Pn(x)> = 0.
But the right hand side may be read as
< — D(z%vo) +2((a — 1)z + 1)@0,Pn(x)> =0, n>0.
Hence we have for all polynomials P, expanding P in the basis { P, },>0, the following relation
(= D(a?u0) +2((a = 1) + 1)vo, P(z) ) = 0.

In other words we have
(3321)0), —2((@— 1)z +1)vy = 0. (3.7)

This implies that vy is the Bessel functional B~

according to the corresponding PE (2.1), i.e.,
Qn(z) = B V(z), n>0,

with & # —m/2, m > =2, m € Z.
Multiplying (3.7) by z? and using Lemma 2, we obtain

(mzuo), —2(ax +1)up = 0. (3.8)

Essentially (3.8) corresponds to the PE of linear functional B of the sequence of Bessel
polynomials {Br(fé)}nzo. Hence, P,(z) = B (x), n>0. O

In conclusion, we give the following relation, which is satisfied by Bessel polynomials

2B () + 2((a— 1)z + 1)B,(f‘) () =(n+2a— 2)B7(Li_11)(x), n>0

with & # —m/2, m > =2, m € Z.
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4. Representations of Bessel polynomials in terms of the action of linear
differential operators

In this section, we prove some higher order differential relations between the Bessel polynomials
(solution of our problem). First, we need the following fundamental relation

(D + (n+a — DI) B2 (2) = (2n + a — 1)BLTD/2) (), (4.1)
which is obtained after a simple calculation from (1.1).

Theorem 2. The representation of Bessel polynomials Bn(aer)/Q)(x) in terms of action of

linear differential operators on the Bessel polynomials B,SQ/Q) (x) is given by

)

I2n+a—-1) < /m\ Tn+at+m-—1) ke
B(at+m)/2) — m—k pm—k g(a/2)
" (z) I’(2n—|—a+m—1)kzz: k I’(n—l—a—l—m—kz—l)x G

: (4.2)

n>0 m2>0.

P r oo f. We prove this by induction on m € N. For m = 0 this is obvious. Now, suppose (4.2)

holds and prove the same for m + 1 instead of m. Indeed, by differentiating both sides of (4.2) and
using (1.4), we get, for all n > 1,

atm I2n+a—-1) <(m\ Tntat+m—1)
platm+2)/2)
n—1 () I‘(Qn—i-a—i—m—l)];) kE)T(n+a+m—k—1)

x [(m _ k)xmfklemfkfl + xmkamfk] Bg(ffr2)/2) (), n>1.

Replacing o + 1 by a, n — 1 by n and using the identity (4.1) we obtain for all n > 0

Bllatmin/) gy - Tenta—1) z’”: (m) _ P(n+a+m—1)

P(Qn—i—a—l—m)kzo E)T(n+a+m—Fk—1)

x [(m — k)gmkotpmok-l :Umkamfk] (zD+ (n+a— 1)H)B,(f‘/2) (x), n>0.

Equivalently

F2n+a—1) « (m\ T(n+a+m—1)
((atm+1)/2)(py = 20T = )

B (z) F(2n+a+m)kz()(k‘)F(n—l—a%—m—k—l)
X [(m —k)(n+a+m—k—2)zm k- lpm-k-l

+(n+a+2m — 2k —1)zmkpmF 4 me_kDmH_k] B/ (), n>0.

After some calculations, we finally obtain for all n > 0

m—+1
Bllatmin/) gy - Tenta—1) 3 (m + 1) _ L(n+a+m)

 I(2n+a+m) =\ k (n+a+m—k)

Xxm+lkam+lka1(1a/2) (CC), m > 0.

Hence the desired result is proved. ]
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5. Conclusion

We have described the B,-classical orthogonal polynomials using the Pearson’s equation
that the corresponding linear functionals satisfy. More precisely, we have proved that the Bessel
polynomial sequence {Bﬁf‘) () }n>0, where av # —m/2, m > —2, m € Z, is the only B,-classical
sequence. As a consequence, some connection formulas between the corresponding polynomials

are deduced.
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Table A. Bessel polynomials.
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0 0
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Abstract: In this paper, we consider the output controllability of finite-dimensional control systems governed
by a distributed delayed control. For systems with ordinary controls, this problem was investigated earlier.
Nevertheless, in many practical and technical problems the control acts with some delay. We give the necessary
and sufficient condition for the output controllability. The main goal of our control is to govern the output of
the system to some position on a subspace in a given instant, and then keep this output fixed for the remaining
times. This property is called the long-time output controllability. For this, sufficient conditions are given. The
introduced notions are applied for the investigation of averaged controllability of systems with delayed controls.
The general approach for that is to approximate the system by the ordinary one. Some examples are considered.

Keywords: Output and averaged controllability, Delayed control, Approximation.

1. Introduction

In this paper, we deal with the output controllability of finite-dimensional control systems
governed by a distributed delayed control. For systems with ordinary controls, this problem is
investigated in [2]. It is known that in many practical and technical problems the controlling
actions take place with some delays. The main goal of our control is to govern the output of the
system to some position on a subspace in a given time 7' > 0, and then keep this output fixed for
the remaining times ¢ > T'.

Consider a linear autonomous system with delayed controls and observation:

z(t) = Az(t) + /i dB(s)u(t+s), t>0, z(t)eR", u(t)eR™, (1.1)

y(t) = Cx(t), CeRP* (1.2)

where elements of the matrix function B(s) belong to BV[—h, 0] (the space of functions of bounded
variation) and they are left continuous on (—h,0], B(s) = 0 for Vs > 0, and B(s) = B(—h) for
Vs < —h. Since the matrix B(s) generates a Borelian measure, any bounded Borelian m-vector
function u(t) can be used as a control. The notion of output controllability is as follows.

Definition 1. We say that the system (1.1) is C-output controllable, if for every zo € R"
and every §y € imC = {y |y = Cx, x € R"} there exist an instant T > 0 and a bounded Borelian
control w on [—h,T] such that the solution x(t) of (1.1) with initial condition x(0) = zq satisfies
y(T) = Cx(T) = .

!This work was performed as part of research conducted in the Ural Mathematical Center with the
financial support of the Ministry of Science and Higher Education of the Russian Federation (Agreement
number 075-02-2022-874).
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Let us recall that the ordinary (state) controllability definition of the system (1.1) follows from
Definition 1 when C' = I,,. The symbol I,, € R™*"™ means the unity matrix.

In this paper, we are interested in the conditions for having long-time output controllability.
This controllability notion means that the output of the system enters the subspace and then
remains on it for later times. This is defined as follows.

Definition 2. Given § € im C, the system (1.1) is said to be C-long-time output controllable
(briefly C-LTOC on y), if for every xg there exist a time T > 0 and a control u such that the
solution of (1.1), with initial condition x(0) = xo satisfies y(t) =y for every t € [T, 00).

It is obvious that state controllability implies C-output controllability for any matrix C. But in
order to save the property y(t) = y for every ¢t > T we need extra conditions on a delayed control.
In this paper we only assume the C-output controllability of the system and give a criterion for
this. Our main attention is directed to conditions of C-LTOC (or simply LTOC) for systems of the
form (1.1), (1.2) and their applications.

The notions of output controllability and C-LTOC can be applied to averaged controllability
property of finite-dimensional, parameter dependent systems with delayed controls. The averaged
controllability has been introduced in the paper [4]. More precisely, let us consider d realizations
of control systems,

z;(t) = Ajz(t) + /_(; dB;(s)u(t +s), t>0, xz(t)eR" wu(t)eR™, i€l:d, (1.3)

and d parameters p; > 0, Z?:l p; = 1. Here the matrices B;(s) have the same properties as B(s)
in (1.1).

Definition 3. We say that the flock of systems (1.3) is controllable in average for the weights
p; > 0 if for all initial states x1g,...,xq0 and every y € R™ there exist an instant T > 0
and a bounded Borelian control u on [—h,T] such that the solutions of (1.3) satisfy the equal-

ity 25:1 piri(T) = .

Let us use the Matlab notation for matrices and vectors. We can see that the averaged con-
trollability notion is exactly the C-output controllability of (1.1)—(1.2) with matrices:

A= ding[Ar,...,Ad, B(s)=[Bi(s);..; Ba(s)l, C=[pilns-..,pala,

where © = [z1;...;24] € R™. The flock of systems (1.3) is called simultaneously controllable
if corresponding system (1.1) is state controllable. Of course, the simultaneous controllability
of (1.3) implies the averaged controllability. We can also define the notion of long-time averaged
controllability (briefly LTAC on ). We say that systems (1.3) are LTAC on g for the weights p; > 0
if for every initial states x1g, ..., x40 there exist an instant 7' > 0 and an admissible control u such
that the corresponding mean value is the following

d

sz‘l“i(t) =Y

i=1

for every ¢ € [T, 00).

In this paper, we obtain conditions of C-output controllability and C-LTOC for general sys-
tems (1.1)—(1.2) and apply them for the LTAC property of (1.3). Besides, we get the algorithm for
constructing of necessary control in special cases. Some examples are considered.
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2. Output controllability of the system

First, note that the initial condition xy does not play any role in Definition 1. System (1.1),
(1.2) is C-output controllable iff for every y € im C' there exist an instant 7" > 0 and an admissible
control w on [—h,T| such that

T 0
C/ eAT=0) / dB(s)u(f + s)df = .
0 h

Setting a = 6 4+ s we have

0 6

/ dB(s)u(f + s) = / dB(a — O)u(w),

—h 0—h

and by Fubini’s theorem we get the equivalent equality
T (a+h)AT

/ B(T,a)u(a)da =y, where B(T,«a)= C/ AT=04B (o — 0). (2.1)
—h a

VO

The n x m-matrix function B(T), «) is of bounded variation with respect to o and, therefore, belongs

to the space L5*™[—h,T] (the space of square integrable matrices or vectors). We can prove the

following lemma.

Lemma 1. System (1.1), (1.2) is C-output controllable iff there is a segment [a,b], —h < a <
b <T, such that

b
rank </ B(T,a)B (T, a)da> = rank C. (2.2)
Proof. Let condition (2.2) be satisfied. Since
b
im/ B(T,a)B (T, a)da C im C,

we obtain the equality of subspaces in this inclusion. For every § € im C' there exists a vector
v € RP such that

b
/ B(T,a)B (T, a)dav = jj.
Then u(a) = B/(T, a)v is a bounded Borelian control on [a,b]. We can take u(a) = 0, a & [a, b],

and satisfy (2.1) for any 7" > b. On the contrary, let condition (2.1) be valid, but there is a vector
y € im C' such that

T
] le/ B(T,a)B (T, a)da.
“h
Then we have a contradiction with (2.1) as

T
Ly [=h,T] = {u(a) : u(e) = B(T, a)v, v € RP} EB {u(a) : /h B(T, a)u(a)da = 0} .

Therefore, there are no functions u € LY'[—h,T] satisfying (2.1). O



16 Boris I. Ananyev

Corollary 1. Condition (2.2) holds iff the equality
I'B(T,a) =0 a.e. on[a,b] implies that 1€ kerC'. (2.3)

P roof. Condition (2.2) is equivalent to the equality
b
ker C' = ker / B(T,a)B' (T, a)da,
a

or, in other words, the implication (2.3) is fulfilled. O

Corollary 2. The function B(T,«) from (2.1) can be expressed in the form
a0
B(T,a) = CeAT=b(T,a), where b(T,a) :/ e%dB(s). (2.4)
(a=T)V(=h)
IfT>handa=0,b=T —h, then
0
b(T,a) = / e%dB(s) = const
—h
on [a,b]. Hence, the implication (2.3) is equivalent to the rank condition

0 0 0
rank C [/ AT AB(s), A/ AT dB(s), ..., An! /
—h —h

eA(8+h)dB(s)] = rank C. (2.5)
—h

Proof. Setting a—60 = sin (2.1) we get (2.4). As b(T,«) =const on segment [a,b], the
relation I'B(T,a) = 0 can be differentiated with respect to o many times. So, we come to the
equivalence of implication (2.3) and rank condition (2.5) by the theorem of Cayley—Hamilton
[5, Theorem 7.2.4]. 0O

Let us discuss the Lemma 1 and its Corollaries. If condition (2.2) does not hold for some
segment [a,b], it can be hold for grater ones. The rank condition for C-output controllability is
possible if the matrix function B(s) is piecewise-constant as in the case of lumped delays. The
simplest case of lumped delays is given by

B(S) = _BOX(—OO,O](S) - BlX(—Oo,—l](s)a (26)

where the indicator function x(q4(s) = 1 if s € (a,b], and x(4)(s) = 0, elsewhere. Let T' > 1.
We can divide the segment [—1,7] = (T — 1,T] U [0,T — 1] U [-1,0) into three parts. On the first
semi-interval the implication

l'CeA(T_O‘)BO =0= [ cker ('

is equivalent to the condition
rank C[By, ABy, ..., A" ' By] = rank C (2.7)
by the theorem of Cayley—Hamilton. On [0, 7 — 1] we have
b(T, o) = By + e 4By,
and we are in the conditions of Corollary 2. On the remaining semi-interval the implication

l/CeA(T*afl)Bl =0= [ €ker(’
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is equivalent to condition
rank CeA"=Y[By, ABy,..., A" ' B{] = rank C. (2.8)

If 0 <T < 1, we have only two segments [0,7"] and [—1,T — 1]. Therefore, we get two conditions
in (2.7) and (2.8), where the matrix of 471 is absent. Conditions (2.5), (2.7) do not depend
on T, but condition in (2.8) nevertheless depends. It distinguishes case of delayed controls from
the ordinary one.

Remark 1. Of course, we can also consider partly different Definitions 1-3 with null initial
controls, i.e. when wu(t) = 0 for ¢ < 0. Then the integral in (2.1) is considered on [0,7], the
parameter @ > 0 in Lemma 1, and condition (2.8) is not necessary. In addition, we may demand
that u(t) =0 when t € [T'— h,T], T > h. Then we have 0 < a <b<T — h in Lemma 1.

3. The property of LTOC

Suppose further that system (1.1)—(1.2) is C-output controllable at some instant 7' > h and
u(t) =0 if t ¢ [0,7— h] as in the Remark 1. Then it is easily seen that the C-output controllability
on [0,7T] is equivalent to C-output controllability on [a,T + a] for all @ > 0 when u(t) = 0 if
t & [a,T + a — h]. Therefore, in order to get y(t) = y, Vt > T, we need to obtain the conditions for
the property

Czxo=Cuz(t) Vt>O0. (3.1)

By derivation with respect to ¢ in (3.1), we have:
0
CAx(t) + C/ dB(s)u(t+s) =0 Vt>0. (3.2)
—h

Introduce the subspace

0
U= {x € R™ : 3 an admissible function u(-) s.t. x = /
—h

dB(s)u(s)} . (3.3)

To satisfy (3.2), one needs to have the inclusion CAx(t) € CU for ¥t > 0. Since RP = CUDCU*, we
can take an orthonormal basis {h1, ..., e} in CU L, where ¢ = p — dim (CU), and the corresponding
matrix H = [hy,...,hy] € RP*9. As a result, we get a projector Py = HH' € RP*P on the
subspace CUL.

Consequently, condition (3.2) is Lox(t) = 0 V¢t > 0, where Ly = PyCA. Therefore, if we
introduce the matrix C; = [C; Lg] € R?*", then Cizo = C1z(t) VYt >0, as in (3.1).

We can iterate the process similar to ordinary case with no delays as in [2] to define Cy = [C, L],
Ly = PIC1 A, and so on. After k steps we get

Crp1 = [C; Ly), Ly = PyCrA € REFIPX, (3.4)

where P, € RGE+UPx(E+DP ig the orthogonal projector on Cypld~. The process stops when
ker C11 = ker Cx. The condition (3.1) can be fulfilled iff Lyzg = 0. To be more exact, the
following assertion holds.

Lemma 2. We have ker C11 C ker C, C R™ and ker Ly, C ker Ly, C R™ for every k € NU{0}.
There ezists a number K € 0 : n such that ker Cxy1 = ker Cx. Here Cy = C. For every i € N we
have ker Cx1; = ker Ck .
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Proof. We will argue by induction. As kerC; = ker Cy N ker Ly, we trivially obtain
ker Cq C ker Cy. Suppose that ker C), C ker C),_1 for some k£ € N. Then we notice that

Lyix=0 < Jueld st CplAz—u)=0
= Ck_l(Ax—u) =0 <« Lp_1z=0.

This means that ker Ly C ker Ly_1. Therefore, ker C 11 C ker C. It is obvious that there exists a
number K € 0 : n such that ker Cx 1 = ker Cx C R”. It follows that ker L1 = ker L C R™.
Indeed,

Lgrx=0 & Jueld st. Cgx(Az—u)=0
= CK_H(A.%'—U):O - LK+1.%'=O.

Hence, by induction, we obtain the final assertion. O
Note also that im Ly C im Cy for every k € N U {0}. This is equivalent to the inclusion
ker A'C Py D ker Cy. Indeed, if Cjz =0, then z L Cold = 2 € CUt = Ppz = 2.

The problem of control with delays to ensure equality (3.1) is more difficult than for ordinary
controls. Let us prove the lemma.

Lemma 3. Let Cy, k € NU{0}, be the sequence defined by (3.4), and let K € 0 : n such that
ker Cx 41 = ker Ci. Then there exists a function v(t) € U such that (3.1) holds where

#(t) = Aw(t) + o(t),  2(0) = 20, (3.5)
if and only if Lgxo = 0 with Li defined by (3.4).

Proof. It follows from (3.1) that Cxzo = Cxx(t) and Lrxxo = 0. On the contrary, assume
that Lxzg = 0. We need
CKI'Q = CKx(t) Vit Z 0.

After derivation we get
Cri(t) = Cr(Azx(t) +v(t)), v(t)elU. (3.6)
If we find v(t) with Cx(t) = 0, then the lemma is proved. We can write
Cri(t) = Lrx(t) + ([(x41)p — Px)Cr Az(t) + Cro(t).

Here I (g 1), — Pk is a projector on CxU. Hence, there exists a continuous closed-loop control v(x)
such that
(I(g+1)p — Pr)Cr Az + Cro(x) = 0.

Relation (3.6) under such a control reduces to
Cki(t) = Lrgx(t).
Let us write the orthogonal expansion for x(t):
z(t) — o = wo(t) + w1 (2), (3.7)
where z(t) € ker Cx and z1(t) € im C. Then

Cra(t) = Cx (w0 +z1(1))
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and
LK.%'(t) = LKml (t)

as
ker Cx = ker C' 1 = ker Cy Nker L.

Thus, we get that
CKi'l(t) = LK.%'l(t).
The matrix C is invertible on the subspace im C%- and x1(0) = 0 from (3.7). Therefore, z1(t) =

0
Vvt > 0. The lemma is proved. O

It follows from Lemma 3 that conditions
Liwo =0 and  (I1) — P) Cx Az + Cro(r) =0

are necessary and sufficient for the solution z(t) of equation (3.5) to satisfy (3.1). They define the
function v(t) = v(x(t)), but for our purposes we need a function u(t) such that

/0 dB(s)u(t+s) =o(t), t>0. (3.8)
(=h)V(=t)

This is an integral equation. It can have no solutions. Therefore, in next sections we consider the
approximation scheme to exclude equations like (3.8). Now, we formulate the general result.

Theorem 1. Let be given y € imC. For every xg € R™ there exists an admissible control for
the system (1.1) such that the solution satisfies Cx(t) =y VYt > T if and only if

[7;0] € im Ck 41

and system (1.1), (1.2) is Cgy1-output controllable in the sense of Remark 1, i.e. the condition
like (2.2) holds for some 0 < a < b <T — h with

B(T,0) = Ci 41T b(T, )

and rank C 1. Here Cy, is the sequence defined by (3.4) and the number K is defined by Lemma 2.
Besides, equation (3.8) has to be resolved for the function v(t) defined in Lemma 3.

Proof According to the Lemma 3 the control exists iff the system is transferred to the
state z(7T") such that Cxy12(T) = [y;0]. This is possible for every g € im C and every zy € R™ iff
the system is C'xy1-output controllable. After that we solve the problem as in Lemma 3 which
does not depend of initial instant 7. O

We do not give any sufficient conditions for the existence of a solution of integral equation (3.8).
This is considered in some special cases. For example, in simplest case (2.6) we have the difference
equation

Bou(t) + Biu(t — 1) =o(t), wu(t)=0 if t<0

which can be resolved step-by-step on segments [i — 1,4
Boui(t) = ’L_)(t) — Bluifl(t — 1), te [Z — 1,i], 1 €N, (39)

where ug(t) = 0.
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Ezample 1. Consider the flock of two systems of the form:

oy — Z?,j:l brijui(t —j + 1), i? = zl; first system,
il =al + 223 + Z?,j:l bosjui(t —j+1), 4% =a3; second system,
where we have the case with p; = po = 1/2 and C = [I3,I2]/2. Condition (3.1) reduces to the

requirement: Czg = 0 implies Cx(t) = 0 if ¢ > 0. Here x(t) € R* is the composed vector. Below
we study the example in detail for various coefficients by;;.

4. The system in the infinite-dimensional space

Let us now rewrite the system (1.1)—(1.2) in the infinite-dimensional space following [1]. We
can write

0
/ dB(s)u(s) = Bou(0) + Bu, where By=—B(0), Bu= / dB(s)u(s). (4.1)
—h [~h,0)

Formula (4.1) is true for continuous vector-functions u, but we want to use functions {u € H =
L5 [—h,0]}. In this case we consider the operator B as unbounded with dense domain b(B) = W =
Wi[—h,0] (the Sobolev space). If u € W, the function ¢(t,s) = u(t + s) satisfies the equation in
partial derivatives:

gz.b(t’ S) = ng(t’ S)a gb(o’ S) = uO(S)a gb(t’ 0) = u(t)’ (42)
with the operator D = d/ds. Equation (4.2) is considered in H with unbounded D. The left-shift
Cy-semigroup Sy on H is defined by

u(t+s), sé€[—h,—t]

if t<h, and (Su)(s)=0 if t>h.
0, s € (—t,0]

(Stu)(s) = {

The infinitesimal generator for Sy is D with dense domain
b(D) = W = {u € W : u(0) = 0} C H.

As shown in [1, Lemma 1.1], the solution

o(t,s) = {uo(t—i—s), s € [=h, ] if t<h, and o¢(t,s)=u(t+s) if t>h,

u(t+s), se€(-t0]

of equation (4.2), ¢(t,-) € H, can be represented by

¢@=&%+A&rmwm; (4.3)

where the operator A € L(R™,W*) (the space of linear operators) is given by the relation
(Au,w) = v'w(0) for all w € W. So, in spite of the fact that equality (4.3) is considered
in W* D H D W and the integration is also fulfilled in W*, we have ¢(t,-) € H for every
0 € Ly, [0, 00)

Intfoducing the operators A = [A,B;0, D], B = [By; A], and Cyp-semigroup T by

t
T_pz = [eA(t_r)x—i—/ eA(t_O‘)IB%Sa_T¢da; Sa—r®| ,

T
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where z = [z;¢] € Z = R" x H, we can write the mild solution

z(t) = Tyzo + /t Ty, Bu(r)dr, for the equation (4.4)
0
Z(t) = Az(t) + Bu(r), =2(0) = z. (4.5)

Here the operator A is unbounded on Z with domains b(A) = R™ x W0, For the operator B we
have B € L(R™, R™ x W*).

Equation (4.5) has no delays in control, but a recurrent procedure like in (3.4) is, unfortunately,
impossible for infinite-dimensional system (4.5) to find a C-LTOC control. Therefore, we pass to
finite-dimensional approximations of the obtained system.

5. Finite-dimensional approximation

We use the averaging approximation of the delayed system following [3]. For every positive
integer N, we define the finite-dimensional linear subspace H™ of H by

N
HY = {ue H: u:Zvixi, v; € Rm},
i=1

where y; denote the characteristic function of [t;,¢;—1) for i € 1 : N and t; = —ih/N, i € 0: N.
The subspace HY is isometrically isomorphic to R™Y by means of the embedding 7V : R™V — HN
such that (vVg)(s) = v;, s € [ti,ti_1), 4 € 1 : N, where g = [v1;...;vn]. On R™V we define the
induced inner product

(f.o)n=1Q g, fgeR™,

where
QN = diag[Ln, ..., In)h/N € RMNXmN

The corresponding vector and matrix norms will be denoted by || - || ;. The dual mapping V* :
HY — R™V has the natural extension 7V : H — R™V defined by

ti—1
mNu=[vg;.. ;o8] v =/ u(s)dsN/h, i€1:N.
t

We have that PV = ANz is an self-adjoint orthogonal projector onto HY and 7¥vY = I,,n.
Introduce the the following matrices:

BN = 131%? (B(s 4+ h/N) — B(s)) = B(t;_1) — B(t;), i€1:N.

)

Note that the matrix B(s) is left-continuous. For ¢ € H, let 7¥¢ = g = [v1;...;0n] € R™V. Then
we can approximate the infinite-dimensional operators as follows:

N N
Bo~BPYo =2 Blv; Dp=VPYo=3 N(vii—vixi/h. vo=0;
i=1 i=1
Bu ~ [Bou; Nxiu/h].

Denote by ZV the space R" xHY. Introduce the approximating operators A" = [A,BPY;0, VPV] :
ZN — ZN and BY = [By; Nx1/h] : R™ — ZN. Let TV denote the Cy-semigroup generated by
AN on ZN and let 7 = [I,,,0;0,7V], ¥ = [I,,,0;0,4"] be the operators on Z and on R"+mV,
respectively. The following theorem is true.



22 Boris I. Ananyev

Theorem 2 [3, Theorem 3.1]. Let the matriz B(s) have the form

B(s) = = >0 BiX(~c0,~hi] /301 dr, 0=ho<---<hg=h, (5.1)
where By(-) € Ly ™ [—h,0]. Then there exist constants M and w independent of N such that

H aNANy NtH <M€wf,

It follows from definitions of operators that
NAN N _ [A B’y -0, WNV’Y ] e R(nerN)x(nerN)‘
Therefore, the finite-dimensional approximation for (4.4), (4.5) is written as

i(t) = A(t) + By g(t) + Bou(t),

Ve N (5.2)
g(t) =7V g(t) + Nlu(t); 0;...;0]/.
Since ¢(t) = [vi(t);...;un(t)] we can write the matrices of system (5.2), where the state vector is
[(t); g(t)], in the followmg form
AN = [A,BY, ... BN Omnxn, (QY) V],
V=[ =Ly, 0, ... 0 0;
I, I, 0, 0;
. (5.3)
07 07 7ITTL7 _Im]7

BY = [By; I,,N/h;...;0;0].

By Trotter—Kato theorem and Theorem 2 the following estimates are true [3, Theorems 4.4 and
4.10].

(i) If z € b(A), then

|(Zn; PN Tez — T [In; PN)z|| < a1 (h/N)|2|lgnxw, VYN €N, ¢ > 4h.

(ii) For ¢t > 5h and YN > N,

[ PYITy = T [ PN|| < 02e® (B/N).

(iii) There exists a positive constant as, dependent on ¢t but independent on N, such that for
every u(-) € L§'[0,t] and all N € N, we have

< az|lullLpo,q-
ZN

/t TV (t — r)BNu(r)dr

0

From (iii) it follows that

lim t TV (t — r)BNu(r)dr = /t T(t — r)Bu(r)dr.
0

N—oo 0

It is unknown whether estimates in Theorem 2 and in (i)—(iii) without an assumption (5.1) are
true.
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6. Application to averaged controllability and examples

For the flock (1.3), Lemma 1 can be reformulated in the following way.

Lemma 4. The flock of systems (1.3) is controllable in average for the weights p; > 0 iff there
is a segment [a,b], —h < a < b <T, such that

b
rank </ B(T,a)B'(T, a)da> =n, (6.1)
where
d (a+R)AT
B(T,a) = Zp,/ eAi(T_e)dBi(a —0).
i=1 aVv0

Of course, the condition (6.1) holds iff the equality
I'B(T,a) =0 a.e. on [a,b] implies that [=0. (6.2)
Corollary 2 has the form.

Corollary 3. The function B(T,«) from (6.1) can be expressed in the form

d ano
B(T,«a) = ZpieAi(T_o‘) bi(T, ), where bi(T,a) = / eAi5dBy(s).
i=1 (a=T)V(=h)

IfT>handa=0,b=T — h, then

0
bi(T, «) :/ e3dB;(s) = const
—h

on [a,b]. Hence, the implication (6.2) is equivalent to the rank condition

d

d 0 0
rank [Zpl/ eAi(erh)dBi(s), ZpiAi/ eAi(erh)dBi(s)a
=1 Jh

i=1 -

d 0 (6.3)
N 0% / eAi(SJrh)dBl-(s)} = n.
i=1 —h

Let us pass to the property of LTAC. For the sake of example, we restrict the analysis to the
case of the null control, i.e. the goal is to steer and keep the average equal to zero. We also consider
the case with d = 2 components, and we chose p; = py = 1/2, and Bj(s) = Ba(s) = B(s). We do
the remark.

Remark 2. All the statements in Section 3 are still valid, if at step &+ 1 in (3.4) we consider
any matrix Cyy1 = [RC; ik], with R € RP*P, det R # 0, and Ly, is a matrix of n columns such that
ker C'N ker Ly, = ker C' N ker f/k, where Ly is defined by (3.4). With this modification, y has to be
modified in Ry.

Let U be the subspace defined by (3.3). In what follows, P denotes the orthogonal projector
of R™ on U+, and we set E = (A — A3)/2, F = (A1 + Ag)/2.
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Instead of the sequence C} introduced in (3.4), we use the sequence Zj defined by

k= [ In, In;
PE, _PE:
PEF,  —PEF; (6.4)

PEflpk—l, —PEFk_l ] c RE+1)nx2n
We can note the following.
o For k=0 Zp=2C=1I,,1,]

e For k =1, let I be the orthogonal projector of R" on EO[Z/{;Z/{Ll = U+. We see Py = P.
Then we set Ly = [Eo; PEgA] = [Ip, In; PA1, PAs]. Since ker Ly = ker 21, matrix Z; is
suitable, according to Remark 2.

e Assume that at step k the matrix Zj given by (6.4) is suitable. We define Py, the orthogonal
projector of RE+1™ on =, [U; U+ = diag [P, I,,, ..., I,]. Then we set

I”’ In;
Lyt = [Eo;PkEkA] = PEA;, —PFEAg;

PEF*1'4,, —PEFF14, ].

It is obvious that ker Ek+1 = ker Zx41. So, S+ is suitable.

As in Lemma 2, we have ker =51 C kerZ; C kerZp C R?". Since dim (ker Z) = n there exists
K € 0:n such that ker Zx 1 = ker 2k, and we have ker Zx = ker Z,, (see Lemma 2).
As a consequence of Theorem 1 and the above considerations, we obtain the following result.

Corollary 4. Let d = 2 and let Ay, Ay € R™™, and Bi(s) = Ba(s). Then for every
x10, T2o € R™ the flock of systems (1.3) is LTAC to 0 for p1 = po = 1/2 if and only if the condition
like (2.2) holds for some 0 < a <b<T — h with

(a+h)AT (a+h)AT

eMT=04B(a - 0), / 2T dB(o — 0)

VO aV0

B(T,«a) = =, diag /
«
and rank Z,,, where the matriz E,, is given by (6.4) for k =n.

Remark 3. The Corollary 4 ensures that the solutions x(¢) and x2(t) of (1.3) (with d = 2 and
Bi(s) = Ba(s) = B(s)) can be steered to some [x1(T);z2(T)] € kerZ,. This condition can be
equivalently rewritten as

xl(T) +$2(T) =0,
21(T) — 22(T) € {geRN:EFkgzo Vkeo:n—l}.

Let g = (z1 — x2)/2 and f = (z1 + x2)/2. Then for every control v(t) € U we have

f =Ff+ Eg+v(t), o 1 = Ar1xy + (),
g=Ef+Fy, Ty = Apwy +0(t).
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Now it becomes obvious that f(t) = 0 for t > T if and only if v(t) = —Eg(t) and g(t)=e" 1) g(T)
such that Eg(t) = 0 for ¢t > T. Note that v(t) € U.

Of course, we need a control u(t), t > T, such that

/0 dB(s)u(t+s) =v(t), t>T, (6.5)
(—h)V(T—1)

similarly to (3.8).

Ezample 2. Let us return to the flock in the Example 1. We have A; = [0,—1;1,0],
As =[1,2;0,1]. The system has 8 parameters. Let bj1; = b112 = ba11 = be12 = 1. Other parameters
are equal to zero. It corresponds to one control with one delay in the form [u(t) + u(t —1);0]. The
flock is controllable in average for every 7' > 1 in the sense of the Remark 1, as condition (6.3) is
fulfilled. Here we have the projector P = [0,0;0, 1]. It was shown in [2] that the systems with one
scalar ordinary control:

&y = Az + [v(t);0], @2 = Asxo + [v(1);0],

are controllable in average, but not simultaneously controllable. Moreover, this system has the
long-time averaged controllability property. Hence, there is a control v(t), t > T, owing to the
Remark 3. We can find a control u(t), ¢t € [0,7 — 1], such that z;(T) + z2(T) = 0 due to
controllability. Equation (6.5) is u(t) + u(t — 1) = v(t), t > T. As in (3.9), it can be resolved
step-by-step on segments [T'+ i — 1,7 +i|:

ui(t):v(t)—ui_l(t—l), tc [T+i—1,T+i], 1 €N,

where ug(t) = 0.

We can also analyze the property of LTAC for the case Bi(s) # Ba(s) when d = 2. Then
we use the general considerations of Section 3. Note that equation (3.9) can be easily resolved
only if the matrix By is square and det By # 0. For our examples, it corresponds to the condition

det [b111,b121; b211, b221] # 0. This determinant equals zero in Example 2, but, nevertheless, we
found the wu(t).

Example 3. Let bj1o = be11 = 1 and others parameters equal zero. It corresponds to one
control with one delay in the forms [u(t — 1);0] for the first system and [u(t);0] for the second
one. The average controllability for every T > 1 is easily verified due to condition (6.3). Introduce
B; =10,1;0,0], By = [1,0;0,0], and v(t) = [v1(t); v2(t)]. The corresponding systems with ordinary
controls have the form:

T1 = A1 + Bl’U(t), Lo = Agxzo + Bgv(t).

This system has the LTAC property with vi(t) # wva(t). We cannot solve the equation
u(t — 1) = wva(t), u(t) = v1(t). It may be solved only if v1(t — 1) = v9(t). Let us pass to the
approximation from Section 5. Let b=[1;0], then our flock of systems is written as

Ci?l(t) = Alxl(t) + bu(t — 1), Ci?g(t) = AQCEQ(f) + bu(t),
y(t) = (21(t) + 22(1)) /2.

We need to approximate only the first system. Here m = 1 and t; = —i/N, i € 0 : N. As
B(s) = —bX(—00,~1)(8), the matrix BY =band BN =0,i € 1: N — 1. Therefore, matrices (5.3)
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have the form

A{V = [A1,02><(N71)’b; Onx2, (QN)ilv] ’

V=[ -1, 0, ... ,0, 0
1, -1, ... ,0, 0
Oa Oa ai’ _1]’

b = [02x1; N;...;0;0],

where AN € REHNXEHN) 7 ¢ RNXN - and bY € R*HN.  We compose the matrices
A :diag[[A{V},Ag}, B = HbN] ;b], and C' = [I3,09xn,I2]/2. For the obtained system
& = Ax + Bu, we verify the property of C-LTOC. It does not hold for any N. The flock has
not the property of LTAC for the case b112 = bo11 = 1 and others equal zero.

It can be verified that the approximating system in Example 2 has the LTAC property.

7. Conclusion and open problems

In this paper, we considered the notion of output controllability for ordinary systems with
retarded controls and gave the necessary and sufficient condition for that. For the notion of long-
time output controllability, we obtained only sufficient conditions. This notions were applied for
the investigation of averaged controllability of mentioned systems. The general approach for that
is to approximate the systems by the ordinary ones. In connection with the results obtained, a
number of interesting open questions arise.

e Assume that there exists a number Ny € N such that for every N > Ny the approximating
system has the C-LTOC property. Is it sufficient for C-LTOC property of the original
system? And vice versa, if the original system has C-LTOC property, whether it is sufficient
for C-LTOC of the approximating system?

e How to obtain any rank conditions for output controllability of systems with delays in the
state and control? The same question about the C-LTOC property of such a systems.

e We considered the LTAC property for flocks with finite number of members. Can the results
be extended for flocks with infinite members?

e Does output controllability imply output feedback stabilisation? Suppose that the system is
output controllable, does it exist a feedback control u(t) = Ky(t) such that y(t) goes to zero
as t goes to co?
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Abstract: We study the sharp inequality between the uniform norm and LP(0, 7/2)-norm of polynomials in
the system ¢ = {cos(2k + 1)z}, of cosines with odd harmonics. We investigate the limit behavior of the best
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of the extremal polynomial in the inequality for a fixed order of polynomials.

Keywords: Trigonometric cosine polynomial in odd harmonics, Nikol’skii different metrics inequality.

1. Problem statement, backgroung, and some preliminaries

1.1. Some notation

This paper considers classical spaces of complex-valued functions of one variable; in fact, we
use not the spaces themselves but the norms of these spaces on some subspaces of polynomials. Let
I = [a,b] be an interval on the real axis, and let v be a nonnegative, integrable function on I called
a weight. For 0 < p < oo, the space L, = LE(I) consists of complex-valued, Lebesgue measurable
on I functions f such that the function v|f|P is integrable on I. The functional

1 b 1/p
I = Wiz = (52 [ F@Pvaa) . fe (1)

is a norm in the space LY, = LI(I) for 1 < p < oo, but not for 0 < p < 1. Nevertheless, for all
0 < p < oo, we will refer to (1.1) as a norm or, more precisely, as a p-norm. The space L2 = L2(I)
(here p = 2) is a Hilbert space with the inner product

1

(.9 =3—

b
/ f@)g@w()dr, f.ge L2,
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In the case of unit weight v(x) = 1, the weight symbol is omitted in the notation of spaces and
their norms. By L = L°°(I) we mean the space C' = C(I) of functions continuous (bounded) on
the interval I with the uniform norm

£ llee = I flloqry = max {[f(z)]: = € (1)}

The space C' = C(I) contains the subspace Cy = C(I)p of functions f vanishing at the right end
point of the interval: f(b) = 0. In what follows, the parameter a is equal to zero: a =0, and b is 1,
/2, or m depending on the situation.

We define the spaces of 2m-periodic functions accordingly: the spaces £5_, 0 < p < oo, with

27
1 [™ 1/p
£l = £l ez, = <§ [ f(x)|pdx>

p-norm

—Tr

and the space C, of continuous 27-periodic functions with the uniform norm
[flloo = lfllcy, = max{[f(z)[: z € R} = max{[f(z)|: x € [-m,7]}.
1.2. Nikol’skii C—L? inequality: the classical case

Let F,, = F,(C), n > 1, be the set of trigonometric polynomials

fulz) = % + Z(ak cos kx + by, sin kx)
k=1

of order (at most) n with complex coefficients. In function theory and its applications, inequalities
between two different norms of polynomials are of great importance. Such inequalities arose in
Jackson’s paper [19], but they were thoroughly investigated and applied by Nikol’skii [25]; [26,
Ch. 3, Sect. 3.3], in this connection, they are called Nikol’skii inequalities or inequalities of different
metrics. Large studies have been devoted to such inequalities, see [25]; [26, Ch. 3, Sect. 3.3];
[21, Ch. 3, Sects. 3.5-3.6]; [11, Ch. 8, Sect. 8.4]; [17, 24] and the bibliography therein. In this
paper, the authors will need some information about the Nikol’skii inequalities

[falloe < C)pllfullp,  fn € Fn, (1.2)

between the uniform norm and p-norm of polynomials (see, the same sources [21, Ch. 3,
Sects. 3.5, 3.6]; [17, 24]). We assume that C(n), is the best (the smallest possible) constant in
this inequality. Employing harmonic analysis, it is easy to obtain (see, for example, [21, Ch. 3,
Sect. 3.5, Theorem 3.5.1]) that if p = 2, then

C(n)2=v2n+1 (1.3)

and inequality (1.2) becomes an equality at the Dirichlet kernel
1 n
D, (z) = 3 + ; cos kz, (1.4)

i.e., the Dirichlet kernel is an extremal polynomial. The exact values of C(n), for p # 2 are
unknown. There are constructive estimates for C'(n),, 0 < p < oo, mostly upper ones; see [11, Ch. 8,
Sect. 8.4]; [1]; [12, Sect. 7.2]; [15-18] and the bibliography therein. Note for the future the upper
estimate of Badkov [12, Sect. 7.2, Theorem 7.2]

C(n), < 4n*'?, 0 <p < . (1.5)
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It is not the best at the moment, but sufficient for us in what follows.

Much research has been devoted to inequality (1.2) for p = 1; information about the history
and results related to this inequality can be found in [10, 15-17, 29, 30]. The following estimates
are simple and quite rough:

n+1<C(n); <2n+1. (1.6)
The upper estimate follows from the representation of polynomials f, € F,, in the form of convo-
lution

Fulz) = % D — )t [ € o

with the Dirichlet kernel (1.4). The Fejér kernel

Fn(t) - ZDk(t) =
k=0

2

1 & 1 [si 1)L
_ B —|—Z(n—|—1—kz)coskt:— w , t#2um, veZ,
2 — 2 sin 5

provides the former inequality in (1.6). This kernel is nonnegative (see, for example, [27, Vol. 2,
Part 6, Sect. 3, Problem 18]) and such that

(n+ 1) n+1

1 ™
I1Pulle = Ful0) = S5, Al = 1 [ Pty = "=

This implies the former inequality in (1.6).
Taikov in [29] gives the result of S.B.Stechkin that (for p = 1) there exists a constant ¢ > 0
such that
C(n)1 =cn+o(n), n— oo. (1.7)
Stechkin’s proof of this result is given in [30]. Estimates (1.6) imply that 1 < ¢ < 2. Taikov [29]
obtained substantially closer two-sided bounds for the constant ¢. Hormander and Bernhardsson
have obtained [14] the best estimates currently:

1.081857643 < ¢ < 1.081857645.

Let £(o) be the space of entire functions of exponential type (at most) o > 0, and let (o), for
0 < p < oo be the space of functions f € £(o) belonging on the real axis to the spaces LP = LP(R)
with finite norms

1/p
\muﬂmmwz(émmwﬂ L 0<p<oo

1flloe = [Ifllc®) = sup{lf(2)]: € R}, p=o0.
For any 0 < p < oo on &(0),, we have the inequality

1flloe < Ao PlIf Iy f € E(0)y, (1.8)

ascending to Nikol’skii [25]; [26, Ch. 3, Sect. 3.3], in which A, is a finite constant depending only
on the parameter p; see details in [15, 16]. In what follows, we assume that A, is the least possible,
i.e., best constant in (1.8). The exact value of this quantity is currently known only for p = 2;
namely, Ao = 1/4/7; see, for example, [31, Ch. IV, Sect. 4.9, Subsect. 4.9.53, (28)].

Gorbachev [16] obtained a significantly more informative assertion in comparison with (1.7).
Namely, he proved that the following limit relation is true:

lim Cn)

n—oo 2Tn

— A, (1.9)
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Actuality, Gorbachev obtained [16] an even more precise result; namely, he proved the following
two-sided inequality:

which entails, in particular, (1.9).
The following statement belongs to Levin and Lubinsky [22, Theorem 2.1, (2.1)]; it means that
a relation similar to (1.9) holds for all 0 < p < oc.

Theorem A. The following limit relation is valid for 0 < p < oc:

This statement is part of a more general result of Ganzburg and Tikhonov [15, Theo-
rem 1.5, (1.19)]. Nikol’skii inequalities and, more generally, Bernstein—Nikol’skii inequalities

1 g < COpgll fallp, o € Fa, (1.11)

for trigonometric polynomials and similar inequalities for entire functions are a broad area of
function theory. Ganzburg and Tikhonov, in the already cited paper [15], and Gorbachev and
Mart’yanov in [18] studied the relationship between exact constants in Bernstein—Nikol’skii (C, L?)-
inequalities and, more generally, (L9, LP)-inequalities for polynomials and entire functions of expo-
nential type. We presented here in Theorem A only some results on this topic, which we will need
in what follows; for a rich overview of these studies, see [17].

Over the last century, extensive investigations have been carried out on sharp inequalities,
i.e., the study of exact constants and extremal functions in inequalities (1.11) for trigonometric
polynomials, as well as for algebraic polynomials and entire functions of exponential type; for
specific results and further references, see [1, 2, 10, 12, 13, 15, 17, 21, 23, 24, 28, 31].

1.3. Nikol’skii inequality between the uniform norm and [P-norm on the
interval [0, 7/2] for polynomials in the cosine system with odd harmonics

1.3.1. Nikol’skii inequality for %,-polynomials
Let €, = 6,(C), n > 0, be the set of polynomials
On(x) = Zn: ay cos(2k + 1)x (1.12)
k=0
with complex coefficients in the cosine system with odd harmonics
€ = {cos(2k + 1)z}72,. (1.13)

The functions (1.12) will be called %,,-polynomials or €-polynomials of order n. The functions (1.12)

are trigonometric polynomials; as trigonometric polynomials they have order 2n 4+ 1. Note that the

functions (1.12) vanish at the point z = 7/2: ¢, (7/2) = 0, so none of them is the identical unity.
The main goal of this paper is to study the sharp inequality

[ Pnlloo < M(n)pH(anpa Pn € Cn, (1.14)
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between the uniform norm

¢nlloc = lénllcponz = max {|¢n(@)|: t € [0,7/2]},

and integral p-norm (0 < p < 00)

9 w/2 1/p
énllp = lénllrm/2) = <—/0 |¢n($)|pd~’ﬂ>

™

of €y-polynomials on the interval [0,7/2]. Inequality (1.14) appeared in the authors’ paper [8] in
connection with the study of a variant of the generalized translation in system (1.13) on an interval.
In connection with inequality (1.14), the question naturally arises of the sharp pointwise in-
equality
()] < M(n,)pllenllzeor/2):  Pn € Cn, (1.15)
for points ¢ € [0,7/2]. Especially important, as will be seen from what follows, is the inequal-
ity (1.15) at the end point ¢ = 0:

on(0)] < M(n, 0)pllnllLror/2)s  #n € Cn- (1.16)

The study of inequalities (1.14), (1.15), and (1.16) includes, in particular, the study of the
properties of extremal polynomials at which the inequalities turn into equalities. It is clear that if
the polynomial ¢} is extremal in one of these inequalities, then, for any constant ¢, the polynomial
c ¢y is also extremal. If any extremal polynomial of this inequality has the form c ¢} with some
constant ¢, then ¢; is said to be the unique extremal polynomial.

The following statement is proved in the authors’ paper [8, Theorem 4].

Theorem B. For 1 <p < oo and n > 0, the following statements hold.
(1)  The best constants in inequalities (1.14) and (1.16) coincide:

M(n), = M(n,0),. (1.17)
(2)  The polynomial ¢} extremal in inequality (1.16) attains its uniform norm at the point 0

and is also extremal in inequality (1.14).

The authors do not know whether equality (1.17) holds for 0 < p < 1; in this case, we can only
state that M(n,0), < M(n)p,.

1.3.2. Approximation interpretation of inequalities

The problems of studying inequalities (1.14), (1.15), and (1.16) can be reformulated as approxima-
tion problems; we will do this only for inequality (1.16). Consider the set

of polynomials with fixed value at the point 0: ¢,(0) = 1. On this set, we define the value

B, [0, = inf {||¢nllLr(0.7/2) 1 Pn € €nl0]} (1.19)

of the least deviation from zero of the class of polynomials (1.18) in the space LP(0,7/2). It is clear
that
E,[0], =1/M(n,0),.
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Moreover, extremal polynomials in problem (1.19) and inequality (1.16) coincide. More precisely,
(every) extremal polynomial in (1.19) is also extremal in (1.16); conversely, if ¢ is an extremal
polynomial of inequality (1.16), then the polynomial ¢/p(0) is extremal in (1.19). Thus, the
problem of sharp inequality (1.16) is equivalent to problem (1.19) on the least deviation from zero
of the class (1.18).

1.3.3. Christoffel-Darboux kernel for system (1.13)
Sometimes, we will use the following shorter notation for the functions of system (1.13):
ne(x) = cos(2k + 1)z, =z € [0,7/2]. (1.20)

This system of functions is orthogonal with respect to the inner product

/2 _
(f.9) = % /0 F(6)g(D) dt.

More precisely, as is easy to see, for k,m > 1, the inner products

2 w/2
Okm = (k> M) = ;/0 cos(2k + 1)t cos(2m + 1)t dt

have the following values: 0y, = 0, k # m, and 6 = 1/2.
Due to the orthogonality of the system {n}r>1, the coefficients of the polynomial

o(z) = Z ay cos(2k + 1)z (1.21)
k=0

are expressed in terms of the polynomial itself by the formulas a; = 2(¢,n;). Substituting these
expressions into (1.21), we obtain

$a) = apmr(z) =2 (¢, ne)mw(z) = <¢, 2 Zmz(ﬂﬁ)ﬁk>7
k=0 k=0 k=0
which can be written in the form

w/2
o) =2 [ ol (a. i,

where .
k=0
is the Christoffel-Darboux kernel for the system %,. Convolute this kernel. Using the formula
2cosa cosb = cos(a + b) + cos(a — b), (1.23)

we find

Kn(z,t) =2 mr(x)ne(t) =2 cos ((2k + 1)a) cos ((2k + 1)t) =
k=0 k=0

= (cos((2k+1)(z+1t)) +cos((2k+1)(x —1))).
k=0
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Using the formula (see, for example, [27, Part 6, Sect. 3, Problem 16])

n

Z cos(2k +1)0 =

k=0

sin2(n + 1)0

0 7
2sind 7vm veL

we obtain the following representation for the Christoffel-Darboux kernel:

1 <sin2(n+1)(:ﬂ—|—t) sin2(n—|—1)(az—t)>

Knla,t) = 2 sin(z + t) sin(x — t)

The orthogonality of the system of functions (1.20) implies that, for a pair of polynomials

o(x) = Z ax cos(2k + Dz, Y(x) = Z by, cos(2k + 1)z,

k=0 k=0

a generalized version of Parceval’s identity holds:
n —
2(6,9) = Y _ arby.
k=1

In particular, the norm of the polynomial ¢ € %, is expressed in terms of its Fourier coefficients {ay }
by Parceval’s identity

2(1¢l17, 002 = D laxl*
k=0

Using this equality and Holder’s inequality, we obtain the inequality
n n 1/2
601 = | L < VT T (X laP) = VIR T D olsorro
k=0 k=0

which at the kernel (1.22) turns into an equality. Thus, in the space L2(0,7/2), we have

M(n)s =+/2(n+1), n>0. (1.24)

It is useful to compare this result with the corresponding result (1.2)—(1.3) for the classical case.

1.4. Main results

The authors consider the following statements to be the main ones in this paper.

1.4.1. Limit behavior of the best constants in inequalities (1.14) and (1.16)

For the best constant in inequality (1.14), we have an analog of the above Theorem A.

Theorem 1. The following limit relation holds for constants M(n), in inequality (1.14) for
0<p<oo:

. M(”)p _
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1.4.2. Characterization of a polynomial extremal in inequality (1.16)

Denote by ¢}, = ¢}, , € €, a polynomial of order n > 1 with unit leading coefficient that deviates
least from zero in the space L%,(0,7/2) with the weight

w(z) = sin® x (1.26)
on the interval (0,7/2). In other words, ¢}, is a solution to the problem

min{”¢n||LfU(0,n/2)¢ bn €ECr} = HSD:LHLZ(OJ/Q)

on the set €} of polynomials (1.12) of order n with leading coefficient 1: a,, = 1.

Theorem 2. For all 1 < p < oo and n > 1, the polynomial ¢} of order n with unit leading
coefficient that deviates least from zero in the space L%,(0,7/2) with weight (1.26) is the unique
extremal polynomial in inequality (1.16).

There are statements similar to Theorem 2 in [5, Theorem 1; 6, Theorem 2; 7, Theorem 2;
9, Theorem 3; 4, Theorem 2; 3].

We will also give some estimates for the best constant M(n), in inequality (1.14); see, in
particular, Section 2.4.

2. Behavior with respect to n of the best constant in the Nikol’skii inequality
for ¢-polynomials

2.1. Case p=2

According to (1.3) and (1.24), for n > 0, we have

C(n)e =v2n+1,
M(n)s =+/2(n+1).

Thus,
M)y _ o C _ 5

lim = lim
n—o0 n1/2 n—00 n1/2

Both limits exist and coincide; this fact served as an argument for the authors that this property
of the quantities M (n), will hold for all 0 < p < oo.

2.2. Expression of %-polynomials in terms of the classical trigonometric
polynomials

Let C,, be the set of even (complex) trigonometric polynomials
n
funlx) = Z ay, cos kx
k=0

of order (at most) n > 1. On this set, we consider the uniform norm

Ifnlloe = Il fnllcion = max {|fn(z)|: = € [0,7]}
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and the integral p-norm (for 0 < p < 00)

1 /7 1/p
ol = Wliiom = (5 [ ntorPaz) ™

It is well known (however, it is easy to show) that the best constants C'(n), in inequality (1.2) and
the inequality
/2 0) < C(n)p [ fullps  fn € Cns (2.1)

coincide.
Lemma 1. For f, € C,, the function

On(x) = fr(2x)cosz (2.2)

is a Gn-polynomial. Conversely, every €, -polynomial ¢, can be represented in the form (2.2), where
fn € Cn. Thus, formula (2.2) establishes one-to-one correspondence between C,, and 6.

Proof Let f, € C, be a trigonometric polynomial. Let

d(x) = fn(2x)cosz = Z ay, cos 2kx cos x.
k=0

Applying again formula (1.23), we have

2 cos 2kx cos x = cos(2k + 1)z + cos(2k — 1)x.

Using this relation, we find

20(x) = 2f,(2x) cosx = 2 Z a, cos 2kx cosx =

k=0
n n n n—1
=Y agcos(2k + 1)z + Z ay cos(2k — 1)z = Z ay cos(2k + 1)z + Z ag+1cos(2k + 1)x.
k=0 k=0 k=0 k=—1

As a result, we obtain the representation

n

20(x) = Z (ar + ag+1) cos(2k + 1)z = (2ap + a1) cos = + Z(ak + agy1) cos(2k + D)z,  (2.3)
k=-1 k=1

where a_1 = 0 and a1 = 0. The function (2.3) is a %,-polynomial.
Let us prove the inverse statement, i.e., let us prove that an arbitrary %,-polynomial

n
o(z) = Z A cos(2k + 1)z
k=0
can be represented in the form (2.2). Rewrite this polynomial in the form
n
$(x) = > M cos(2k + 1), (2.4)
k=-—1

where X' ; = X\j = Ag/2 and N, = A, 1 <k <mn.
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It suffices to represent the polynomial 2¢ in the form (2.3). The latter means that the coefficients
{N.}i__, of the polynomial (2.4) can be represented as

)\;C =ar+agr1, —1<k<n; a_1=0, apy1 =0. (2.5)

It is easy to see that the formulas

n—=k
k= Z(_l)z)‘;wz =N, —apy1, k=nmn-1,...,0,
=0
give a solution to system (2.5). Lemma 1 is proved. 0

Representation (2.2) implies that inequality (1.16) is equivalent to the inequality
[fn(0)] < C(n,o)pll fullzz o,  fn € Cns (2.6)
on the set C,, with weight o(t) = cosP(t/2). More exactly, the following assertion holds.

Lemma 2. For 0 < p < oo and n > 1, inequality (1.16) on the set 6, and inequality (2.6)
on C, are equivalent; specifically:
(1) the best constants in inequalities (2.6) and (1.16) are related by the equality

C(n,o)p, = M(n,0)p; (2.7)
(2) extremal polynomials in these inequalities are related by (2.2).
P roof. Using relation (2.2), we find that, for an arbitrary polynomial ¢,, € %,

/2 (0)] = [6n(0)] < M(n, 0)pl|énllLr(0,x/2)5

where

9 w/2 1/p 1 [T 1/p
oulon = (5 [ Intzoyeosapae) = (2 [T aeoste/2rat) = fulliziom

Lemma 2 is proved. O

The following statement contains a quantitative relation between the constants in inequali-
ties (1.14), (1.16), and (1.2).

Lemma 3. For0 < p < oo andn > 1, the best constants in inequalities (1.14), (1.16), and (2.1)
(or, equivalently, (1.2)) are related as follows:

C(n)p < M(n,0),, (2.8)
M(n), < C(n+1)p.
P roof. For polynomials f, € Cp, we have || fp|[12(0.x) < [ fnllzr(0,x). Therefore, the best con-

stants in (2.1) and (2.6) are related by the inequality C'(n), < C(n,o),. This and (2.7) imply (2.8).
Let us prove inequality (2.9). A polynomial ¢,, € %,, has the form

On(x) = Z ag cos(2k + 1)x.

k=0
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Writing it in exponential form, we find

20, () = iak <ei(2k+1)m o i(2k+ 1)z > Zake (2k+1)z | Za ikt )z _

k=0
n+1
_ Z{L’§ :a ez2(k+1 Z{L’§ ape —i2kx _ <§ a1 eszx+§ :akJr e Z2k1’>

The function
n+1

gn+1(z Zak 1 4 Zak+le e

is a trigonometric polynomial of order n + 1. The functions 2¢, and g,41 are related as
20, (z) = e g, 1(22), x € R, or, equivalently, as

2n(1/2) = e/ 2g, 1 (x), xe€R. (2.10)
The following inequality holds for the polynomial g,1 (cf. (1.2)):

lgn+illes, < Cln+ Dyllgasallcs . (2.11)

As a consequence of (2.10), we have ||gni1(lco, = 2l|Pnllcpo,x/2) and

1 21 1/p 1/p
lowiiles, = (57 [ lawn@lde) - =lez=0=2( [To.0par) " -
9 [7/2 1/p
—2(2 [ outvrar) " =2ol0mp.

Consequently, inequality (2.11) is equivalent to the inequality

[Pnllcion/a) < C(n+ D)plldnllLeo,x/2)-

Comparing this inequality with (1.14), we conclude that inequality (2.9) holds. Lemma 3 is proved
completely. O

2.3. Proof of Theorem 1
By Lemma 3, for all 0 < p < oo and n > 1, we have the inequalities
C(n)p < M(n)p < C(n+1),.
As a consequence, we have

C(n)p M(n), C(n+1)p n \'7
(2mn)1/p = (2mn)1/p = (2m(n + 1))1/P <n+ 1) '

Passing here to the limit as n — oo and using the result (1.10) of Theorem A, we obtain (1.25).
Theorem 1 is proved. O
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2.4. Estimates
2.4.1. Monotonicity of a constant in (1.14) in p

Let 0 < p1 < p2 < oo. For an arbitrary ¢, € %,, we have

o /2 2 1/p2 o /2 1 -, 1/p2
\wmf=<;ﬁ |wwww> =<;A 6@ o) pw) <

2
s

Consider inequality (1.14) with the parameter po:

Illcomsz) < Mn)pyllDllpe < M(n)py (16]lpy )72 (18]l ciom/21) 2072 .

Dividing by the latter factor, we obtain the inequality

(I8llcion/a)™ ™ < M)y (161l
Raise it to the power py/p;:
16l com/2 < (M (1)p) PP [[@llp, -
This inequality holds for any polynomial ¢ € %,; hence,
M(n)y, < (M(n),,)"/"

or
(M(n)pl)pl < (M(n)m)m , 0<p1 <p2 <oc;

this is the required property of monotonicity.
2.4.2. Estimates for a constant in (1.14)
As a special case of (2.12), we have the inequality
M(n), > (M(n)))"?, 1<p< oo
Using now inequalities (2.8) and (1.6), we obtain the lower estimate
M(n), > (n+1)Y?, 1<p< .
Using (2.12) and (1.24), we obtain the estimates

M(n), < 2(n+1)"", 0<p<2,
M(n)y > 2m+1)"7, p>2.

Finally, inequalities (2.9) and (1.5) imply the estimate

M(n), <4(n+1)YP, 0 <p< .

/2 1/p2 - -
s(—é meﬁ> (I8llctom/) "% = (16llps )72 (19llctomya) > 7

(2.12)
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3. Characterization of an extremal %-polynomial in the Nikol’skii inequality

The primary purpose of this section is to prove Theorem 2, which characterizes the extremal %,-
polynomial in the Nikol’skii inequality (1.16). As mentioned above, statements similar to Theorem 2
can be found in the authors’ papers, personal and with co-authors: [5-7, 9]. The ideas contained
in these statements have been summarized in [3]. The fact that we need [3] holds for inequalities
similar to inequality (1.16) for algebraic polynomials in spaces LP with weight. Because of this, we
first rewrite inequality (1.16) in terms of algebraic polynomials, use Theorem 4 from [3], and then
make a conclusion related to inequality (1.16).

3.1. Equivalent to (1.16) inequality for algebraic polynomials on an interval
We can associate inequalities (1.14) and (1.16) on the set %), with equivalent inequalities on the

set, of algebraic polynomials. For this, we describe %-polynomials in terms of algebraic polynomials.
Denote by P,, the set of algebraic polynomials

pn(t) = Zcﬂg (3.1)
=0

of degree (at most) n with complex coefficients. In further consideration, we will need some
properties of the Chebyshev polynomials
T,(t) = cos(vx), x = arccost, te[—1,1], (3.2)

of the first kind of degree v > 0; these properties can be found, for example, in [21, Ch. 2, Sect. 2.2]).
A polynomial T, v > 1, can be represented as

[V/Q} (_1)k;
T,(t)=2> 20 =2 2 I (3.3)

A polynomial T, is even or odd in accordance with the evenness of the number v, and its leading
coefficient (for v > 1) is 2v~1.

Lemma 4. Forn > 1, the relation
bu(2) = tpa(tD), t=cosz, zel0m], te[-1,1], (3.4)
establishes a bijection between the set of polynomials ¢, € €, of order n and the set P, of alge-

braic polynomials p, of degree mn. Under this correspondence, the leading coefficient an,(dy) of a
€ -polynomial ¢, and the leading coefficient c,(pn) of the polynomial p, are related by the formula

Cn(pn) = 22nan(¢n)§ (3.5)

in addition, the following equalities hold:
¢n(0) = pn(1)7 (3'6)

pnllzeo,r/2) = llonllzzony,  viw) =v(u)p = Ny —h (3.7)
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P r o of. First, let us show that an arbitrary %-polynomial

n
On(x) = Z ay cos(2k + 1)x (3.8)
k=0
of order n > 0 can be presented in the form (3.4), where p, is an algebraic polynomial (3.1) of
degree n. Replace cos(2k + 1)z with Thyy1(t), t = coszx, t € [-1,1], in (3.8). A polynomial Thx 1
is odd, and consequently, can be represented in the form Thyy1(t) = tRy(t?), where Ry is a real
algebraic polynomial of degree k. The leading coefficient of the polynomial Ry, is 22¥ and Ry, (1) = 1.
Therefore, polynomial (3.8) can be represented as (3.4), where p,, is some algebraic polynomial (3.1)
of degree n; the leading coefficients of the polynomials ¢,, and p,, satisfy the relation (3.5).
Conversely, let p, € P,. Consider the function f(z) = cosx p,(cos® x). Based on the represen-
tation (3.1), we have

n
f(z) = cosx pp(cos®x) = Z cpcos? g, (3.9)
=0

2041

The function cos x is an even trigonometric polynomial of order 2¢ + 1:

L

cos? g = Z pe i cos(2k + 1)x. (3.10)
k=0

This fact is, of course, known. However, it is easy to obtain (by induction on /) starting from the
representations (3.2) and (3.3). In particular, it follows from (3.3) that the leading coefficient of
the representation (3.10) is pge = 272 Thus, function (3.9) is a €-polynomial of the form (3.8).

Relation (3.4) establishes a bijection between %, and P,. Formula (3.6) is obvious. Let us
verify (3.7):

9 [7/2 1/p 9 [7/2 ) 1/p
“¢n“LP(O7ﬂ/2) = (;/O \(bn(x)ypdx) = (—/0 | cos zpy, (cos m)]pdx> = [cosz =t] =

™

2 [t dt 1/p 1t w®P=D/2qy\ VP
o A R R e e
T Jo 1—1¢2 ™ Jo 1—u

_ (/01 |pn(u)|l’v(u)du> P ) = o)y = :(5%_/1

Thus, we obtain equality (3.7). Lemma 4 is proved completely. U

Corollary 1. The representation (3.4) implies that forn > 1 the polynomial ¢ € €,,, ¢ # 0, can
have on [0,7/2) at most n zeros, taking into account their multiplicities, i.e., €, is the Chebyshev
system on [0,7/2).

Corollary 2. Lemma 4 implies that inequalities (1.14) and (1.16) can be associated with equiv-
alent sharp inequalities on the set of algebraic polynomials:

[onlloc < M(n)pllonlizzo,1),  Pn € Pn, (3.11)

with constant M(n), = M(n), and
lon (V)] < M(n, Dpllpnlizz o1y, Pn € Pns (3.12)
with constant M(n,1), = M(n,0),. Moreover, a polynomial o, € P, is extremal in inequali-

ties (3.11) and (3.12) if and only if the polynomial @, € 6, related to o, by formula (3.4) is
extremal in inequalities (1.14) and (1.16).
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Let us reformulate the problem of studying inequality (3.12) as an approximation problem.
Consider the set

Pull] = {pn € Pn: pn(1) = 1} (3.13)

of polynomials with a fixed unit value at unity: p,(1) = 1. On this set, we define the value

en[l]p = inf {HanLS(O,l): Pn € an} (3.14)

of the least deviation from zero in the space L%(0, 1) of the class of polynomials (3.13). It is clear that
enll]y, = 1/M(n,1),. Moreover, polynomials extremal in problem (3.14) and in inequality (3.12)
coincide (up to a multiplicative constant). Thus, the problem on the sharp inequality (3.12) is
equivalent to problem (3.14) on the least deviation from zero of the class (3.13).

Lemma 5. For 1 <p < oo and n > 1, the following statements hold for a polynomial 0, € Py,
extremal in inequality (3.12) and such that p,(1) = 1.
(1)  The polynomial oy, is characterized by the property

1
/0 pr—1(u)(1 — w)v(w)| o, (w)|P~ tsign op(u)du =0,  pp_1 € Pp_1. (3.15)

(2) The polynomial oy, has degree n, all its n roots are real, simple, and lie on the interval (0,1);
in this sense, the polynomial o, is real.
(3) The polynomial o, is unique.

P r o o f. Most of the results of this lemma are contained in [3]. We find it difficult in some cases
to make precise references to this paper. Therefore, we have to repeat some arguments from [3]
with clarifications and explanations.

In Theorem 4 of [3], in particular, the following properties of a polynomial g,, extremal in the
inequality (3.12) were proved.

(1") The polynomial g, is real; more exactly, it has real coefficients and, hence, takes real values
on the real axis.

(2') The polynomial g, is characterized by the property (3.15).

It follows that the polynomial g, has n sign changes on the interval (0,1). Otherwise, the
polynomial with simple zeros at the sign change points of the polynomial g, would have order at
most n — 1 and the property (3.15) would not hold on it.

Finally, let us verify that an extremal polynomial o, is unique for all 1 < p < co. In fact,
let g, and ¢, be two polynomials that solve problem (3.14). By the inequality |lo, + Callzp <
lonllzp + lICall e, their half-sum (o, + (,)/2 has the same property; hence, we have the equality
lon + Callze = llonllze + [[¢allzp. For 1 < p < oo, since the space L7(0,1) is strictly normalized,
it immediately follows that (, = o0,. If p = 1, then we can only assert so far that the signs of the
polynomials (,, and g, coincide almost everywhere on [0,1]. The zeros of these polynomials are
simple and lie on the interval (0,1), so the polynomials ¢, and g, have the same set of zeros and
the same value at the point u = 1: (,(1) = 0,(1) = 1, hence, these polynomials coincide. Thus,
the extremal polynomial is unique for p = 1 too.

Lemma 5 is proved completely. O

Based on the weight v defined in (3.7), let us define the following weight on the interval (0, 1):

W02 T
(@) = (1 — u) v(u) = % (3.16)
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Consider the problem on the least deviation from zero

U(P}L)L‘;(o,l) = min{HPnHL’;(OJ): pn € Ph} (3.17)

in the space L%(0,1) of the set P! of algebraic polynomials of degree n whose leading coefficient

is 1. Denote by g;, = 0}, , @ polynomial solving this problem:

1
u(’Pn)Lﬁ_,(O,l) = HQZHLI;(OJ);
it is called a polynomial of degree n with unit leading coefficient that deviates least from zero in

the space L%,(0,1).

Theorem 3. For all 1 < p < co and n > 1, the polynomial o} of degree n with unit leading
coefficient that deviates least from zero in the space L5, (0,1) with weight (3.16) is the unique
extremal polynomial in inequality (3.12).

P r oo f. The polynomial o} is characterized by the property that the function |o¥ [P~ !sign o
is orthogonal to the space P,,_1 (see, for example, [20, Ch. 3, Sect. 3.3, Theorems 3.3.1 and 3.3.2]):

1
/ w(x) pn_1(z)|0} (z)|PLsign of () dz = 0, pp_1 € Pp_1.
0

This property is the same as property (3.15). Therefore, the polynomials g,, and g can differ only
by a multiplicative constant. Theorem 3 is proved. U

3.2. Characterization of a ¥-polynomial extremal in inequality (1.16)

Let us apply the results of the previous section to describing the characteristic properties of
%n-polynomials extremal in inequalities (1.14) and (1.16).

3.2.1. An analog of Lemma 5 in the set of %-polynomials

Let us reformulate Lemma 5 for the extremal %,,-polynomial of inequality (1.16).

Lemma 6. For 1 <p < oo and n > 1, the following statements hold for polynomials v, € Gn
extremal in inequality (1.16) and such that ¢, (0) = 1.
(1)  The polynomial ¢, is characterized by the property

w/2
/ Gn_1(t)(sin?t) [, (t) P tsign on (t)dt =0, ¢p_1 € Cp1. (3.18)
0

(2)  The polynomial py, has order n. The polynomial ¢, has n simple roots on the inter-
val (0,7/2).
(3)  The polynomial ¢, is unique.

Proof. Let us employ the statements of Lemmas 4 and 5. Let g, € P, be an extremal
(algebraic) polynomial in inequality (1.16) with the property o,(1) = 1. The polynomial g, and
the polynomial ¢,, are related by (3.4).

Let us check that the relation (3.18) coincides with (is equivalent to) (3.15). For this, we
transform the functional on the left-hand side of (3.15). For a polynomial p,,—1 € P,,_1, we define a
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polynomial ¢,,—1 € %,—1 that is expressed in terms of p,_1 by formula (3.4). Based on the left-hand
side of (3.15), we find

1
| pnesta)t =)ot on ) sizn e =
1
V=
1
. /0 o1 (VT = ulVion(u) P~ sign on(u)du = [u = ¢7] =

™

|Vuon(u) \p_lsign on(u)du =
T

1
-1 / P (w)(1 — )
0

9 rl
== / tpn_1(tH) V1 — t2|t, (t?) [P~ tsign o (t2)dt = [t = cosx] =
0

9 w/2
== / On—1(x) sin? |g0n(:v)|pflsign on(z)dt.
™ Jo

Now you can see that the conditions (3.18) and (3.15) hold or do not hold simultaneously.
Lemma 6 is proved. O

Consider a problem similar (3.17) on the value

U(%&)Lg’(omp) = min{HQSnHLg(O,n/Z): on € (55} (3.19)

of the least deviation from zero in the space L} (0,7/2) with weight o(z) = sin?z of the set €}
of algebraic polynomials of degree n whose leading coefficient is 1. Denote by ¢}, = ¢}, ., the
polynomial of degree n with unit leading coefficient that deviates least from zero in the space
LB(0,7/2), i.e., the polynomial that solves problem (3.19):

UG r20m/2) = 1mll Lz (0.7/2)-

Lemma 7. For 1 < p < oo and n > 1, the following statements hold for problems (3.17)
and (3.19).

(1)  The values of the problems are related by the equality
U6 rz0x72) = 27" u(P) 12, 0,1)-

(2) A polynomial o}, € P} extremal in problem (3.17) and a polynomial ¥, € €} extremal in
problem (3.19) are related by the equality

o (x) = 22"t 0% (t?), t=cosz, x€[0,7/2], te]0,1].

Proof. Let p, € P,, and let ¢, € %, be the polynomial expressed in terms of p, by
formula (3.4). We have

I
Hp””i" 01) — o uP=DR VT = ulpn(W)Pdu = [u = t?] =
‘W( ’ ) i 0

9 rl 9 w/2 .
=2 [V Bl =t = cosa) = 2 [ sin?alon(@)Pde = [0y
T 0 T 0 o I
Consequently, the norms satisfy the equality

lonllze, 0,1y = Pnll L2 (0,7 /2)-
According to (3.5), we have
b €C = 27%p, € PL

From here, all the assertions of Lemma 7 follow. Lemma 7 is proven. O
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3.2.2. The proof of Theorem 2

For an algebraic polynomial p € P, and a %,-polynomial ¢ € %, related by (3.4), we will say that
they are (3.4)-related.

(1) According to Corollary 2, the polynomials p € P,, and ¢ € %, extremal in the Nikol’skii
inequalities (1.14) and (1.16) and inequalities (3.11) and (3.12), respectively, are (3.4)-related.
According to Lemmas 5 and 6, these polynomials are unique up to numerical factors.

(2) Let o* € Pl and ¢} € €} be extremal polynomials, i.e., polynomials that deviate least
from zero in problems (3.17) and (3.19), respectively. According to Lemma 7, the polynomials p
and 22"¢* are also (3.4)-related.

(3) According to Theorem 3, the polynomial p* is extremal in inequalities (3.11) and (3.12).
Consequently, ¢* is also extremal in inequalities (1.14) and (1.16).

Thus, Theorem 2 is proved. O

4. Conclusions

The system of functions (1.20) is in some sense a “quarter” of the classical trigonometric system.
However, as it turned out (see Theorem 1 and Lemma 3), the best constants in inequalities (1.2)
and (1.14) are very close. The reason for this is not clear to the authors. What will be the situation
with other extremal problems in these systems, the authors also do not know.
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Abstract: In the present paper, we study simple algebras, which do not belong to the well-known classes
of algebras (associative algebras, alternative algebras, Lie algebras, Jordan algebras, etc.). The simple finite-
dimensional algebras over a field of characteristic 0 without finite basis of identities, constructed by Kislitsin,
are such algebras. In the present paper, we consider two such algebras: the simple seven-dimensional anticom-
mutative algebra D and the seven-dimensional central simple commutative algebra C. We prove that every local
derivation of these algebras D and C is a derivation, and every 2-local derivation of these algebras D and C is
also a derivation. We also prove that every local automorphism of these algebras D and C is an automorphism,
and every 2-local automorphism of these algebras D and C is also an automorphism.

Keywords: Simple algebra, Derivation, Local derivation, 2-Local derivation, Automorphism, Local auto-
morphism, 2-Local automorphism, Basis of identities.

1. Introduction

In the present paper, we study local and 2-local derivations and automorphisms of simple finite-
dimensional algebras without finite basis of identities, constructed by Kislitsin in [19] and [20].
Kadison in [12] introduced and investigated a notion of local derivations. He proved that each
continuous local derivation from a von Neumann algebra into its dual Banach bimodule is a deriva-
tion. Semrl introduced a similar notion of 2-local derivations. He proved that any 2-local derivation
of the algebra B(H) of all bounded linear operators on the infinite-dimensional separable Hilbert
space H is a derivation [24]. After, numerous new results related to the description of local and
2-local derivations of associative algebras have appeared. For example, papers [1, 3, 4, 15, 16, 22]
are devoted to local and 2-local derivations of associative algebras.

The study of local and 2-local derivations of nonassociative algebras was initiated in papers [5, 6]
of Ayupov and Kudaybergenov (for the case of Lie algebras). They proved that each local and
2-local derivation on a semisimple finite-dimensional Lie algebra are derivations. In [8], examples
of 2-local derivations on nilpotent Lie algebras that are not derivations are given. After the cited


https://doi.org/10.15826/umj.2022.2.004
mailto:arzikulovfn@rambler.ru
mailto:furqatjonforever@gmail.com
mailto:shahloergasheva9@gmail.com

2-Local and Local Maps on Simple Algebras 47

works, the study of local and 2-local derivations was continued for Leibniz algebras [7] and Jordan
algebras [2]. Local and 2-local automorphisms were also studied in many cases. For example, local
and 2-local automorphisms on Lie algebras have been studied in [5, 10].

The variety of Malcev algebras is a generalization of the variety of Lie algebras [23]. It is
closely related to other classes of nonassociative structures: it is a proper subvariety of binary
Lie algebras, and, under the multiplication ab — ba, an alternative algebra is a Malcev algebra.
Moreover, it is connected with various classes of algebraic systems such as Moufang loops, Poisson—
Malcev algebras, etc. The study of generalizations of derivations of simple Malcev algebras was
initiated by Filippov in [11] and continued in some papers of Kaygorodov and Popov [13, 14].

Now, a linear operator V on A is called a local automorphism if, for every z € A, there
exists an automorphism ¢, of A, depending on z, such that V(z) = ¢,(x). The concept of local
automorphism was introduced by Larson and Sourour [21] in 1990. They proved that invertible local
automorphisms of the algebra of all bounded linear operators on an infinite-dimensional Banach
space X are automorphisms.

A similar notion, which characterizes non-linear generalizations of automorphisms, was intro-
duced by Semrl in [24] as 2-local automorphisms. Namely, a map A : A — A (not necessarily linear)
is called a 2-local automorphism if, for every z,y € A, there exists an automorphism ¢, , : A — A
such that A(x) = ¢, ,(z) and A(y) = ¢, ,(y). After the work of Semrl, it appeared numerous new
results related to the description of local and 2-local automorphisms of algebras (see, for example,
[5, 7,9, 10, 16]).

In the present paper, we continue the study of derivations and automorphisms of simple algebras.
We study derivations and automorphisms of simple algebras, which do not belong to well-known
classes of algebras (commutative, associative, alternative, Lie, Jordan, etc.). The simple finite-
dimensional algebras without finite basis of identities, constructed by Kislitsin are such algebras.
Namely, we prove that any local derivation (automorphism) of the simple finite-dimensional algebras
without finite basis of identities, constructed by Kislitsin in [19] and [20], is a derivation (an
automorphism, respectively), and every 2-local derivation (automorphism) of these algebras is also
a derivation (an automorphism, respectively). Note that central simple finite-dimensional algebras
which has no finite basis of identities were considered in the works [17] and [18] of Isaev and
Kislitsin.

2. A simple finite-dimensional algebra without finite basis of identities

Let D = (e, v1, v9, €11, €12, €22, P)F be an algebra over a field IF of characteristic 0 whose nonzero
products of basis elements from

{e,v1,va, €11, €12, €22, p} (2.1)
are defined by the rules
Vi€jj = —€ijUj = Vj, VP = —PU2 =€, Vje = —ev; = Uj,
€ij€ = —€€jj = €45, Pe= —€pP =Dp.

Then D is a simple anticommutative algebra without finite basis of identities [20]. Let a be an
element in D. Then we can write

a = aje + agv1 + aszve + aqse11 + aseiz + age + arp
for some elements a1, as, as, a4, as, ag, and a7 in F. Throughout the paper, let

_ T
a = (a1, az,as3,a4,as,a6,a7)" .
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Conversely, if v = (a1, a2, a3, a4, as, ag,ar)’ is a column vector with a1, as, a3, a4, as, ag, and a7 in I,
then, throughout the paper, we will denote by ¥ the element

aie + axv1 + azvz + aqerr + asei2 + age2 + arp;
i.e.,
U = aje + agu1 + azvz + ase1r + aseis + ageaz + arp.
Let A be an algebra. A linear map D: A — A is called a derivation if
D(zy) = D(z)y + xD(y)

for any two elements =,y € A.
Our principal tool for the description of local and 2-local derivations of D is the following
proposition.

Proposition 1. A linear map D: D — D is a derivation if and only if the matrixz of D in the
standard basis (2.1) has the following form:

0 O 0 0 0 O 0
0 ago 0 0 0 0 0
0 0 a2,2+a5,5 0 0 0 0
0 O 0 0 0 O 0
0 0 0 0 ass O 0
0 O 0 0 0 O 0
0 0 0 0 0 0 —(ago+ass)

Here the action of D corresponds to multiplying the matrix by a column on the right.

P r o o f. The proof is carried out by checking the derivation property on the algebra D.
Let A= (ai7j)z7,j:1 be the matrix of the derivation D. Then

Avie;; = —Aej;u; = Avj, Atgp = —Apv; = Ae, Avje = —Aev; = Av;,
Aejje = —Aee;; = Ae;;, Ape = —Aep = Ap.
On the other hand,
IﬂiT\ij = Zvlieij + Uif%-
Hence,
ZU:]' = Zvlieij + vz‘@-
So,

—

Avy = Avrer + vi Aery,
ai2€e + a2 2v1 + az2v2 + aq2€11 + as2€12 + ag,2€22 + a7 2p
= (a1,2e + agpv1 + az v + as2e11 + as2e12 + ag 2622 + arop)ein

+vi(aiqe + ag 401 + a3 42 + agae11 + asae12 + ap 4€22 + a7.4p)
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ifi=1,5=1, and
a1,2€ + a22v1 + a3 2v2 + a42€11 + as2€12 + ag2€22 + a72pP
= —a12€11 + a22V1 + A1,4V1 + Q4401 + A54V2.
This implies that
a12 =0, ajs+as4=0, azp=as4, a42=—a12=0, a52=0, ag2=0, ar2=0.
In addition, if ¢ =1 and j = 2, then
— —
Avy = Avrers + vi Aera
and
a1,3€ + a2 3v1 + a3 3v2 + aq3e11 + aszei2 + agze22 + a7 3p
= (a1,2e + a2 2v1 + ag v + as2e11 + as2e12 + ap 2€22 + az2p)eir
+vi(a15e + agsv1 + az sv2 + agse11 + assei2 + ag5e22 + a7 sp)
= —aq,2€12 + a22V2 + a1 501 + a4 501 + a5 502.
This implies that
a13=0, as3=ai5+ass, a33=as2+ass,
ag3 =0, as3=—a12, as3=0, ar3=0.
Besides, if i = 2 and j = 2, then
— —
Avy = Avgegy + voAegs
and
a1,3€ + a2 3v1 + a3 3v2 + aq3e11 + aszei2 + ag3e22 + a7 3p
= (a1,3e + ag3v1 + a3 3vz + ag3e11 + aszei2 + ag3e22 + ar3p)es
+va(ai e + ag6v1 + az6v2 + asee11 + asge12 + ap €22 + a7,6p)
= —a1,3e2 + az 3v2 + a1 V2 + ag V2 + arge.
This implies that
a3 =ar6=0, a3=0, ai6+ase=0, as3=0,
as3 =0, ag3=—a13=0, ar3=0.
Similarly, we have
a3 = —ary7, a21=0, a17=0, as7=0, a41=0, a51=0, as1=0,
a12=0, a41=0, a51=0, a13=0, a7r1=0, a1=0,
a14=0, a21=0, a11=0, a15=0, a16=0, a31 =0, a17=0,
ag2 =0, ar2=0, as3=0, a36=0, a37=0, a35=0, ax7=0,
a3y =0, a12=0, a32=0, ay7=0, a57=0, a6=0, a3s4=0, azy=0,
az5 =0, a12=0, a56=0, as6=0, a13=0, a3=0, as5=0, ar5=0,
a6.4 = O, a4 = 0.

As a result, we get the matrix from Proposition 1. The proof is complete. O

Let A be an algebra. A linear map V: A — A is called a local derivation if, for any element
x € A, there exists a derivation D: A — A such that V(z) = D(z).



50 Farhodjon Arzikulov, Furkat Urinboyev and Shahlo Ergasheva

Theorem 1. Fach local derivation on the simple algebra D is a derivation.
Proof. Let V be alocal derivation on D, and let A = (az‘,j)ijl be the matrix of V. Then

V(v1) = aglyvr = agavi, V(v2) = (ayy + ag%)va = az zvs,

V(ei2) = a§f52€1,2 =asse1, V(p) = —(a’2’72 + 015)75)29 = ar,7p,
and the remaining components of the matrix A are equal to zero. At the same time,
V(vi +v2+e12+p) = V(v1) + V(v2) + V(er2) + V(p) (2:2)

and

v1tv2+er 2+p v1tv2+ter 2+p v1+v2+ey 2+p
V(vi +v2 +e12+p) =as, v1 + (ag5 +as;5 Jv2

v1+v2+er 2+p v1tv2+er 2+p v1tv2+er 2+p
+as 5 e1,2 — (agy +as 5 )p-

By 2.2, we have

v1tv2+ter 2+p v1+v2+er 2+p v1+v2+er 2+p
ag o v1 + (g5 t a5 5 )2
v1tvztel 2+p v1tvztel 2+p v1tvztel 2+p
tas s 1,2 — (ag +as5 )P

v V2 V2 €1,2 p p
= G991 + (a2,2 + C‘5,5)02 t+as5 el — (a2,2 + a5’5)p.

Hence,
vitv2ter2+p _ wg v1tv2+ter 2+p vitv2ter2+p _ wo Vo
a9 = g5, dgg + a5 5 = Gy t agy,
v1+v2+e1 2+p e1,2 v1+v2+e1 2+p v1+v2+e1 2+p

_ _p p
as 5 =a55, Q9o tas; = Qg9 + U5 5-
This implies that

V2 v2 U1 €1,2 p P _ vl €1,2
Uggta55 = Q9o T a55, Ag9+ A55 =055+ a5 5

and
0 0 0 0O 0 O 0
0 agfz 0 0O 0 0 0
0 0 ayy+as 0 0 0 0
A=10 0 0 0O 0 O 0
0 0 0 0 asgs 0 0
0 0 0 0O 0 O 0
0 0 0 0 0 0 —(agy+agy)
Hence, by Proposition 1, V is a derivation. This completes the proof. O

We give another characterization of derivations on the algebra D in the following theorem.
Let A be an algebra. A (not necessary linear) map A : A — A is called a 2-local derivation
if, for all elements z,y € A, there exists a derivation D, , : A — A such that A(zx) = D, ,(x) and

A(y) = Dy y(y).

Theorem 2. Fach 2-local derivation on the simple algebra D is a derivation.
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Proof Suppose that A is a 2-local derivation on D and, for elements a,b € D, D, is a
derivation on D such that D, ,(a) = A(a) and D, (b)) = A(b). Let Ayp = (a?”;’)zj:l be the matrix
of Dgp.

Let

a = Aje+ Aav1 + Agvg + Age11 + Aser 2 + Agea o + A7p

be an arbitrary element from D. For every v € D, there exists a derivation D, , such that

A(v) = Dyqa(v), A(a) = Dyg4la).

) )

Then from
Dy, v(v1) = Dy, a(v1), v €D,

it follows that

V1,V _ 1,a
a2 2 v = a2 2 V1.

Hence,

V1,V __ V1,4
Qoo =09 -

Therefore,
A(a) = Dy, o(a) = ay! 3 Y Aovy + (a2 + avl’ )Asvg + a5 2 Xse1,2 — (ay's” 5+ avl’ YJA7D.
Similarly, from
Dyy 4 (v2) = Dy, o(v2), v €D,
it follows that
A(a) = Dy, ala) = ays" Aavr + (ag%” + ag%")Azva + a5z Ase12 — (ags” + ag3) Arp.

Similarly, we have

€1,2,a0

A(a) = Deyya(a) = g5 Navn + (g5 + ags" ) Agve + ags" Aser 2 — (agy™ + ags™) Arp,
A(a) = Dpa(a) = af 2>\2v1 + (a +aj )>‘3U2 + ag,’gA5€1,2 (a2 2 T as £5)Ap.

Hence,

A(a) = Dy, ala) = Dy,, ala) = De1,2,a(a) = Dp,a(a) =

U27

ag's’ Aav1 4 (ays" + a5 ) Azva + a5 2 Xse12 — (ag:; + agjé))qp

for any v,w, z,t € D. Note that the components in the last sum do not depend on the element a.
Therefore, the map A is linear and it is a local derivation. The linear operator A has the following
matrix:

0 0 0 0 0 0 0

0 ass’ 0 0 0 0 0

0 0 a3 +az" 0 0 0 0
A=|0 0 0 0 0 0 0

0 0 0 0 ags”” 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 —(aby+abi)
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From A(ve +p) = A(va) + A(p), we get

a,v2-+p a,v2+p a,v2-+p a,v2+p _ V2,W 1)2,
(ags™ ™"+ ags” Mve — (agy” ™" +ags* )p = (ays +azs )va — (ab, 9 T as’ 2 p.
Hence,
024D a v2+p v2,W v2,W p,t p,t
ayy” " +ag =93 T G55 =ayy+ags. (2.3)

From A(vi +va+e12) = A(vr) + A(Ug) + A(er,2), we get

a,v1tveter2  wi,v
22 =ags,
62l:?2)1+v2+e1 2 + g§1+v2+e1 2 vg, + aggéw,
a,v1tv2ter2 €12,z
5,5 =455
Hence,
ay3"’ +ags’ = ayy’ +ags.
By (2.3), we also have
a% +ag 5= ay’s’ +ag's”.
Thus,
0 0 0 0 0 0 0
0 a;’j’” 0 0 0 0 0
0 0 ayy’+as™ 0 0 0 0
A=10 0 0 0 0 0 0
0 0 0 0 a5 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 —(agy’+ags™)
Therefore, by Proposition 1, A is a derivation. This completes the proof. O

Let A be an algebra. A linear bijective map ®: A — A is called an automorphism if
O (zy) = ®(x)P(y) for any two elements z,y € A.

Our principal tool for the description of local and 2-local automorphisms of D is the following
proposition.

Proposition 2. A linear map ®: D — D is an automorphism if and only if the matriz of ®
in the standard basis (2.1) has the following form:

1 0 0o 0 0 0 0

00 agp 0 0 0 0 0

0 0 ag 2G5 5 0 0 0 0

0 0 0 1 0 0 0 :
0 0 0 0 ass 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 g

where az2 and as 5 are nonzero elements from F. Here the action of ® corresponds to multiplying
the matriz by a column on the right.
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Proof Let B = (bi,j)z,jzl be the matrix of the automorphism ®. Then there exists a
derivation D such that

B=¢t

)

where A is the matrix of D. It is known that

A2 A3
A _ el
e —E+A+2!+3!+...,
where FE is the unit matrix. Hence,
A2 A3
B:E—|—A+§+§+.... (2.4)
By (2.4) and Proposition 1, B is equal to
1 0 0 0 0 0 0
0 0,22 0 0 0 0 0
0 0 S0, Lzatoss) g 0 0 0
0 0 0 1 o 0 0
0 0 0 0 Y2, %2 0 0
0 0 0 0 0 1 0 '
0 0 0 0 0 0 Y, leares)
1 0 0 0 O 0
0 %22 0 0 0 O 0
0 0 e=2t35 (0 0 0 0
=10 O 0 1 0 0 0
0 0 0 0 e%5 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 6—(a2,2+a5,5)
The latter matrix gives the desired form. This completes the proof. O

Let A be an algebra. A linear map V : A — A is called a local automorphism if, for every
element x € A, there exists an automorphism ¢, : A — A such that V(z) = ¢, (z).

Theorem 3. Fach local automorphism on the simple algebra D is an automorphism.

Proof. Let V be a local automorphism on D, and let A = (ai7j)z7,j:1 be the matrix of V.
Then

U VU VU
V(v) = a27121)1 =ag9v1, V(vg)= a2?2a5?5vg = a3 3v2,
1

Viei2) = ag,lfel,z =assel2, V(p)=—p—pp=armp
3205 5

and the remaining components of the matrix A are equal to zero. At the same time,

V(vi +v2 +er2+p)=V(v1) + V(va) + V(er2) + V(p) (2.5)
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and
v1tvzteq, 2+p vitvz+tel 2+p wvitve+ter 2+p
V(U1+U2+€12+P)_a22 1t+a 22 a55 vo+
aU1+U2+€1 2+p + 1
5,5 €1,2 v1+v2ter 2+p v1+va+tel 2+pp
Qg9 G55

By (2.5), we have

Ul+02+61,2+p v1tv2+ter 2+p vitveter 2+p v1tv2+ter 2+p 1
2,2 1+ ag ,2 as 5 ) tag ,5 €12 + vi+vz+e12+p v1+vz+el,2+pp
Qg9 a5 5

1
—a22?)1+a22a551)2+a55612+ _p p

5 5
Hence,
vitveter2+p v1+v2+er 2+p v1tv2+ter 2+p vy U2
Qg9 =Ag9, Qg9 as 5 = Qg 905'5,
vitveter2+p  e12 vitvzter2+p vitvet+ei2+p  p p
as 5 =a55, Q99 as 5 = Qg 905 5-

This implies that

ve v2 __ v €1,2 p p _ vy €12
Q99055 = U9 2055, Qg 9055 = Q905 5

and

1 0 0 0 0 O 0

0 agb 0 0 0 O 0

0 0 ajhas 0 0 0 0O

A=1] 0 0 0 1 0 0 0

0 0 0 0 a5y 0 0

0 O 0 0 0 1 0

0 0 0 0 0 0 —leos

A2,295,5

Hence, by Proposition 2, V is an automorphism. This completes the proof. O

A (not necessary linear) map A : A — A is called a 2-local automorphism if, for all elements
x,y € A, there exists an automorphism ¢, , : A — A such that A(z) = ¢, (z) and A(y) = ¢y ().

Theorem 4. Fach 2-local automorphism on the simple algebra D is an automorphism.

Proof Supposethat A is a 2-local automorphism on D and, for elements a,b € D, @, is

an automorphism on D such that ®,(a) = A(a) and P, (b)) = A(b). Let Ayp = (a) b)” , be the
matrix of ®,;. Then, for all v,z € D, there exists an automorphism @, , such that

Av) =Dy .(v), A(z) =Py .(2).

Let 4, . = (a Z)JZ)” | be the matrix of the automorphism @, ,.
Let
a = Ae+ Av1 + Agvg + Age11 + Aser 2 + Agea o + A7p

be an arbitrary element from D. For every v € D, there exists an automorphism @, , such that

A(v) =Dy 40(v), Ala) = Pyela).
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Then from
Dy (V1) = Py 1), vED,

it follows that

V1,V _ _vi,a
a2,2 v = a2,2 V1.

Hence,

V1,V __ v1,a
Qoo =09 -

Therefore,

V1,V v1,a V1,4
Aa) = &y, o(a) = \e+ Qg3 A2U1 + Ag5 a5 Azvz + Age1n

1
v1,a
tas’s Ase12 + Aée2.2 + —srawra Mp-
Qg9 g5

Similarly, from
Dy 0(v2) = Py a(v2), vED,
it follows that

v2,a U2,V V2,V
Aa) = @y, o(a) = \e+ as’s A2U1 + ag’s ags Azvz + Agern

1
va,a
tags Ase1,2 + A¢€22 + —maza ATD-
Qg2 g5

Similarly, we have

€1,2,a €1,2,

€1,2,a a
Afa) = ®¢y ,qa(a) = +A1e + Ays A2Vl + a9y a5 Azv2
1
€1,2,v

+Ase1,1 + a5 5 Aser2 + Xe€2,2 + —r5aerza AP
Qg2 U5
,a a _p,a

Aa) = Dp4(a) = A\e+ agz)\gvl + aggagﬁ)\gvg
A PIN A 1 A
tAg€11 + a55A5€12 + A6€2.2 + —prpu ATD-
(3,205 5

Hence,

Afa) = (I)vl,a(a) = q)vz,a(a) = q)el,z,a(a) = q)p,a(a) =

1

U1,V V2, W _v2,W €1,2,2

e+ g 9 Aov1 + ay9 O5s A3vg + )\46171 + as 5 )\561,2 + )\662,2 + W)qp
a

2,205 5
for any v,w, z,t € D. Note that the components in the last sum do not depend on the element a.
Therefore, the map A is linear and it is a local automorphism. The linear operator A has the
following matrix:

1 0 0 0 0 0 0
0 ayy’ 0 0O 0 0 0
0 0 a3"x” 0 0 0 0
A=]10 0 0 1 0 0 0
0 0 0 0 a0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 L

NI

o
IS}

R
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From A(ve +p) = A(va) + A(p), we get

a,v2+p a,v2+p 1 _v2,w v2,Ww 1
Qg9 as 5 v2 + a,v9+p a,v2+pp_a272 55 v2 + vt _p,t
Qoo™ " A5 3205 5
Hence,
a,v2+p _a,v2+p _  ve,w vo,w _ pit p,t
ay'y” "Gg's” T =g Ag5 = GyoUys. (2.6)
From A(vi +va +e12) = A(v1) + A(vz) + A(er,2), we get
a,y1tveter2 v, a,v1tveter2 avitveters  vo,w va,w
%) =GQg9 , Qg9 as 5 = Qg9 Q55
a,y1tveters €12,z
as 5 =ass5 -
Hence,
v2, W _v2,w V1,V €1,2,2
Qg2 Q55 = G2 U5
By (2.6), we also have
pvt pvt __ U1,V €1,2,%
(9205 5 = Qg 2 U5 5
Thus,
1 0 0 0 0 0 0
0 agl’v 0 0 0 0 0
! V1,0 _€1,2,2
0 0 a93 G55 0 0 0 0
A= 0 0 0 1 0 0 0
€1,2,2
0 0 0 0 5152 0 0
0 0 0 0 0 1 0
1
0 0 0 0 0 0 —wese
Ay 2 A5 5
Therefore, by Proposition 2, A is an automorphism. This completes the proof. ]

3. A simple central commutative algebra with no finite basis of identities

Let C = (1,v1,v2,€11,€12,€22,p)r be an algebra over a field F of characteristic 0, where 1 is
unity and nonzero products of basis elements

{1, v1,v9, €11, €12, €22, p} (3.1)
other than 1 are defined as follows:
Vi€jj = €;U; = vj, Vap = pug = L.

Then the algebra C is a simple central commutative algebra with no finite basis of identities [19].
Let a be an element in C. Then we can write

a = aje+ agv1 + agve + ageq1 + asei + age2 + arp,
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for some elements a1, as, as, aq, as, ag, and a7 in F. Throughout the paper, let

a = (a1, az, a3, a4, a5, ag, a7)" .
Conversely, if v = (a1, a2, a3, a4, as, ag,ar)’ is a column vector with a1, az, a3, a4, as, ag, and a7 in F,
then, throughout the paper, we will denote by ¥ the element

aie + agv1 + azvz + ase1; + aseiz + age + arp,
ie.,

U = aje + aguy + asve + aserr + asern + ager + arp.

Our principal tool for the description of local and 2-local derivations of C is the following
proposition.

Proposition 3. A linear map D: C — C is a derivation if and only if the matriz of D in the
basis (3.1) has the following form:

0 O 0 0 0 O 0
0 ag2 0 0 0 O 0
0 0 agp+ass 0 0 O 0
0 O 0 0 0 O 0
0 O 0 0 as5 O 0
0 O 0 0 0 O 0
0 O 0 0 0 O —(a2,2 + a575)

Here the action of D corresponds to multiplying the matrix by a column on the right.

P r o o f. The proof of this proposition is similar to the proof of Proposition 1. O

Theorem 5. Each local (2-local) derivation on the simple algebra C is a derivation.

P r o o f. The proof of this theorem is similar to the proofs of Theorems 1 and 2. O

Proposition 4. A linear map ®: C — C is an automorphism if and only if the matriz of ® in
the standard basis (3.1) has the following form:

1 0 0 0 0 0 0

0 agz 0O 0 0 0 0

0 0 22055 0 0 0 0

0 0 o 1 0 0 0 :
0 0 0 0 a5 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 s

where az2 and as 5 are nonzero elements from F. Here the action of ® corresponds to multiplying
the matriz by a column on the right.

Theorem 6. Fach local (2-local) automorphism on the simple algebra C is an automorphism.

P r o o f. The proof of this theorem is similar to the proofs of Theorems 3 and 4. O
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Abstract: In this paper we consider a class of impulsive stochastic functional differential equations driven
simultaneously by a Rosenblatt process and standard Brownian motion in a Hilbert space. We prove an existence
and uniqueness result and we establish some conditions ensuring the approximate controllability for the mild
solution by means of the Banach fixed point principle. At the end we provide a practical example in order to
illustrate the viability of our result.
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1. Introduction

It is well known that approximate controllability is one of the fundamental concepts in math-
ematical control theory for infinite differential systems and plays a significant role in both deter-
ministic and in stochastic dynamical systems. Approximate controllability means that the system
can be moved to an arbitrary small neighborhood of the final state. Some recent researches on the
existence results of approximate controllability are [8, 9, 14, 25].

Recently, there has been increasing interest in the analysis of control synthesis problems for im-
pulsive systems due to their significance both in theory and applications, for example, in problems
of sudden environmental changes, radiation of electromagnetic waves and changes in the intercon-
nections of subsystems. For some recent researches on the existence results for impulsive stochastic
differential equations, we refer the reader to monographs [3-5, 10, 23, 24, 29]. In these models,
the processes are characterized by the fact that they undergo abrupt changes of state at certain
moments of time between intervals of continuous evolution. For basic concepts about the impulsive
systems see [12, 17].

In recent years, there has been a growing interest in stochastic functional differential equations
driven by the Rosenblatt process [2, 19, 20, 22]. The theory of Rosenblatt process has been devel-
oped accordingly due to its nice properties see [13, 16, 27]. Tudor [28] investigated the Rosenblatt
process which is Gaussian and the calculus for it is much easier than other processes. However,
in concrete situations where the Gaussianity is not plausible for the model, one can employ the
Rosenblatt process. There is corresponding literature devoted to various theoretical aspects of
impulse systems controlled by Rosenblatt processes [7, 15, 18, 20].

Some dynamical systems of a special kind require a mixed process to model their dynamics [1,
26].

Inspired by the above studies, this article is devoted to demonstrating the approximate control-
lability of a soft solution for a class of neutral functional-stochastic differential equations controlled
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by a Wiener process and a Rosenblatt process independent of the form

da(t) = Ax(t)dt + Bu(t)dt + f (t,z(t)) dt + g (t,z(t)) dW (t) + o (t)dZ g (t),

te[0,T], t#ty, (1.1)
Ax(ty) = =) — x(ty) = L(z(t)), k=1,2,..,m, '
z(0) = 29 € X,

where z(-) takes values in the separable Hilbert space X, A : D(A) C X — X is a closed, linear,
and densely defined operator on X. Let B be a bounded linear operator from the Hilbert space U
into X.

Let the control u € £ ([0,T],U) which is the Hilbert space of all square integrable and J;-
adapted processes with values in U. Let Qg be a positive, self adjoint and trace class operator
on K and let Lo(K, X) be the space of all Qg-Hilbert—Schmidt operators acting between K and
X equipped with the Hilbert-Schmidt norm |.|,. The W is a Qx-Wiener process on Hilbert
space K.

Let Q be a positive, self adjoint and trace class operator on Y and let £3(Y, X) be the space
of all @ -Hilbert—Schmidt operators acting between Y and X equipped with the Hilbert—Schmidt
norm ||.|| 9. Let Zy be a @-Rosenblatt process on a Hilbert space Y. The process W and Zp are
independent. The functions f, g and ¢ will be specified later. Moreover, the fixed moments of
times ¢y, satisfy 0 = tg < t1 < ... <ty < tms1 =T, z(t}) and z(t; ) represent the right and left
limits of x(t) at t = t. Here Az(tx) = x(t;) — x(t; ) represents the jump in the state = at time t,
where I, determines the size of the jump.

Let (2, Fr, P) be the complete probability space with the natural filtration {F; | t € [0,7T}
generated by random variables {Zp(s), W(s), s € [0,T]}. Let xzy be an Fp-measurable random
variable independent of W and Zp satisfying E ||zo||* < co. We define the following classes of func-
tions: let Lo(2, Fpr, X) be the Hilbert space of all Fp—measurable, square integrable variables with
values in X, £§ ([0, 7], X) is the Hilbert space of all square integrable and J;—adapted processes
with values in X.

The space C ([0,T], L2(2, Fr, X)) is the Banach space of continuous maps except for a finite
number of points ¢, at which x(¢, ) and z(t™) exists and (¢, ) = x(tx) satisfying the condition

supepo 77 B [lo(t)]|* < oo

and Al is the closed subspace of C ([0, 7], L2(52, Fr, X)) consisting of measurable and F;-adapted
processes z(t), then Al is a Banach space with the norm defined by

1/2
lellag = (supreior B o))

Let {Zu(t), t € [0,T]} be the one-dimensional Rosenblatt process with parameter H € (1/2,1),
Zy has the following representation (see Tudor [28])

H B B
) A /0 |: Alva ou (U7 yl) ou (u7 y2)du:| d (yl)d (y2)7

B(t)ico,r) 1 the Wiener process,

where

B(-,-) is the Beta function,

g oA+l H(2H — 1)
2 H+1 2H—1 B(2—-2H,H—1/2)’

KH(t,s) = lpssycHs 1/2— H/ — s)H- 3/2, H-1/2 4,
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Let X and Y be two real separable Hilbert spaces, L(Y'; X) be the space of bounded linear operator
from Y to X, Q € L(Y; X) be an operator defined by Qe,, = A\, e,, with finite trace

rQ =Y Ay <00, Ay >0
n=1

and {e,} is a complete orthonormal basis in Y.
We define the infinite dimensional @Q-Rosenblatt process on Y as

= Z \/Tnenzn(t)

n=1

where (Zn)nzo is a family of real independent Rosenblatt processes. Consider the following funda-
mental inequality.

Lemma 1 [21]. If ¢: [0,T] — LY(Y; X) satisfies

T
| 16@gds < o,
0

EH /O t &(5)dZ1(s)

Definition 1. For each u € £ ([0,T],U), a stochastic process x € AL is a mild solution
of (1.1) if we have

then we have .
2
<208 [ o(s)|y ds.
0

2(t) = S(t xmg/St—sMBm>+f@x<mds

/St—s) (s,z(s))dW (s /St—s s)dZpy (s Z St —tp)Ip(2(t;)).

O<tp<t

Let x(T;u) be the state value of system (1.1) at terminal time 7" corresponding to control u.
The set
R(T) = {x(T; u):u € EQF([O,T], U)}

is called the reachable set of (1.1) at the terminal time 7'
Definition 2. The stochastic control system (1.1) is called approzimately controllable on the
interval [0,T) if
R(T) = L2, Fr, X).

For the proof of the main result, we impose the following conditions on data of the problem.

(Hyp 1) A is the infinitesimal generator of a compact semigroup {S(¢), ¢ >0} on X such that

IIS(t)|| < M, for some constant M > 0.

(Hyp 2) 1. The function f :[0,7] x X — X is continuous and there exists a constant Cy such that

for x,y € X and t € [0, 7]

(2" < Cp(L+ [l=]®),
£t 2) = F(t,9)I* < Cp lz —y*.
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2. The function g : [0,T] x X — Lo(K, X) is continuous and there exists a constant Cy such
that for z,y € X and ¢ € [0, 7]

lg(t, 2|1z, < Cy(L + |z,
lg(t.2) = gt )1z, < Cyllz —yl*.
(Hyp 3) The function o : [0,T] — £9 is bounded by a positive constant L for all t € [0, 7.

(Hyp 4) I : X — X is continuous and there exist constants dg, g > 0 such that, for z,y € X

(@) Mx(2) = L@)I* < dillz —yl*, ke {L,.sm},

) 1Te@)|? < a (1+ [2]%) k€ {1,.m},

(d34) z\ﬁm(kﬁnj1 dk> < %.

(Hyp 5) For each 0 < t < T, the operator a(al +I'/)™' — 0 in the strong operator topology as
a — 0%, with TT € £(X, X) and

T
7 = / S(T —t)BB*S*(T — t)dt.
S
(Hyp 6) 1. The function f :[0,7] x X — X is continuous and there exists a constant Cy such that
for x,y € X and t € [0, 7]

I (t.2) = f(EyI* < Cpllz =yl

2. The function g : [0,7] x X — L5(K, X) is continuous and there exists a constant Cy such
that for z,y € X and t € [0, T

lg(t,2) = g(t. 9z, < Cgllz —yl*.
3. The functions f and g are uniformly bounded, then there exists C' > 0 such that
1£ (s, 2()I* + llg(s, 2(s)IIZ, < C.

Lemma 2 [6]. For any zr € L2(Q, Fr, X) there exists a unique ¥ € £ ([0,T]; L2(K, X)) such
that

T
xr = E(z7) —i—/o U(s)dW (s).

For any a > 0 and an arbitrary function z(.), we define the control function for system (1.1) in
the following form

u“(t,z) = B*S*(T — t)(al + TE) ™ (E(zr) — S(T)x0)

+B*S*(T —t) /t(aI + T~ (s5)dW (s) — B*S*(T —t) /t(aI +TTY=L8(T — 5)o(s))dZu (s)
0 0
—B*S*(T —t) /0 (ol +TH)71S(T — 5) f(s,2(s))ds

—B*S*(T—t)/o (ol +TH)Y7LS(T — 5)g(s,z(s))dW (s)
—B*SY (T —t)(@l +T7)7" Y S(t — te)I((ty)),
0<t) <t

the function u®(t,x) is defined so that the system driven by this command has a unique solution
(see Theorem 1) and moreover the system is approximately controllable (see Theorem 2).
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Lemma 3. There exists positive real constant M, such that, for all x, y € AL we have

M,
B uc(t,2) — u(t,)|* < =3 |1z~ ylAy - (12)
M,
2 2
E Ju(t,)|]” < = (1+ allhg ) - (1.3)

Proof. Letz, yeAg,wehave

t

Bl (t0) — u*(0)]|* < 3B BT — ) [ (@l + 7T ST = 5) [ (s.0(6)) = Fsvu(s))] |

2

t 2
BB (T = 1) [ (ol +TT) IS - 9 gl 2(5)) g5, y(6)) W )|
0
m 2
+3B|[BS* (T = ) (al +T§) 1" ST — ) [Lu(a(t) = Lyt )] |
k=1
Using the Holder inequality, Ito isometric theorem and the assumptions on the data, we obtain

E|[u®(t,2) — u®(t,y)|* < ) ||B\|21\44ch/O E |l2(s) — y(s)|* ds

2

5 I1BIEACy [ Blja(s) —y(s)| P ds + 5 B M (X)) - )|
k=1

3
< S |IB|P M*TCsT sup E|lz(s) — y(s)|
« s€[0,77]

F 2 IBIPMC,T sup Ba(s) — y(@) + m( D di) sup Bla(s) - y(s)|P
s€[0,T =1 s€[0,T

m

3
< 1B M [Tch +TC,y + m(deﬂ lz = yllas
k=1

Mu 2
=2 [l — yHAg ,
where
m
M, = 3| B|> M* [Tch +TC, + m(de)}
k=1
The proof of the second (1.3) is similar. O

2. Approximate controllability

For any a > 0, define the operator F, : Al — Al by
(Foz)(t) = S(t :U0+/ S(t—s) (Bu“(s,z) + f(s,z(s)))ds

/St—s) (s,z(s))dW (s /St—s s)dZpy (s Z St —tp)Ip(2(t;)).

O<tp<t

The first main result is the following theorem.
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Theorem 1. Under assumptions (Hyp 1)-(Hyp 5), the system (1.1) has a mild solution
on [0, 7).

Proof. Step 1. Let 0 <ty <t9 <T. Then for any ﬁxedxeAg

E ||(F 2)(t2) — (Faz)(t1)|* < 6E [[(S(t2) — S(t1)) ol
S (ta —s)f(s,z(s))ds — ; 1 S(t; — s)f(s,av(s))ds”2

%ﬂ

to 2
—|—6EH / S(ta — s)g(s,z(s))dW (s) — Sty — s)g(s,x(s))dW(s)H
0 0

t1

+6] [ (62~ syot6)0zn(6) ~ [ 5002~ oazuo)|

0
H6E| 30 St - t)(a(t) = > St — )kl (ty) H
0<trp<ta 0<ty <t
to 4 )
+ﬁw/ S(ts — ) Bu®(s, 2(s))ds — | S(t1 — s)Bu®(s, z(s))ds
0 0

=6(J1+J2+J3+Jy+ 5+ Jo).
Thus we obtain by Holder inequality, Ito isometric theorem and the assumptions (Hyp 1)—(Hyp 5)
Ji < ||S(t2) = S(t) > E [l

Lb§2EH%?Q%Q—$)—S@1—$)ﬂ&x@Wk2+QEHA?S@2—Qf@@@»m;2

<ot /0 VB ((S(tr — 5) — S(t1 — )) £(s,2(5))| ds + 20t — 1) / B f(s,2(s)|2 ds,

t1

J3 < QEH /Otl (S(ty —s) — S(t1 — S))g(S,Z’(S))dW(s)HQQ + EH /:2 S(ta — s)g(s,x(s))dW(s)H2

ggfﬁ“ﬂt

Jy < QEH /Ot1 (S(ty — ) — S(t; — s)) a(s)dZH(s)H2 N 2EH /:2 S(ty — S)a(s)dZH(s)HQ

to
ds + 201 / E|lg(s, 2(s))||2, ds,

t1

2 5) = S( = ) gls. )|

t1 t2
<an " [TE(S(2 - 9) = St = ) o)y ds + 4V (897 = 857) [T ot as,

t1

J<om Y E|S(t—s)L(z)|* +2m Y B[St —s) — S(t - 5)) Iu(x(t)||

1 <tp <t2 O<tp<t1
<omM? > E| L) +2m Y B[Stz —s) — St — ) I(z(t))]*
t1<tp<to O<tp<t1

t1 2 t2 2
%5&EW/(&Q—$—S@erBW@mMS +ﬂﬂ/ ﬂ@-@BW@@m4
0 t1

t1 to
gzm/ EW&@—@—&Q—$ﬂ%%&mW@+2MWBW@y%Q/ E |u® (s, 2)|? ds.
0 t1

Consequently, using the strong continuity of S(t), as well as the Lebesgue’s dominated convergence
theorem, we conclude that the right side of the above inequality tends to zero when t5 —t; — 0.
Thus we conclude that (F,z)(t) is continuous in [0, 7.
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Step 2. Let z € Al then we have

2

E ||(Faz)(1)])? < 6B ||S(£)o] 2 +6EH/O S(t — s)Bu®(s, z)ds

g GEH /Ot S(ty — S)g(saﬁﬂ(s))dW(S)‘r

+6EH /Ot S(t — s)f(s,2(s))ds

+6EH/OtS(t—s)a(s)dZH(s)Hz+6EH ¥ S(t—tk)fk(x(t;))(f.

O<tp<t

By Holder inequality, Lemma 3, Ito isometric theorem and the assumptions (Hyp 1)—(Hyp 5), we
have

t
B ||(Faz) (1)]]? < 6B |S(t)zo® + 6M | B|2 TE /0 (s, )12 ds
t t
L6MTE / 1 (s, 2(s))|2 ds + 6M?E / lg(s, 2(s)]13, ds
0 0

t m
+12M2HT2H—1E/0 lo ()11 ds + 6mM? B ||L(z(t;)]*
k=1

Hence
2 2 2 2 2 2Mu 2
E |[(Foa) (O < 6M2E o> + 6312 | BI* T* =3 (1+ |3 )

+6M2T2Cy (14 |allyy ) +6M>TCy (1+ 231 )

m
+12M?HT*ITL + 6mM2(Z Qk> (1 + HmHig)
k=1

< 60> <E ol + 2HT2H*1TL>

+6M3 < |B|? T2 [% + Cf] +TC,+ m(iqk>> <1 + HxHi;) ,
k=1

we thus obtain that H(Fax)HiQT < 00. Since (F,x)(t) is continuous on [0, T], therefore Fy, maps AZ,
in itself.

Step 3. Let 2,y € AL, then for any fixed ¢ € [0, 7] we have

B 3 s () - L)) |

0<trp<t

By assumptions (Hyp 1)—(Hyp 5) combined with Hélder’s inequality, Lemma 3 and Ito isometric
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theorem, we get that
I(Fa)®) — ()]
t t
< [B e [ (o0 —u ) ds+ 402 [ 17 (s.0(5) — S(s.p(s) | ds
0 0

+4M? /0 lo(s, 2()) — (s, 9 (), ds +402m (S ) 1ol = Tyt

Therefore,
|(Fa)() = (Fay) ()]
2 2, M, ¢ 2 2 ! 2
< AM7| Bl t— ; [2(s) — y(s)[|” ds + 4M"tCy ; [z(s) — y(s)[I” ds

0820, [ ats) — y(o? s+ 40m( Y- de) () — wle) P
k=1

Then we have

sup B||(Faz)(t) — (Fay)(®)II*

M m
< 4M2(||Bu2t2a—; +1(tCy + C) +m(§jdk)) sup E|la(s) - y(s)|’

=1 s€[0,t]

= o(t) sup Ez(s) —y(s)|”,
s€[0,t]

where

M m
p(t) = 40> | BI* 2= + 4MH(1Cy + Cy) + 4M2m< 3 dk>.
k=1

We have (see (Hyp 4)—(iii))
(0) = 4M>m (de> <1

So there is T with 0 < T} < T such that 0 < ¢(77) < 1 and F, is a contraction mapping on Agl
and consequently has a unique fixed point. So by repeating the procedure, we extend the solution
to the interval [0, 7] in several finite steps. O

The second main result is the following theorem.

Theorem 2. Under assumptions (Hyp 1), (Hyp 3), (Hyp 4), (Hyp 5) and (Hyp 6), the sys-
tem (1.1) is approzimately controllable on [0, T].

Proof. Let z, the solution of system (1.1) corresponding to u(t,z) = u®(¢t,z). We obtain
by the stochastic Fubini theorem

2o(T) = xp — alad + T (Ezp — S(T)x0)

T T
—|—a/ (ol +TTY7LS(T — 5) f (s, 2(s)ds + a/ (ol +TTY7L[S(T — 5)g(s, 2(s) — U(s)] dW (s)
0 0

+a/OT(oJ+rsT)1S(T—s)a(s)dZH( ) +a(al +T) 1§:S T — t) I (x*(t},)).
k=1
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By the hypotheses (Hyp 6-2), there is a subsequence still designated by {f(s,za(s),9(s,za(s)}
which converges weakly to some {f(s),g(s)} in X x Lo and {I(x(t;))} weakly converging to
{Ix(w)} in X. By the compactness of {S(t) : ¢ > 0}, we have

S(T = 5)f(s,za(s) = S(T — 5)f(s),
S(T = s)g(s, xals) = S(T' — s)g(s)
S(T = ty) I (2%(t),) = S(T — ) I (w).

By hypothesis (Hyp 5), we have

alal +TH)=1 -0 strongly as a— 0%, forall 0<s<T,
la(al +TT)7H| < 1.

So, by the Lebesgue dominated convergence theorem we obtain

)

E|jzo(T) — 27]* < 9E ||a(al + TF) ™ (ExT—S(T)mO)H2+9E/ |alal + )10 (s HE
T T 9
—|—18HT2H1/0 Ha(aI—FI’ST)AS(T—S)U(S)Hig d8+9E(/0 Ha(a[—{—l‘z)*ls(T—s)f(s)Hds)
T 2
+9E</O |alad +TD)HIS(T = 5) (f(5,2a(s)) = £(s))]] ds)
o [ [la(al +T7)1S(T ’d
+98 [ fatal + TS - 9)9(0) [, 0
T T\—1(|2 2
<98 [ latal + D) IS(T = 5) (g(s.20(5) ~ (o) 2,

+98| f: alal +TT)1S(T — tk)Ik(w)HQ

m
2
+9EHaaI+FT lH HZS — tg) I (x ZS — tg) I ( )H —0 as a—0".
k=1 k=1
Then the system (1.1) is approximately controllable. O
3. Example

In this section we present an example. Let X = Ly[0,7], U = L2[0,n] and xy € Lo[0,7].
Let A C D(A): X — X be the linear operator given by Ay = y”, where
D(A) ={y € X /vy, y are absolutely continuous y"” € X, y(0) = y(7) = 0}.
Let B € L(R, X) be defined as
(Bu)(z) =b(z)u, 0<z<m, welR, bx)e L0,n].

Here W (t) denotes a one dimensional standard Brownian motion and Zp is a Rosenblatt process,
the processes W and Zp are independent.
Consider the control system driven by the process W and Zp to illustrate the obtained theory
( 82
da(t,2) = (5o(t.2) + b()ult) + i o(t,2)) )t
z
+q1 (t,2(t, 2)) dw(t) + o(t)dZy, t€][0,T], =z€][0,n],

1
Aw(tk,Z) - x(t:,z) - m(t];7 ) 2k (tka )7 t= tka k= 17 ey M,
x(t,0) = z(t,7) =0, te€][0,T],
x(0,2) = xo(2), z€][0,n].
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Suppose f1,91: RT x R — R are continuous, satisfy the Lipschitz condition and the linear growth
condition and are uniformly bounded.
First of all, note that there exists a complete orthonormal set {e,}, ., of eigenvectors of A with

en(2) =/ (2/m)sinnz, 0<z<m, mn=12 ..

and the compact semigroup S(t), ¢ > 0, that is generated by A such that

Ay== 3 n* (e eals). v € D(A),

Sty =3 e wen)enly), yEX.
n=1
Now define the functions: f:[0,7] x X — X, g:[0,7] x X — L(K;X) as follows

[t 2)(2) = f1(t, 2(2)),
9(t,7)(2) = g1(t, (2))

for t € [0,T], € X and 0 < z < 7. Consequently, by [11, Theorem 4.1.7], we have that the
deterministic linear system (3.1) is approximately controllable on every [0,¢], ¢t > 0, provided that

/ b(z)en(z)dz #0, for n=1,23,...
0

Hence, all conditions of Theorem 2 are satisfied, and consequently system (3.1) is approximately
controllable on [0, 7).

4. Conclusion

Approximate controllability of a class of impulsive stochastic functional differential equations
driven simultaneously by a Rosenblatt process and standard Brownian motion in a Hilbert space
are obtained. The controllability problem is transformed into a fixed point problem for an appro-
priate nonlinear operator in a function space. By using some famous fixed point theorems and the
approximating technique some new existence and controllability results are obtained.

We also remark that the same idea can be used to study the controllability and the exponential
stability of impulsive stochastic functional differential equations driven simultaneously by a Rosen-
blatt process and standard Brownian motion under non-Lipschitz condition and with non local
conditions.
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Abstract: The present work mainly probes into the existence and uniqueness of periodic solutions for a
class of second-order neutral differential equations with multiple delays. Our approach is based on using Banach
and Krasnoselskii’s fixed point theorems as well as the Green’s function method. Besides, two examples are
exhibited to validate the effectiveness of our findings which complement and extend some relevant ones in the
literature.
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1. Introduction

We frequently encounter neutral delay differential equations in the modeling of many
phenomena in various domains such as physics, biology, population dynamics, medicine, epidemi-
ology, economics, etc.

The investigation on such equations has been one of the most attracting topics in the literature.
Recently, these equations have received a considerable attention and many researchers have sought
to study them. For some related works, we refer the interested reader to some of them [1, 2, 4, 6,
8-10, 12, 13] and the references cited therein.

Stimulated by the aforementioned publications, we propose the following class of second order
neutral differential equations

d? d d? -

50 (O)+p () 2 () + ()2 (1) + 25 [k (O () - 2etrit-n O] =e@, @1
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where p,q € C (R, (0,00)), k,cs, 70 € C?(R,(0,00)), £ = I,n and e € C (R,[0,00)) are T-periodic
functions.

In the current work, the authors aim is to establish sufficient conditions under which Banach
and Krasnoselskii’s fixed point theorems are guaranteed to work and hence the existence and
uniqueness of periodic solutions of the equation (1.1) are proved. The general idea of our technique
is to convert the equation (1.1) into an equivalent integral one in order to pave the way for the
application of Banach and Krasnoselskii’s fixed point theorems. Indeed, this last one with the help
of Arzela-Ascoli theorem and some properties of the obtained Green’s kernel, is a proper means for
achieving our desired goals.

The key contributions of this work can be summarized as follows.

(i) New sufficient conditions that ensure the existence of periodic solutions of the equation (1.1)
are established.

(ii) The studied problems in [1, 3-5, 7, 9, 12] are with globally Lipschitz source terms while this
condition is not required here.

The basic frame of this paper is as follows. Section 2, provides some preliminary results and
prerequisites that will be used in the sequel. Section 3 is dedicated to the statements and the
proofs of our main results. In Section 4, we present two examples to which our main findings can
be applied. The conclusion is included in the last section.

2. Preliminaries

Let
Pr={z €C(R,Rt), z(t+T)=x(t)}, T >0,

endowed with the supremum norm

]l = sup [ ()] = sup |z (#)],
teR t€[0,T]

be a Banach space.
Throughout this paper we will assume that the following hypothesis are fulfilled.
Here p, q, k, e, ¢y, and 74 are T-periodic real-valued functions such that

p(t+T)=p), qt+T)=q(t), k{t+T)=Fkd), @2.1)
et +T)=e(t), cot+T)=ce(t), T (t+T)=m1t), ¢£=T,n, '
and

T T

/ p(s)ds > 0, / q(s)ds >0, m(t)>7,>0, £=1,n. (2.2)
0 0
Lemma 1 [10]. If (2.1) and (2.2) hold and
T

Ry [exp </0 p(u) du) — 1] . 0

T -

where

Rqy = max
te[0,T)

/t+T exp ( /t Sp (u) dU>
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and
2

Q= <1+exp </0Tp(u)du>> R2,

then there are continuous and T-periodic functions a and b such that

T
b(t) >0, /0 a(u)du >0, a(t)+b(t) = p(t),

and

%b(t) +a(t)b(t) = q(t),

for allt € R. Furthermore, if ¢ € Pr then the equation

2"(t) + p(t)2'(t) + q(t)2(t) = ¢ (t)
has a T-periodic solution. Moreover, the periodic solution can be expressed as

t+T
x(t) = G(t,s)p(s)ds,

t

/tsexp [/tub(v)du—k/:a(v)dv] du
[exp (/OTa(u)du> —1} [exp (/OTb(u)du> —1}
/stJrTeXp [/tub(v)dv+[LS+Ta(v)dv] du
[exp </0Ta(u)du> _1] [exp (/OTb(u)du> _1].

Corollary 1 [12]. If G is the Green’s function given by (2.4), then G satisfies

where

G(t,s) =

(2.4)

+

Gt,t+T)=G(t,t), Gt+T,s+T)=G(ts),

a oo [ ior)
o[ v 1
a oo [ )

—G(t,s) = —b()G(t,s) + ox (/OTb(U) dv) -1

N o ([ bwyan)
T

—G(t,s) = (a(s) + a'(s)) G(t,s) — (a(s) +b(s)) )
exp </ b(v)dv) -1

0s?
0

)
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Furthermore, by putting

Ml_%<A— A2—4b>, M2:%<A+\/A?7+4b>,
. Texp ( OTp (w) du>
HT e T e T
S T
o exp<T/tb<v>du> L exp(TO b(v)dv) |
exp</0 b( )dv)—l p</0 b(v)dv>—1
o exp( /tsa@)dv) L (OTa@)dv) |

p
exp </0Tb(v)dv> 1 exp (/OTb(v)dv> 1

and if A2 > AB, then we have

0<ag <G(t,s) <ag, [H(ts)|<B, [Hts)<pB"

3. Existence and uniqueness of periodic solutions

Lemma 2. Suppose that (2.1)~(2.3) hold. If x € Pr N C? (R,R), then x is a solution of (1.1)
if and only if x is a solution of the following equation

1 t+T
z ( 1+/<: Zcz ))+71+k(t)/t e(s)G(t,s)ds
t+T n
+/t (1 J)FJ]; l(’() s) [k: (s)z(s)— Y co(s)x(s—7 (s))}H (t,s)ds (3.1)

T a(s) +d'(s) 3
— /t TR0 [kz (s)x(s) — co(s)z(s—7e(s)) } G(t, s)ds.

Proof Letzé€ PrnC?(R,R). From Lemma 1, we get

x(t):/tHT{gS[ Zcz (s — 7 ( ))}}%G(t,s)ds—i—/tHTe(s)G(t,s)ds

n t+T

= [F@)2 ) = Y e als () | 2-C(1,5)

/=1

_/tHT[ ZCg (s—mo( ))];—;G(t,s)ds—l—/tHTe(s)G(t,s)ds.

t
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Since
n t+T
{k(s)x(s)—Zq(s)x(s—Tg( ))}aG(t,s)
=1 ¢
=—kM)z )+ Y a)zt—T7(t),
/=1
and
82
552G (t:9) = (als) +d/(s)) G(t,5) — (als) +b(s)) H (¢, 5)
then
n t+T
A+ b) =Y a®rt-n@)+ [ e()6 s ds
=1 t
t+T n
+/ (a(s) + b(s)) [k: (s)x(s) — ZCg (s)z(s—Te(s))| H(t,s)ds
t =1

n

tH+T
—/t (a(s) +d'(s)) [k‘ (s)x(s) =Y co(s)a(s —me(s))

(=1

G(t, s)ds.

Dividing both sides of the above equation by 1+ k (¢), we obtain (3.1). The converse implication
can be obtained by the derivation of (3.1). O

Fore ease of exposition, we will use the following notations

A= = _
1 tgﬁ,\a()\, : tgﬁ!@ ®)|, o= trer%%\e()\,

= b(t 0y = =1
1 tg%g%“)h ¢ tg%g%@(ﬂ .,

— k(¢ = k(¢ = K (t)].
po=min [k()], pr= max [k(D)], pi = max [ ()

Furthermore, we suppose that

1 n
Iy = dp < 1, 3.2
1+ po ; (32)
and there exists L > 0 which satisfies the following estimate
Toso
Iy = I'sL <L, 3.3
2= 17 o +1I'3 (3.3)

where
3= 1+ ( <p1+z5e)( (A + p1) + a2 (M + A7) )+Z5é>

For employing Krasnoselskii’s fixed point theorem, we need to define an operator that can be
expressed as a sum of two operators, one of which is continuous and compact and the other is a
contraction.

Indeed, from Lemma 2, we can define an operator S : Pr — Pr as follows

(Se) () = (S190) (t) + (S200) (1)
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where

and

tJrTaS a(s -
_/t (1)%(;))[kz(s)go(S)—ZCZ(S)SD(S_U(S))

Clearly, (Sip) (t +T) = (Sip) (t), i = 1,2 which shows that operators S; are well defined.

To reach our target, it suffices to prove the existence of at least one fixed point of the opera-
tor 81 + So. This is due to the fact that the sought solution of equation (1.1) is just a fixed point
of 8 + Sy and vice versa.

Theorem 1. Suppose that conditions (2.1)—(2.3), (3.2) and (3.3) hold. Then equation (1.1)
admits at least one periodic solution x € Pr which satisfies ||x| < L.

P r o o f. For establishing the existence of periodic solutions, we use Krasnoselskii’s fixed point
theorem ([11]). The proof will be made in three steps.

Step 1. We show that S; is a contraction mapping.
Let 1,992 € Pr, we have

n

(S10) () = (S12) (O] £ Y- T4t bor (= 7 (8) = 2 (¢ = 7o (O)] < T s = gl

6211+k(

From (3.2), we deduce that S; is a contraction mapping.

Step 2. We show that Ss is continuous and compact mapping.
Let v1,¢99 € Pp. For € > 0 and n = Ae, where

L+ po

T <pl s @) (B(\1 + 1) + s (M + )
/=1

A:

)

we obtain

o1 — 2| <= [|S201 — Sogpa]| < e,

which shows the continuity of S,.
On the other hand, let 4 > 0, K = {¢ € Pr, ||| < A} and {¢,},cy be a sequence from K. We
have
n
Th <p1 + > 5g>
(=1

S <
IS2ll < ———=

(B (A1 +p1) +az (M + A7), (3.4)
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and

' t+T
b (L + k(@) +k (t)/t (a(s) + b(s)) [k(S) on (s) —

(1+k (1)

1 t+T
TrE@ ) OO aO) [ - D)o <s>>] " (1, ds.
Hence ;
77 (S2¢m) (t)' <T4, (3.5)
where

L+ po

(1 (L +p1) +p7) (B(M + p1) + a2 (M1 + Xf))) _
(14 po)?

It follows from (3.4), (3.5) and the Arzela-Ascoli theorem [14] that Sy is a compact operator.
Step 3. If L is defined as in (3.3), let

T, = ﬁ<p1 L+ Z‘Sf) <()\1 + 1) + T8 (M + X))
=1

+T

M= {p € Pr, [l¢|| < L}.
In view of (3.3), if 1, p2 € M, then
[S11 + Sagpa|| < T2 < L,

which proves that
S1p1+ Sapa € M, V1, 2 € M.

From these three steps, we conclude that the operator Sy + Sy has at least one fixed point
x € Pr with ||z|| < L. Consequently, the equation (1.1) has at least one periodic solution in M. [J

Theorem 2. Suppose that conditions (2.1)-(2.3) and (3.2) hold. If I's < 1, then the equa-
tion (1.1) has a unique periodic solution x € Pp.

Proof Let i,y € Pr, we have

[(Se1) (t) = (Sep2) (H)] < T3 [01 — 2|

Since I's < 1, the Banach fixed point theorem [11] guarantees that the operator S has a unique
fixed point which is the unique periodic solution of the equation (1.1). O
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4. Examples

Ezxample 1. Let L = 3w. We consider the following equation

5 1 1 1
" / _ a2 o ain2
" (t) + 5° (t) + 51* (t) + (1003: (t) <120 sin 27Tt> T (t 7 sin 27?25)

1 (41)
1 2 4 1 . 4
— | —cos“ 27t | x (t — 27 cos 27725) = — sin” 27t.
150 10
Here
5 1 1 1
t) = — t)=—, k(t)=— t) = — sin® 2t
pt) =15 Pl =55 kO =155 alt)=g5psin 2,
1
co (t) = 50 cos?2nt, T (t) = wsin?2nt, 7 (t) = 27 cos® 2rt,
00
(t) = sin2rt, T =1,
1010
which implies
5 1 25 1 1
A=—  B=_— 2o S yBp?==Z = —
12 24 141~ ¢ M T
T
, [exp </ p(u) du> - 1}
Q= — (e5/12 + 1) , 0 ~ 22,367 > 1,
100 T
1 1 3
M, = - My = - ~ 46.118 ~6.5139, I'N=—<1
1 6, 2 45 a2 3 ﬁ 3 1 202 < )

I'yg ~8.0746 < L = 3w, I's~0.36742 < 1.

It follows from Theorem 2 that the equation (4.1) has a unique solution € Pr which satis-
fies ||z|| < 3.

The following example shows the usefulness of Theorem 1 when the Banach fixed point theorem
cannot be applied.

Ezample 2. We consider the following equation

, 5 1 (eV/6 — 1)
)+ 127 (&) + 24" &)+ <<65el/3 — 5el/6 + 365/123:(25))
_(2 (61/6 — 1)2

5el/3 — Bel/6 4 3e5/12

(il

1
4561/3 " hel/6 1 305/12 sin 27rt> x (t — 27 cos 27Tt) > =0.

sin? 27?25) z (t — msin® 2nt) (4.2)

Here
2
5 1 (el/6 —1)
t)=—, pt)=—, k(t)=6
p(®) 12 p(®) 24’ ®) 5el/3 — 5el/6 4 3eb/12”
(- (0 —1)° 2
c (t) = 2561/3 5o1/6 4 3R/ sin“27wt, o (t) =4 cos” 27t

5el/3 — 5el/6 + 3e5/12
71 (t) = wsin®27t, 7 (t) = 2mcos?2nt, e(t)=0, T =1,
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which implies

5 1 25 1 1
A==, B=—, A’="">4B>=-, R =—,
12 24 144 6’ 10
oy, Mle(r0)
Q1:1—0(€5/12+1) , ~ 22.367 > 1,
1 1
My=c, Mp=7, 0y~46.118, #~65139, It =0.03391<1,

Fy=L<L, VL>0, I's=1

Since I's = 1, we can not use Theorem 2, but 'y = L < L, so we can apply Theorem 1 to prove
that the equation (4.2) has at least one periodic solution x € Pp which satisfies ||z|| < L.

5. Conclusion

In this paper, by utilizing both the Banach and Krasnoselskii’s fixed point theorems and the
Green’s functions method, a class of second-order neutral differential equations with multiple delays
has been investigated. To be more precise, we have discussed the existence and uniqueness of
periodic solutions by transforming the equation (1.1) into an equivalent integral one and then by
using the Banach and Krasnoselskii’s fixed point theorems.
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Abstract: A restrained Roman dominating function (RRD-function) on a graph G = (V, E) is a function f
from V into {0, 1, 2} satisfying: (i) every vertex u with f(u) = 0 is adjacent to a vertex v with f(v) = 2; (ii) the
subgraph induced by the vertices assigned 0 under f has no isolated vertices. The weight of an RRD-function
is the sum of its function value over the whole set of vertices, and the restrained Roman domination number
is the minimum weight of an RRD-function on G. In this paper, we begin the study of the restrained Roman
reinforcement number r,.z(G) of a graph G defined as the cardinality of a smallest set of edges that we must
add to the graph to decrease its restrained Roman domination number. We first show that the decision problem
associated with the restrained Roman reinforcement problem is NP-hard. Then several properties as well as
some sharp bounds of the restrained Roman reinforcement number are presented. In particular it is established
that r.g(T) = 1 for every tree T of order at least three.

Keywords: Restrained Roman domination, Restrained Roman reinforcement.

1. Introduction

For definitions and notations not given here we refer the reader to [8]. We consider simple
graphs G with vertex set V = V(G) and edge set E = E(G). The order of G is n = n(G) =
|[V|. The open neighborhood of a vertex v, denoted by N(v) (or Ng(v) to refer to G) is the set
{u € V(G) | wv € E} and its closed neighborhood is the set N[v] = Ng[v] = N(v)U{v}. The degree
of vertex v € V is d(v) = dg(v) = |N(v)|. The mazimum and minimum degree in G are denoted
by A = A(G) and 6 = §(QG), respectively. A vertex of degree one is called a leaf and its neighbor is
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called a support vertex. As usual, the path (cycle, complete p-partite graph, respectively) of order
n is denoted by P, (Cpn, Ky ns,...n,, respectively). A star of order n > 2 is the graph Ky ,_;. For
a subset S C V, the subgraph induced by S in G is denoted as G[S].

A subset S C V is a dominating set of G if every vertex in V' \ S has a neighbor in S. The
domination number v(G) is the minimum cardinality of a dominating set of G.

As an application, in the design of networks for example, it is essential to study the effect of
some modifications of the graph parameters on its structure. These modifications can be deletion or
addition of vertices, deletion or addition of edges. We refer the reader to chapter 7 of [8] when the
graph parameter is the domination number. The reinforcement number r(G) of a graph G is the
minimum number of edges that have to be added to the graph G in order to decrease the domination
number. Of course for graphs G with domination number one it was assumed that r(G) = 0.
The concept of the reinforcement number was introduced in 1990 by Kok and Mynhardt [10],
and since then it has been defined and studied for several other domination parameters, such as
Roman domination [9], total Roman domination [1], quasi-total Roman domination [5], Italian
domination [7], double Roman domination [4] and rainbow domination [3, 13].

In 2015, Leely Pushpam and Padmapriea [11] introduced the concept of restrained Roman
domination as a new variation of Roman domination. A restrained Roman dominating function
(RRD-function, for short) on a graph G is a function f : V' — {0,1,2} having the properties
that (i) every vertex u with f(u) = 0 is adjacent to a vertex v with f(v) = 2; and (ii) the
subgraph induced by the vertices assigned 0 under f has no isolated vertices. The weight of an
RRD-function f is the sum

w(f)= ) fv)

veV(G)

and the restrained Roman domination number of G denoted by ~,r(G), is the minimum weight of
an RRD-function on G. Any RRD-function f on G can simply be referred as f = (Vy, V1, Va), where
Vi={v e V(Q): f(v) =1} for i € {0,1,2}. For further studies on restrained Roman domination
and its variants, see [2, 12, 14-16].

In this paper, we are interested in starting the study of the restrained Roman reinforcement
number r,.r(G) of a graph G defined as the cardinality of a smallest set of edges FF C E(G) such
that v,r(G + F) < vr(G), where G denotes the complement graph of G. If there is no subset
of edges F satisfying v,r(G + F) < 71(G), then we define r,zr(G) = 0. Since for any nontrivial
connected graph G, v,.r(G) > 2, we deduce that r.g(G) = 0 for all nontrivial connected graphs
with 7,.r(G) = 2. Moreover, a subset E' C F(G) is called an r,.z(G)-set if |E'| = r.g(G) and
%r(G + E') < %r(G).

Further, we will prove that the decision problem associated with the Restrained Roman rein-
forcement is NP-hard. Then various properties of the restrained Roman reinforcement number are
investigated and some sharp bounds on it are presented.

We finish this section by observing that any r,zr(G)-set of a connected graph G with v, r(G) > 3

can decrease the restrained Roman domination number of G by at most two.
Proposition 1. Let G be a connected graph with v,r(G) > 3. If F is an r,g(G)-set, then
Yr(G) =2 < wr(G+ F) < %r(G) — 1.
Both bounds are sharp.

P roof. By assumption, v,.z(G + F) < v-r(G), whence the upper bound follows. To show
the lower bound, let us assume that

'YrR(G + F) S 'YrR(G) — 3.
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Let f be a v,r(G + F)-function and let uv € F such that 0 € {f(u), f(v)}. If such an edge does
not exist, then f is an RRD-function of G leading to the contradiction

¥%r(G) < vr(G+ F).

Hence we suppose that uv exists, and let F' = F — {uv}. Without loss of generality, suppose that
f(u)=0. If f(v) =1, then f is an RRD-function of G leading to the contradiction

IYTR(G) < WTR(G + F)

too. Hence assume that f(v) # 1.

First let f(v) = 2. If u has a neighbor w in G + F’ with f(w) > 1, then the function g defined
by g(w) = 2 and g(z) = f(x) otherwise, is an RRD-function of G + F’ yielding as above to the
contradiction v, gr(G+ F') < v,r(G). Hence we assume that each neighbor v in G+ F’ is assigned 0
under f. Let x1,...,x be the neighbors of v in G + F’. If k = 1 and z7 has a neighbor assigned 0
other than u, then the function g(u) = 1 and g(z) = f(x) otherwise, is an RRD-function of G + F’
yielding

'YTR(G + F,) < VTR(G + F) +1< 'YTR(G)a

this is a contradiction. If £k = 1 and z; has no neighbor assigned 0 other than u, then the function
g(u) = g(z1) = 1 and g(x) = f(x) otherwise, is an RRD-function of G + F’ and thus

Yr(G+ F') <vp(G+ F)+2 < vr(G),

it is a contradiction too. Hence assume that k > 2. If some x; has no neighbor assigned 0 other
than wu, then the function g(z;) = 2 and g(z) = f(x) otherwise, is an RRD-function of G + F’
yielding again v,z(G + F') < ~,.r(G). Hence we assume that for each i, z; has at least two
neighbors assigned 0 under f. In this case, we have g(u) = 1 and g(z) = f(x) otherwise, it is an
RRD-function of G + F’ and thus

Yr(G+ F') < vr(G).

Finally, assume that f(v) = 0. Since F' is an r,g(G)-set, we can suppose, without loss of
generality, that all neighbors of u in G + F’ have positive labels under f. Now, if v has a neighbor
with weight 0 in G+F”, then the function g(u) = 1 and g(x) = f(z) otherwise, it is an RRD-function
of G + F’ while if v has no neighbor with weight 0 in G 4+ F’, then the function g(u) = g(v) =1
and g(z) = f(z) otherwise, is an RRD-function of G 4+ F’. Both situations yield the contradiction
Yr(G+ F') < vr(G). Consequently,

'YrR(G + F) > 'YTR(G) — 2.

The upper bound of Proposition 1 is attained for the cycle Cy, while the lower bound is
attained for the cycle Cj. U

2. NP-hardness result

The aim of this section, is to show that the decision problem associated with the Restrained
Roman reinforcement is NP-hard. Consider the following decision problem.



84 S. Kosari, S.M. Sheikholeslami, M. Chellali and M. Hajjari

51 S1
2 i 54 5!
S9 2
/
S3 Sg
'T’l E’l
L; H, H,

Figure 1. The graphs L; and H = H; U Hs.

Restrained Roman reinforcement problem (RR-reinforcement)

Instance: A nonempty graph G and a positive integer k.
Question: Is r.p(G) < k7

We show that the NP-hardness of the RR-reinforcement problem by transforming the
well-known 3-SAT problem to it in polynomial time. Recall that the 3-SAT problem specified
below was proven to be NP-complete in [6].

3-SAT problem

Instance: A collection C = {C},Cy,...,C,,} of clauses over a finite set X of variables such
that |C;| = 3 for every j € {1,2,...,m}.
Question: Is there a truth assignment for X that satisfies all the clauses in C?

Theorem 1. Problem RR-reinforcement is NP-hard for an arbitrary graph.

Proof. Let X = {x1,29,...,2,} and C = {C1,C4,...,Cy,} be an arbitrary instance of 3-
SAT problem. We will build a graph G and a positive integer k such that r,.zr(G) < k if and only
if C is satisfiable.

For each i € {1,2,...,n}, we associate to the variable z; € X a copy of the graph L; as depicted
in Figure 1, and for each j € {1,2,...,m}, we associate to the clause C; = {u;,vj,w;} € C a
vertex ¢; by adding the edge-set E; = {cju;, c¢;v;, cjw;}. Finally, we enclose the graph H illustrated
in Figure 1 by connecting vertices s1, s} to every vertex ¢;. Clearly, the resulting graph G is of order
8n+m+19 and size 11n+5m+27 and hence G can be built in polynomial time. Set kK = 1. Figure 2
provides an example of the resulting graph when X = {1, 29, 23,24} and C = {C1, Cs, C3}, where
Ch = {.%'1,1‘2,@3}, Cy = {fl,xg,m} and C3 = {f2,$3,$4}.

It is easy to verify that for any 7,r(G)-function g we must have

Y glv) =4

’UEV(Lj)
for each j € {1,2,...,n}. Moreover, to restrained Roman dominate all vertices of V(H), we need
that
m
> glei) +g(V(H)) = 6.
i=1
Therefore
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Figure 2. An instance of the restrained Roman reinforcement number problem resulting from an instance of
3-SAT. Here k = 1 and 7,g(G) = 22, where the black vertex p means there is a RRDF f with f(p) = 2.

Basing on the assignment given to the graph in Figure 2, one can easily define an RRD-function
of G with weight 4n + 6, which consequently leads to v,r(G) = 4n + 6.

In the following, we show that C is satisfiable if and only if r.z(G) = 1. Let C be satisfiable
and t : X — {T, F} a satisfying function for C. We build a subset S of vertices of G as follows.
If t(z;) = T, then put the vertices z; and y; in S; while if ¢(x;) = F, then put the vertices Z; and
zi in S. So |S| = 2n. Define the function h on V(G) by h(z) = 2 for every x € S, h(s1) = 1,
h(s3) = h(s) = 2 and h(y) = 0 for the remaining vertices. It is easy to verify that h is an
RRD-function of G + s4s3 of weight

dn+5 < vr(G) = 4n + 6,

and hence r,r(G) = 1.
Conversely, let 7.zr(G) = 1. Then, there is an edge e = uv € E(G) for which

Ywr(G +e) < 4n + 6.

Let ¢ = (Vo,V4,V2) be a 7r(G + e)-function.  Since whatever the added edge e, we
have ¢(V(L;)) >4, and thus vertices v and v cannot both belong to V(L;) (for otherwise
Yr(G + ¢e) > 4n + 6). On the other hand, since r,.5(G) =1 and g(V (L;)) > 4, we must have

m

> g(e;) + g(V(H)) <6.

j=1
Since also whatever the added edge e, we have g(V(H)) > 5, we conclude that g(V(H)) = 5. In
particular, this is only possible if g(s}) =0, g(s1) <1 and

m

> g(e) =0.

Jj=1
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In addition, we note that if {z;,#;} C Va or {z;, z;} N V1 # 0 for some 4, then g(V(L;)) > 5 which
results in the contradiction
Ywr(G +e) > 4n + 6.

Thus, [{z;,Z;} N V2| <1 and {x;,z;} N Vi = 0 for every i € {1,...,n}. Therefore each vertex c;
must have a neighbor in {x;, #;} for some i which is assigned a 2. In this case, define the mapping

t: X - {T,F} by
Has) = {T it f(x;) =2, 2.1)

F otherwise

fori € {1,...,n}.

We show that t satisfies the truth assignment for C. It is enough to show that every clause in
C is satisfied by t. Consider an arbitrary clause C; € C for some j € {1,...,m}. If ¢; is dominated
by x;, then g(x;) = 2 and so t(x;) = T. If ¢; is dominated by @;, then g(;) = 2 and hence t(z;) = F'
and t(z;) = T. Therefore, in either case the clause C; is satisfied. The arbitrariness of j shows that
all clauses in C are satisfied by ¢, that is, C is satisfiable. This completes the proof of the theorem. [J

3. Exact values

In this section, we determine the restrained Roman reinforcement number of some classes of
graphs including paths, cycles and complete p-partite graphs for any integer p > 2. As observed
n [11], for every connected graph G of order n > 2, we have 2 < ~,r(G) < n. A characterization
of all connected graphs of order n with v,z(G) € {2,3,n} was provided in [11, 14] as follows.

U2 U9
%V:T UII uf
Us Uy Us Uy
The graph Bj. The graph Bs .

Figure 3. Graphs B4 and Bs 5.

Let C' := (ujuguguqus) be a cycle of length 5 and let B, be the graph obtained from C' by
adding p > 1 new vertices attached by edges at u; and let B, , be the graph obtained from C
by adding p > 1 new vertices attached by edges at u; and ¢ > 1 other new vertices attached by
edges at ug (see Fig. 3). Recall that the diameter, diam(G), of a graph G is the maximum distance
between the pair of vertices.

Proposition 2 [11]. Let G be a connected graph of order n > 2. Then
(a) %r(G) =2 if and only if n =2 or A(G) =n—1 and §(G) > 2;

(b) %r(G) =nif and only if G ~ Cy,Cs, By, By 4 or G is a tree with diam(G) < 5.

Proposition 3 [14]. Let G be a connected graph of order n > 4. Then v,r(G) = 3 if and only
if G satisfies one of the following conditions:
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(i) A(G) =n—1 and G has exactly one leaf;

(ii) A(G) =n—2 and G has a vertex u of degree n — 2 such that the induced subgraph G[N (u)]
has no isolated vertez.

On the other hand, the exact values of the restrained Roman domination number have been
established in [11] for paths, cycles and complete p-partite graphs.

Proposition 4 [11]. The following conditions holds:

Yr(Pn) =n for 1 <n <6 and ~vr(Pn)=[2n+1)/3]4+1 forn>T;

(a)
(b) wr(Cn) =2[n/3] when n # 2 (mod 3) and vr(Cp) =2[n/3] + 1 otherwise;
) YrrR(Kmn) =4 for m,n > 2;

)

if Ky ns,...n, 18 the complete p-partite graph such that p > 3 and ny < np < ... < ny, then
'YTR(KI,nQ,...,np) =2, ’YTR(KZnQ,...,np) =3 and 'YTR(Knl,ng,...,np) =4 fOT ny > 3.

Now we are ready to find the restrained Roman reinforcement number for paths, cycles and
complete p-partite graphs, p > 2.

Proposition 5. Forn >3, r.r(P,) =1.
Proof. Let P, :=wjwsy...wy,. If n=0(mod3), then the function g defined by

g(wsiy1) =2

for 0 < i < (n—3)/3 and g(w) = 0 otherwise, is an RRD-function of P, + wjw, of weight 2n/3.
If n = 2 (mod 3), then the function g defined by g(w,) = 2, g(wsi+1) =2 for 0 < i < (n —5)/3
and g(z) = 0 otherwise, is an RRD-function of P, + wjwy,_2 of weight (2n 4 2)/3. Finally, if
n = 1(mod 3), then the function g defined by g(w,) = 1, g(ws;i+1) =2 for 0 < i < (n —4)/3 and
g(w) = 0 otherwise, is an RRD-function of P, + wjw,_; of weight (2n + 1)/3. All considered cases
show that r.r(P,) = 1. dJ

Proposition 6. For n > 4,

2 if n =0 (mod 3),

rrr(Cn) = { 1 otherwis(e. )

Proof. Assume that C, := (wjwa...w,) be a cycle on n vertices. If n = r (mod 3) with
r € {1,2}, then by a similar argument to that used in the proof of Proposition 5, we can see
that r.g(C),) = 1. Hence we assume that n = 0 (mod 3). First, since the function g defined by
g(wp—2) =1, g(wzir1) = 2 for 0 < i < (n —6)/3 and g(z) = 0 otherwise, is an RRD-function of
Cyp + {wrwp—1, wiwy_3} of weight (2n — 3)/3 = v,r(C,) — 1 (Proposition 4-(b)), we deduce that
707"1'%(6’71) <2

Now we prove the inverse inequality. For this purpose, we need only to show that adding an
arbitrary edge e cannot decrease v,r(C,). Observe that for any edge e € C,,,

VTR(Cn + e) S VTR(Cn)-

Let e be an arbitrary edge in C,, and let f be a v,z(C,, + e)-function. Suppose first that there are
three consecutive vertices w;, w;y1, wi+2 such that f(w;) = f(wiy1) = f(wit2) = 0, say for ¢ = 1.
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Then the edge e must join we to some vertex assigned 2, say wg, with k& ¢ {1,3}. Also, to restrained
Roman dominate wy and ws, we must also have f(w4) = f(w,) = 2.

Consider the cycles C" := (waws...wy) of order k — 1 and C” := (wawy ... wywy) of order
n—Fk+3 Let k—1=s; (mod 3) and n — k+ 3 = s (mod 3). Notice that s; = 0 and s = 2;
s1 =2 and s3 =0 or s; = s9 = 1. Assume that k — 1 =0 (mod 3) (the case n—k+3 =0 (mod 3)
is similar). Then n — k + 3 =2 (mod 3), and since the restrictions of f on V(C’) and V(C") are
RRD-functions, we deduce from Proposition 4-(b), that

wr(Cn +€) = fF(V(C) + f(V(C")) -2

2(k -1 2n—k+3)+3+2 2 3

> Yy R(Cn)
Assume now that s; = so = 1. Then, as above, it follows from Proposition 4-(b) that

wr(Cn +€) = f(V(C) + f(V(C)) =2

2(k -1 1 2(n—k 1 9
> %r(C') + wr(C") -2 = ( )3+3+ L 2n +33)+3+ Ly n;—ﬁ

> VTR(Cn)-
Thus in either case we obtain a contradiction. Next suppose there are three consecutive vertices
Wi, Wit1, Wiye such that f(w;) + f(witr) + f(wire) =1, say for i = 1.
If f(we) = 1, then f(w1) = f(ws) = 0 and each of w; and w3 must be adjacent a vertex
assigned 2 as well as to a vertex assigned 0. This possible only if e = wyws and so
H = (Cn + 6) — W3
is a cycle on n — 1 vertices, where the restriction of f to H is an RRD-function. It follows that

’YTR(Cn + 6) - f(V(H)) +1> 'YTR(H) +1,

and by Proposition 4-(b), we obtain

'YTR(Cn + 6) >

LIPS T
which is a contradiction. Hence we can assume that f(wy) = 0. Without loss of generality, let
f(wy) = 1 and f(ws) = 0. To restrained Roman dominate ws, the edge e must join wy to a
vertex with label 2, say wy. Likewise for ws we must have f(w4) = 2. Now, consider the cycles
C' := (wows ... wy) of order k — 1 and the path P’ := wy, ... w,w; of order n — k + 2.

Let k—1=s; (mod 3) and n —k+2 = s (mod 3). Notice that s; =0 and sy = 1; s; = 1 and
s9 =0 or s; = s3 = 2. Notice also that the restrictions of f on V(C’) and V(P’) are RRD-functions,
and thus

Wwr(Cn + ) = f(V(C) + fF(V(P) =2 = %r(C") + wr(P') - 2.
Now using Propositions 4-(a,b), we get a contradiction as before.

Finally, let
Jwi) + flwigr) + flwig2) > 2

for each 1 < i < n, where the sum in indices is taken modulo n. Then we have

n

Ber(Coe) = 3 S (F ) + flwis) + F(wiga) >
1=1

2n

? — VTR(Cn)a

and therefore, v, zr(Cy, + €) = 7r(G). Consequently, r.r(C),) = 2 as desired. O
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Proposition 7. For integers 1 <r < s with r + s > 3,

1 if r=1,2,3
TTR(KT’S):{ r—2 if r>4.

Proof Let X ={xy,29,...,2,} and Y = {y1,y2,...,ys} be the partite sets of K, ;.

If » = 1, then the function g defined by g(z1) = 2, g(y1) = g(y2) = 0 and g(x) = 1 otherwise,
is an RRD-function of K s + y1y2 of weight n — 1 and it follows from Proposition 2-(b) that
TTR(KI,S) =1.

If r = 2, then the function g defined by g(z1) = 2 and g(z) = 0 otherwise, is an RRD-function
of Ky 4+ x1x9 of weight 2 and we get from Proposition 2-(a) that r.r(Ks2s) = 1.

If r = 3, then the function g defined by g(z1) = 2,¢9(x2) = 1 and g(x) = 0 otherwise, is an
RRD-function of K3 s + x1x3 of weight 3 and by Proposition 4-(c), we have r,g(K3 ) = 1.

Let r > 4. First we observe that the function g defined by g(x1) = 2, g(x2) = 1 and g(z) =0
otherwise, is an RRD-function of K, s+{z1z; | 3 <14 < r} of weight 3 and thus by Proposition 4-(c),
707"1‘%([(7",5) <r-—2

To show that r,.g(K; ) > r —2, let F' be an r,p(kK, )-set. Then

2< rVrR(Kr,s + F) <3.

By Propositions 2-(a) and 3 we must have A(K, s+ F) > r+s—2 and this implies that |F| > r—2.
Therefore 7. r(K, s) = — 2 and the proof is complete. O

Proposition 8. Let Ky p,,..n, be the complete p-partite graph such that p >3 and
3<n1 <ng <...<ny. Then ror(Knyny,..n,) =n1 — 2.

Proof Let G = Kp ny..n, and X1 = {71, ..., Zn, }, Xo = {y1,...,Yny},-.., Xp be the
partite sets of G. Let F be an r, g(G)-set. By Proposition 4-(d) we deduce that v, r(G+F) € {2, 3},
and by Propositions 2-(a) and 3 we must have

AG+F)>ni+---+ny,—2

implying that |F'| > n; —2. On the other hand, the function g defined by f(x1) =2, f(z2) =1 and
f(z) = 0 otherwise, is an RRD-function of G + {z;x1 | 3 < i < ny} yielding rr(G) < |F| =n; — 2.
Consequently, r,.z(G) = ny — 2. O

4. Graphs with small restrained Roman reinforcement number

In this section, we study graphs with small restrained Roman reinforcement number. We begin
with the following lemma.

Lemma 1. If G is a connected graph of order n > 3 with v,r(G) = n, then r.r(G) = 1.

Proof By Proposition 2, G ~ C4,Cs,By,, By, or G is a tree with diam(G) < 5. If
G € {C4,Cs}, then the desired result follows from Proposition 6. If G € {B,, B, }, then the
function ¢ defined by g(u1) =2, g(u2) = g(us) = 0 and g(z) = 1 otherwise, is an RRD-function of
G + ugus and hence r,zr(G) = 1. Hence, we assume that G is a tree with diameter at most 5.

Let viva... v (kK > 3) be a diametral path in G. Define the function f by f(v1) = f(v3) = 0,
f(ve) =2 and f(z) =1 for the remaining vertices. Clearly, f is an RRD-function of G + vjvs and
hence r,.5(G) = 1. O
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Proposition 9. Let G be a connected graph of order n > 4 with v,1(G) > 3. If f = (Vb, V1, V3)
is a vr-r(G)-function with Vi # 0, then

rr(G) = 1.

Proof. Let f=(V,Vi,Va2) be a v,.r(G)-function such that V4 # (. If 4, gr(G) = n, then the
desired result comes from Lemma 1.

Hence assume that 7, z(G) < n. Then Vj # () and so V5 # (). Since G is connected and V; # 0,
there exists a vertex w € V; such that w is dominated by VU V5. Note that if w has a neighbor in
Vo and another one in V3, then reassigning w provides an RRD-function with weight v, zr(G) — 1, a
contradiction.

Now, if w is adjacent to a vertex in V4, then the function g defined by g(w) = 0 and g(x) = f(x)
otherwise, is an RRD-function of G + wz where z € Vj, of weight less than ~,z(G), and thus
ror(G) = 1. If w is adjacent to a vertex in Vp, then the function g defined by g(w) = 0 and
g(x) = f(x) otherwise, is an RRD-function of G + wu where u € V3, of weight less than ~,r(G)
and so r.r(G) = 1. This completes the proof. O

Proposition 10. Let G be a connected graph of order n with v,gr(G) > 3. Then r.g(G) =1 if
and only if v-r(G) = n or G has a function f = (Vo, Vi, Va) of weight less than v,r(G) such that
one of the following conditions holds:

(i) G[Vb] has at most two isolated vertices and Vo dominates Vp;

(ii) G[W] has no isolated vertices and there is exactly one vertex v € Vi which is not dominated
by Va.

Proof. If v%g(G) = n, then by Lemma 1 we have r,r(G) = 1. Hence suppose that
Ywr(G) <n, and let f = (Vp, Vi, V2) be a function on G with weight less than 7,r(G) satisfy-
ing (i) or (ii). Since w(f) < Yr(G) < n — 2, we have |Vy| > 2. In the case V5 is non-empty, let
u € V5. Now, if (ii) holds, then V5 # () and f is an RRD-function of G + uwv.

Assume now that (i) holds. If G[Vp] has two isolated vertices w,v, then f is an RRD-function
of G + {wv} and if G[Vp] has exactly one isolated vertex, say w, then f is an RRD-function of
G + {wz}, where z is any vertex in Vj — {w}. Hence in either case r.r(G) = 1.

Conversely, let 7.r(G) = 1 and suppose that {uv} is an r.r(G)-set. If ,r(G) = n, then we
are done. Hence suppose that v,z(G) < n —1 and let f be a v,.r(G + {uv})-function. Notice
that vertices u and v cannot be assigned both positive values under f (otherwise f is an RRD-
function of G). Without loss of generality, assume that f(u) = 0. If f(v) = 0, then f is a function
satisfying (i). Hence assume that f(v) > 1. If u is adjacent to a vertex with label 2 other than v,
then f is an RRD-function of G. Hence u is not dominated by V5 in G and so f is a function
satisfying (ii). This completes the proof. O

Proposition 11. Let G be a connected graph of order n with v.gr(G) > 3. If 6(G) = 1, then
r.r(G) = 1.

P roof. First note that n > 3, since v,r(G) > 3. If 7,r(G) = n, then the result comes from
Lemma 1. Hence we assume that v,.z(G) < n, and let f = (Vp, V1, V2) be a v,r(G)-function. We
have Vj # 0 (because v,r(G) < n) and thus Va # (.

Let u be a support vertex of G and wu; a leaf neighbor of u. By definition we have f(u;) > 1.
If f(u1) =1or f(u) =1, then the desired result comes from Proposition 9.

Hence we assume that f(u;) = 2 and f(u) # 1. The minimality of f implies that f(u) = 0.
Note that u; is the only neighbor of u which assigned a 2, for otherwise u; can be reassigned the
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value 1 instead of 2. Let w be a neighbor of u with label 0. To Roman dominate w, there is a
vertex v such that f(v) = 2. Then the function g defined on G + uv by g(u1) =1 and g(x) = f(x)
otherwise, is an RRD-function of G 4 {uv} with weight w(f) — 1. Consequently, r.r(G) =1. O

Corollary 1. For any tree T of order n > 3, r.r(T) = 1.

5. Bounds on 7,z(G)

In this section, we present some sharp upper bounds on the restrained Roman reinforcement
number of a graph. Given a set S C V of vertices in a graph GG and a vertex v € S, the external
private neighborhood of v with respect to S in the set

epn(v,S) ={u eV -S| N(u)NS = {v}}.

Proposition 12. Let G be a connected graph with ~v.;(G) > 3. If f = (Vo,V1,Va) is a
Yrr(G)-function with Vo # 0, then

rrr(G) < min {|epn(v, Vo) N Vy| : v € Va}.

Proof. Let f = (Vp,Vi,Va) be a v,r(G)-function with Vo # (. If |epn(v,V2) N V| = 0 for
some vertex v € V5, then reassigning v the value 1 instead of 2 provides an RRD-function of weight
less than 7, r(G) leading to a contradiction. Hence |epn(v, V) N Vy| > 1 for every v € Va. Let u be
a vertex in V5 such that

lepn(u, Vo) N V| = min{|epn(v, Vo) N V| : v € Va}

and let epn(u, Vo) N Vo = {uq, ... ,uc}. If |[Vo| > 2 and w € Vi — {u}, then the function g defined
by g(u) = 1 and g(x) = f(z) otherwise, is an RRD-function of G + {wz | z € epn(v, V2) NV} of
weight less than v,r(G) and so

rrr(G) < min{|epn(v, Vo) N V| : v € Va}.

Hence assume that Vo = {u}. Then u dominates all vertices in Vj. Since v,r(G) > 3, we have
V1 # () and the desired result follows from Proposition 9. O

We observe that for any v, z(G)-function f = (Vp, V1, V3), every vertex u of V5 can have at most
dg(u) neighbors in V5. Whence we have the following corollary.

Corollary 2. Let G be a connected graph with ~vgr(G) >3 and f=Vp,Vi,V2) a
Yrr(G)-function with |Va| > 1. Then r,r(G) < A.

Corollary 3. Let G be a connected graph with ~v.r(G) > 3 containing a path vivaV3V4V5 N
which dg(vi) = 2 fori€{2,3,4}. Then r.r(G) < 2.

Proof. If 3gr(G) = n, then the result is immediate from Lemma 1. Hence we assume that

Ywr(G) < n, and let f = (Vp, Vi, V2) be a v,.z(G)-function. By Proposition 9, we may assume that
V1 = (. Then we must have 2 € {f(v2), f(v3), f(v4)} and the result follows from Proposition 12. [J

Using Propositions 9 and 12 we obtain the next result.
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X

Y

Figure 4. A graph G of order 18 and r,g(G) = 4.

Theorem 2. For any graph G of order n > 3, we have

TT’R(G) < max{lv (2n - VTR(G))/’YTR(G)}'

Moreover, the bound is sharp.

Proof. Ifypr(G) =2, then r.r(G) = 0 and the result is true.

If vr(G) = n, then by Lemma 1, 7.r(G) = 1 and the desired result follows.

Hence we assume that 3 < v,.z(G) < n, and let f = (Vp, V1, V) be a v,.r(G)-function. If V4 # 0,
then the result follows from Proposition 9. Thus suppose that V4 = (. Then ~,5(G)/2 = |Va| > 2
and clearly

lepn(u, V2) N Vo| < (2n = 3r(G))/1rr(G)

for some u € V5. Now, the result is immediate by Proposition 9.

To show the sharpness, consider the graph G illustrated in Figure 4. It is easy to see that
vr(G) = 4 and the function f on G defined by f(z) = f(y) = 2 and f(z) = 0 otherwise, is the
unique v, g(G)-function. Then

mr(G) < (2n — r(G))/7wr(G) = 8.

Now let F' be an r.pr(G)-set. Then v, r(G+ F) < 3 and so A(G+F) > n—2 (see Propositions 2-(a)
and 3). This implies that |F| > 8, and consequently,

TTR(G) =8= (2n - WTR(G))/VTR(G)'

6. Conclusion

The main objective of this paper was to start the study of the restrained Roman reinforcement
number r,z(G) of a graph G. We first showed that the decision problem associated with the
restrained Roman reinforcement problem is NP-hard, and then various properties as well as some
sharp bounds of the restrained Roman reinforcement number have been established. In particular
we showed that r,.z(T) = 1 for every tree T of order at least three and that r.z(G) < A(G) for
any connected graph G with v,.z(G) > 3. As a future work, one can focus on the problem of
characterizing all connected graphs G such that r,.z(G) = A(G).



Restrained Roman Reinforcement Number in Graphs 93

Acknowledgements

This research was financially supported by fund from Hubei Province Key Laboratory of Intel-

ligent Information Processing and Real-time Industrial System (Wuhan University of Science and
Technology).

10.

11.

12.

13.

14.

15.

16.

REFERENCES

. Abdollahzadeh Ahangar H., Amjadi J., Chellali M., Nazari-Moghaddam S., Sheikholeslami S. M. To-

tal Roman reinforcement in graphs. Discuss. Math. Graph Theory, 2019. Vol. 39, No. 4. P. 787-803.
DOI: 10.7151/dmgt.2108

Abdollahzadeh Ahangar H., Mirmehdipour S.R. Bounds on the restrained Roman domination number
of a graph. Commun. Comb. Optim., 2016. Vol. 1, No. 1. P. 75-82. DOI: 10.22049/CC0.2016.13556
Amjadi J., Asgharsharghi L., Dehgardi N., Furuya M., Sheikholeslami S.M. and Volkmann L.
The k-rainbow reinforcement numbers in graphs. Discrete Appl. Math., 2017. Vol. 217. P. 394-404.
DOTI: 10.1016/j.dam.2016.09.043

Amjadi J., Sadeghi H. Double Roman reinforcement number in graphs. AKCFE Int. J. Graphs Comb.,
2021. Vol. 18, No. 3. P. 191-199. DOI: 10.1080/09728600.2021.1997557

Ebrahimi N., Amjadi J., Chellali M., Sheikholeslami S.M. Quasi-total Roman reinforcement in graphs.
AKCE Int. J. Graphs Comb., 2022. In press. DOI: 10.1080/09728600.2022.2158051

Garey M. R., Johnson D.S. Computers and Intractability: A Guide to the Theory of NP-Completness.
Freeman: San Francisco, 1979. 340 p.

Hao G., Sheikholeslami S. M., Wei S. Italian reinforcement number in graphs. IEEE Access, 2019. Vol. 7.
Art. no. 184448. DOI: 10.1109/ACCESS.2019.2960390

Haynes T. W., Hedetniemi S.T., Slater P.J. Fundamentals of Domination in Graphs. Marcel Dekker,
Inc., New York, 1998. 446 p. DOL: 10.1201/9781482246582

Jafari Rad N., Sheikholeslami S. M. Roman reinforcement in graphs. Bull. Inst. Combin. Appl., 2011.
Vol. 61. P. 81-90.

Kok J., Mynhardt C. M. Reinforcement in graphs. Congr. Numer., 1990. Vol. 79. P. 225-231.
Pushpam P.R. L., Padmapriea S. Restrained Roman domination in graphs. Trans. Comb., 2015. Vol. 4,
No. 1. P. 1-17. DOIL: 10.22108/T0C.2015.4395

Samadi B., Soltankhah N., Abdollahzadeh Ahangar H., Chellali M., Mojdeh D. A., Sheikholeslami S. M.,
Valenzuela-Tripodoro J. C. Restrained condition on double Roman dominating functions. Appl. Math.
Comput., 2023. Vol. 438. Art. no. 127554. DOI: 10.1016/j.amc.2022.127554

Shahbazi L., Abdollahzadeh Ahangar H., Khoeilar R., Shekholeslami S.M. Total k-rainbow reinforce-
ment number in graphs. Discrete Math. Algorithms Appl., 2021. Vol. 13, No. 1. Art. no. 2050101.
DOI: 10.1142/S1793830920501013

Siahpour F., Abdollahzadeh Ahangar H., Sheikholeslami S.M. Some progress on the re-
strained Roman domination. Bull. Malays. Math. Sci. Soc., 2021. Vol. 44, No. 7. P. 733-751.
DOTI: 10.1007/s40840-020-00965-0

Volkmann L. Remarks on the restrained Italian domination number in graphs. Commun. Comb. Optim.,
2023. Vol. 8, No. 1. P. 183-191. DOI: 10.22049/CC0.2021.27471.1269

Volkmann L. Restrained double Italian domination in graphs. Commun. Comb. Optim., 2023. Vol. 8,
No. 1. P. 1-11. DOI: 10.22049/CC0.2021.27334.1236


https://doi.org/10.7151/dmgt.2108
https://doi.org/10.22049/CCO.2016.13556
https://doi.org/10.1016/j.dam.2016.09.043
https://doi.org/10.1080/09728600.2021.1997557
https://doi.org/10.1080/09728600.2022.2158051
https://doi.org/10.1109/ACCESS.2019.2960390
https://doi.org/10.1201/9781482246582
https://doi.org/10.22108/TOC.2015.4395
https://doi.org/10.1016/j.amc.2022.127554
https://doi.org/10.1142/S1793830920501013
https://doi.org/10.1007/s40840-020-00965-0
https://doi.org/10.22049/CCO.2021.27471.1269
https://doi.org/10.22049/CCO.2021.27334.1236

URAL MATHEMATICAL JOURNAL, Vol. 8, No. 2, 2022, pp. 94-114
DOI: 10.15826/umj.2022.2.008

ON LOCAL IRREGULARITY OF THE VERTEX COLORING
OF THE CORONA PRODUCT OF A TREE GRAPH

Arika Indah Kristiana''f, M. Hidayat!, Robiatul Adawiyah', D. Dafik!,
Susi Setiawani!, Ridho Alfarisi?

Department of Mathematics Education, University of Jember,
Jalan Kalimantan 37, 68126, Jember, Jawa Timur, Indonesia

’Department of Elementary School Education, University of Jember,
Jalan Kalimantan 37, 68126, Jember, Jawa Timur, Indonesia

tarika.fkip@unej.ac.id

Abstract: Let G = (V, E) be a graph with a vertex set V' and an edge set E. The graph G is said to be with a
local irregular vertex coloring if there is a function f called a local irregularity vertex coloring with the properties:
i) 1 : (V(G)) — {1,2,...,k} as a vertex irregular k-labeling and w : V(G) — N, for every wv € E(G),
w(u) # w(v) where w(u) = 37, ¢ n(y) 1(4) and (ii) opt(l) = min{max{l; : l; is a vertex irregular labeling}}. The
chromatic number of the local irregularity vertex coloring of G denoted by x;;5s(G), is the minimum cardinality
of the largest label over all such local irregularity vertex colorings. In this paper, we study a local irregular
vertex coloring of Py, (O G when G is a family of tree graphs, centipede Cj, double star graph (S2,,), Weed
graph (S3,,), and E graph (E3 ).

Keywords: Local irregularity, Corona product, Tree graph family.

1. Introduction

Let G(V,E) be a connected and simple graph with a vertex set V and an edge set E. In
this paper, we combine two concepts, namely the local antimagic vertex coloring and the distance
irregular labelling, with a local irregularity of vertex coloring. This concept firstly was introduced
by Kristiana [2, 3|, et. al. The latest research was conducted by Azzahra [4], who examined the
local irregularity vertex coloring of a grid graph family. In this paper we study the local irregularity
of vertex coloring of corona product graph of a tree graph family.

Definition 1. Suppose I : V(G) — {1,2,...,k} and w: V(G) — N, where

wlu) =Y 1v),
)

vEN (u

then l(v) is called the vertex irreqular k-labeling and w(u) is called the local irregularity of vertex
coloring if

(i) opt(l) = min{max{l;} : l; vertex irreqular labeling};

(i1) for every uv € E(G),w(u) # w(v).

Definition 2. The chromatic number of local irreqular graph G denoted by xys(G), is the
minimum of cardinality of the local irregularity of vertex coloring.
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In this paper, we will use the following lemma which gives a lower bound on the chromatic
number of local irregular vertex coloring:

Lemma 1 [2]. Let G be a simple and connected graph, then x1s(G) > x(G).

Proposition 1 [2]. Let G be a graph each two adjacent vertices of which have a different vertex
degree then opt(l) = 1.

Proposition 2 [2]. Let G be a graph each two adjacent vertices have the same vertex degree
then opt(l) > 2.

Definition 3 [1]. Let G and H be two connected graphs. Let o be a vertex of H. The corona
product of the combination of two graphs G and H is defined as the graph obtained by taking a
duplicate of graph G and |V(G)| a duplicate of graph H, namely H;; i = 1,2,3,..|V(G)| then
connects each vertex i in G to each vertex in H;. The corona product of the graphs G and H is

denoted by G H.

2. Result and discussion

In this paper, we analyze the new result of the chromatic number of local irregular vertex
coloring of corona product by family of tree graph (P,, () G) where G is centipede graph (C,,),
double star graph (Sz,,), and Weed graph (S3,,).

Theorem 1. Let G = P, () Cpy, be a corona product of a path graph of order m and a
centipede graph of order n for n,m > 2, then

5, for m=3 and n=2,3,
6, for m=2 and n=2,3 or for m=3 and n >4,
Xtis (P @Cp") ) 7, for m=2 and n>4 or for m>4 and n=2,3,
8, for m>4 and n >4,
with opt(l) defined as
1, for m=3 and n =3,
1,2, for m=2 and n= or
opt (1) (P QCP") - for m=3 and n=2 or
for m>3 and n > 4.

Proof. Vertex set is
V(PmQC’Pn):{xi;l§i§m}u{xij;1§i§m,1§j§n}U{yij;1§i§m,1§j§n}
and the edge set is

E(Pn () CPy) = {mimip1;1 <i <m— 1} U{agmij; 1 <i<m,1<j <n—1}
Uiy 1 <i<m, 1 < j <npU{zmwi;l <i<m,1 <j<n}U{zy;;l <i<m,1 <5 <n},

the order and size respectively are 2mn + m and 4mn — 1.

Case l: m#p, m>2, p>2 n>3.
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First step to prove this theorem is to find the lower bound of V' (P,, () CP,). Based on Lemma 1,
we have Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.

Assume xis(Pn, O Cppn) = 4, let xus(Pn O Cpp) = 4, if I(z1) = l(z3) = 1, I(z2) = 2,
l(zij) = U(yij) = 1 then w(z1) = w(zz), then there are 2 adjacent vertices that have the same
color, it contradicts the definition of vertex coloring. If

;) =1 = w(x;) # w(@iv1), w(xan) # (Ti2),

then xis(Pm O Cpr) > 5. Based on this, we have the lower bound xy;5(Pp, (&) Cpp) > 5.

After that, we will find the upper bound of x;s(P O Cpy). Furthermore, the upper bound
for the chromatic number of local irregular (P,, () Cpy,), we define | : V(P,, &) Cpy) — {1,2} with
the vertex irregular 2-labelling as follows:

l(mz) = 1, l(m,j) = 1,
Hys;) = 1, for 1<i¢<3andj=1,
V)= N2, for 1<i<3andj=2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
(1) 6, fori=1,3,
w(x;) =
‘ 8, fori=2,
3, forl<i<3andj=1,
w(wj) = . .
4, for1<i<3andj=2,
w(y;;) =2, forl1<i<3andj=1,2

The upper bound is true: xjis(Ppn () Cpr) < 5, and we have 5 < xis(Pr O Cpr) < 5, so
Xiis(Prmn O Cpyp) =5 for m = 3 and n = 2.

Case 2: m =n = 3.
Based on Proposition 1, opt(l) = 1. So the lower bound of (P,, () Cpy,) is

Xlis(Pm @ Cpn) > 5.

Hence opt(l) = 1 and the labelling provides the vertex-weight as follows:
() 7, fori=1,3,
w(z;) =
' 8, fori=2,
3, for1<i<3andj=1,3 (mod4),
w(yi;) = : ‘
4, for1<i<3andj=2,
w(x;j) =2, forl<i<3and1<j<3.

)

The upper bound is true: xis(Pn O Cpn) < 5. We have 5 < xus(Pn O Cpn) < 5, so
Xiis(Pm (&) Cpyp) =5 for m = 3 and n = 3.

Case 3: m=n = 2.
First step here is to find the lower bound of V(P,, &) CP,). Based on Lemma 1, we have
Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
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Assume x;is(Pn (O Cpp) =5, if l(x1) =1, l(x2) = 2, l(z45) = l(ys5) = 1, then w(z11) = w(z12)
and there are 2 adjacent vertices, that have the same color, it contradicts the definition of vertex
coloring. If

lz) =1, U x2)=2, Uzij)=1, UWya)=1, i=1,2, lyn)=2, i=1,2,

then w(x1) # w(xz), w(xy) # w(xe). Based on that we have the lower bound
Xtis(Pm O Cpy) = 6.

After that, we will find the upper bound of x;s(Pn O Cpp).

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

1, fori=1 1, fori=1,2and j=1
lxi - ’ ’ lﬂjz :1, l i) = ’ ’ ?
(e2) {2, for i = 2, (i) W) {2, for i = 1,2 and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

(1) 6, fori=2,
w(x;) =
7, fori=1,

3, fori=1and j=1
w(zij) =<4, fori=1andj=1, orfori=2and j=1,
5, fori=2and j=2,

(17) 2, fori=1andj=1,2,
wlues) =
vii 3, fori=2andj=1,2.

We have the following upper bound x;is(Pn ) Cpr) < 6. We have 6 < xy5(Pn &) Cpyp) < 6, so
Xiis(Prmn O Cpyp) = 6 for m =2 and n = 2.

Case 4: m =2 and n = 3.

First step here is to find the lower bound of V(P,, O CP,). Based on Lemma 1, we have
Xiis(Pm O Cpn) > x (P @ Cpn) = 3.

Assume yy5(P, O Cpp) =5, if

Uxg) =Uxig) =1, lyy) =1, Uyey) =1, j=1,2, l(yi) =2,

then w(xg) = w(xaes), so there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(xl) =1, l(xQ) =2, l(:l?l]) =1, l(yl]) =1,

then w(x) # w(z2), w(z;1) # w(z; 2). Based on that we have the lower bound x;;s(Py (O Cpy) > 6.
After that, we will find the upper bound of x;s(Pn (O Cpp).
Furthermore, we define I : V(P, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

1, fori=1
l i) = ’ ’ l ii) =1, i) = 1.
(@) {2’ iy @) =1 ul)
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=2
w(xi):{’ or ¢ ,

8, fori=1,

3, fori=1andj=1,3,
w(zi;) =<4, fori=1and j=2, or fori=2and j=1,3,
5, fori=2and j=2,

(1) 2, fori=1and 1< j <3,
W) —
Yis 3, fori=2and1<j<3.

The upper bound is true: Xis(Pmn O Cprn) < 6. So we have xiis(FPr O Cpp) = 6 for m = 2 and
n=3.

Case 5: m =3 and n > 4.

First step to prove this theorem in this case is to find the lower bound of V (P, (O CP,). Based
on Lemma 1, we have xs(Py, O Cpp) > x(Py O Cpy) = 3.

Assume xii5(Pp, O Cpp) = 5, if l(z1) = l(z3) = 1, l(z2) = 2, l(z45) = l(ys5) = 1, then w(zy) =
w(xwe) so there are 2 adjacent vertices with the have same color, it contradicts the definition of
vertex coloring. If

with the w(z;) # w(riy1), w(wy) = w(xijy1). Therefore we have the lower bound

Xlis(Pm @ Cpn) > 6.

After that, we will find the upper bound for x;s(Pp & Cpy).-

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

i) = 1, for1<i<3andj=1,n or forl<i<3and;j=0 (mod2),
Vi) =2, for1<i<3andj=1,3 (mod4), j£1,n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n+n/2, for i = 1,3 and n = 0 (mod 2),
2n+ [n/2], fori=1,3 and n = 1,3 (mod4),
3n+1-—n/2, for i =2 and n = 0 (mod 2),
3n+1—[n/2], fori=2andn=1,3 (mod4),
3, for1<i<3andj=1,n,
w(zij) =44, forl1<i<3andj=0 (mod2),
5, for1<i<3andj=1,3 (mod4), j#1,n,
w(yij) = 2.

The upper bound is true: Xis(Pm O Cpp) < 6. So Xiis(Prm O Cpyr) = 6 for m = 3 and n > 4.

Case 6: m =0 (mod2), m >4 and n = 2.
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First step here is to find the lower bound of V(P,, &) CP,). Based on Lemma 1, we have
Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume Xi5(Prn O Cpn) = 5, let x1i5(Prn O Cpy) = 5, if

l(z;) =1, i=1,3 (mod4), i=2 (mod4), I(z;)=2, i=0(mod4), I[(xiy)=1Iyy)=1

then w(z;;) = w(zij41), then there are 2 adjacent vertices that have same color, this contradicts
the definition of vertex coloring. If

l(z;) =1, i=1,3 (mod4), i=2 (modd), I(z;)=2,

then w(x;;) # w(xij1); w(wit1) # w(wit2). So we have the lower bound xyis(Pm (O Cppn) > 7.
After that, we will find the upper bound of x;s(Pn O Cpy)-
Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

I(a;) = {L for i = 1,3 (mod4) or for i = 2 (mod4),

2, for i =0 (mod4),

1, forl1<i<mandj=1,
2, forl1<i<mandj=2.

Wzig) =1, Uyij) = {

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=1,m,
w(x;) =47, fori=0 (mod2), i#m,
8, fori=1,3 (mod4), i#1,
3, fori=1,3 (mod4)and j=1 or fori=2 (mod4)and j=1,
4, fori=1,3 (mod4)and j=2 or fori=2 (mod4)and j=2or
for i =0 (mod4) and j =1,
5, fori=0 (mod4) and j = 2,

w(zi;) =

(i) 2, fori=1,3 (mod4) and j=1,2 or fori=2 (mod4)and j=1,2,
W \Yi;) =
Yii 3, fori=0 (mod4)andj=1,2.

We have the upper bound x;s(Pr O Cppn) < 7. So Xiis(Prn O Cpp) =7 for m > 4 and n = 2.

Case 7: m =0 (mod2), m >4 and n = 3.
First step to prove this theorem is to find the lower bound of V(P,, () CP,,). Based on Lemma 1,
we have Xiis(Pm O Cpn) > x(Pn O Cpn) = 3.

Assume yy;s(Pp, (O Cpy) = 5, in this case if
Uxi) =U(w5) =1, ly;)=1, 1<i<m, j=3, lyy)=2 1<i<m, j=12,

then w(z;) = w(z;11), then there are 2 adjacent vertices that have the same color, this contradicts
the definition of vertex coloring. If

l(z;) =1 i=1,3 (mod4), i=2(mod4), I(z;)=2, i=0 (mod2), I(yi;)=1Uzs)=1,
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then w(w;y1) # w(wite), w(wyn) # w(xe), w(xsn) # w(ye). Therefore we have the lower bound

Xiis(Pm O Cpn) > 7.
After that, we will find the upper bound of xy;s(Pp, ) Cpr).
Furthermore, we define | : V(P,,®© Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
i) 1, fori=1,3 (mod4) or for i = 2 (mod4),
€T;) =
2, for i =0 (mod4),
Wzi) =1, Uyy) =1.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=1,m,
w(z;) =18, fori=0 (mod?2), i #m,
9, fori=1,3 (mod4), i#1,
3, fori=1,3 (mod4) and j =1,3 or for i =2 (mod4) and j = 1,3,
4, fori=1,3 (mod4) and j =2 or for i = 2 (mod4) and j =2 or
for i =0 (mod4) and j = 1,3,
5, fori=0 (mod4) and j =2,

w(wiy) =4

(i) 2, fort=1,3 (mod4) and 1 < j<3orfori=2 (mod4)and 1 <j <3,
w Sa ) =
Y 3, fori=0 (mod4)and 1< j<3.

We have the upper bound x;;s(P, O Cpp) < 7. So Xiis(Pn O Cpp) =7 for m > 4 and n = 3.

Case 8: m =2 and n > 4.
First step here is to find the lower bound of V(P,, (&) CP,). Based on Lemma 1, we have

Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume Xlis(Pm @ Cpn) <7, let Xlis(Pm @ Cpn) =6, if

W) =1, Ux2) =2, Uzy) =Uyiy) =1,

then w(z;j41) = w(x;j42), then there are 2 adjacent vertices that have same color, it contradicts
the definition of vertex coloring. If

lz1) =1, l(x2) =2, Uxij)=1, Uyj)=1, j=0(mod2), j=1,n,
l(ylj) - 27 ] = 173 (m0d4)7 ] 7& 17 n— U)(I'l) 7é U)(I'Q), w(xij-f—l) 7é w(wij-i-Q)a
then we have the lower bound xys(Pp, (O Cpp) > 7.

After that, we will find the upper bound of xy;s(Pp, ) Cpy).
Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
1, fori=1
ai) = , fori ,
2, fori=2,

lzij) =1,
(i) = 1, fori=1,2and j=1,nor for i = 1,2 and j = 0 (mod 2),
Yig) = 2, fori=1,2 and j =1,3 (mod4), j # 1,n.
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

3n+1—-n/2, for i =1 and n =0 (mod 2),
3n+1—[n/2], fori=1andn=1,3 (mod4),
2n +n/2, for i =2 and n =0 (mod 2),
2n + [n/2], for i =2 and n=1,3 (mod4),

w(z;) =

fori=1and j=1,n,

fori=1and j =0 (mod2), j #nor fori=2and j=1,n,
fori=1and j =1,3 (mod4), j# 1,n or for i =2 and j =0 (mod 2), j # n,
fori=2and j =1,3 (mod4), j# 1,n,

w(zi;) =

S Ot W

(i) 2, fori=1and1<j<nmn,
wlv::) —
Y 3, fori=2and1<j<n.

The upper bound x;is(Pr (O Cpy) < 7 is true. So xus(Pn O Cpp) =7 for m =2 and n > 4.

Case 9: m=1,3 (mod4), m > 5 and n = 2.

First step to prove this theorem in this case is to find the lower bound of V' (P, (O CP,). Based
on Lemma 1, we have xs(Py, O Cpy) > x(Py O Cpy) = 3.

Assume xy;s(P, O Cpy) < 7, and let xys(Py, (O Cpy) = 6, if

l(z;) =1, i=1(mod4), =0 (mod2), I(z;)=2, i=3(mod4), Il(ziy)=1IUyy)=1,

then w(x;1) = w(x2), w(ri41) = w(x;ye2), then there are 2 adjacent vertices that have same color,
it contradicts the definition of vertex coloring. If

l(z;)=1, i=1(mod4), i=0(mod2), I(z;)=2, i=3(mod4),

then w(zit1) # w(wiy2), w(wijr1) # w(wijp2).  Therefore we have the lower bound
Xiis(Pm O Cpn) > 7.

After that, we will find the upper bound of x;s(Pmn (O Cpp).

Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

(i) 1, fori=1 (mod4) or for i =0 (mod2),
xT;) =
2, for ¢ =3 (mod4),
1, forl1<i<mandj=1,
w(ziy) =1 Uyij) = . :
2, forl1<i<mandj=2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=1m,
w(z;) =17, fori=1,3 (mod4), i #1,
8, fori=0 (mod2), i #m,
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3, fori=1(mod4)and j=1orfori=0 (mod2)and j =1,
4, fori=1 (mod4) and j =2 or for i =0 (mod2) and j =2 or
for i =3 (mod4) and j =1,

5, fori=3 (mod4) and j =2,

w(zi;) =

(i) 2, fori=1(mod4) and j =1,2 or for i =0 (mod2) and j = 1,2,
W \Y;5) =
Yii 3, fori=3(mod4)and j =1,2.

The upper bound xiis(Pr O Cpr) < 7 is true. So Xxiis(Pm O Cpyr) = 7 for m = 1,3 (mod 4),
m >5and n = 2.

Case 10: m = 1,3 (mod4), m > 5 and n = 3.

First step here is to find the lower bound of V(P,, ) CP,). Based on Lemma 1, we have
Xlis(Pm Q Cpn) > X(Pm @ Cpn) =3.

Assume xis(Ppn O Cpr) < 7, let x1is(Pm O Cpy) = 6, if

ay) =Uwij) =1, Uyn) =1, Uyij) =2, Jj=2,3,

then w(z;+1) = w(x;42), then we have that there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

l(z;)=1, i=1(mod4), =0 (mod2), I(z;)=2, i=3(mod4), I(zi)=11l(y;;)=1,

then w(zir1) # w(xiye), w(wijy1) # w(xij+2). DBased on that we have the lower bound

Xlis(Pm @ Cpn) > 1.

After that, we will find the upper bound of x;s(Pn (O Cpp)-

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

(i) 1, fori=1 (mod4) or for i =0 (mod2),
€T;) =
2, for i =3 (mod4),

Uzij) =1, U(yy) = 1.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=1,m,
w(z;) =48, fori=1,3 (mod4), i # 1,m,
9, fori=0 (mod?2),
3, fori=1 (mod4)and j =1,3 or for i =0 (mod2) and j = 1,3,
4, fori=1 (mod4) and j =2 or for i =0 (mod2) and j =2 or
for i =3 (mod4) and j = 1,3,
5, for i =3 (mod4) and j = 2,

’U)(CEZ]) =
3, fori=3(mod4)and 1<j<3.

(i7) {2, fori=1 (mod4) and 1 < j <3orfori=0 (mod2) and 1 <j <3,
wW\Yij) =

The upper bound is true: xus(Pn OCpy) < 7. So xis(Pn(®OCp,) = T for
m =1,3 (mod4), m >5 and n = 3.
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Case 11: m =0 (mod2) m >4 and n > 4.
First step to prove this theorem is to find the lower bound of V(P,, ) CP,). Based on Lemma 1,

we have Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume yyis(Pr, O Cpp) < 8, let x1is(Pre O Cpyp) = 7, if

l(z;) =1, i=1,3 (mod4), i=2(mod4), I(z;)=2, i=0(mod4), I(x;y)=1IUyy) =1,

then w(x;j+1) = w(ij42), so there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(z;) =1, i=1,3 (mod4), i=2(mod4), Il(z;)=2, i=0(mod4), I(x;) =1,
Wyij) =1, 1<i<m, j=1n, j=0(mod2), I(y;;)=2,

1<i<m, j=1,3(mod4), j#1,n,

then w(z;y1) # w(xit2), w(zij+1) # w(xijt12), w(wi;) # w(y;;). Based on that we have the lower
bound Xlis (Pm Q Cpn) > 8.

After that, we will find the upper bound of x;s(Pn (O Cpp).

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

l(xi):{ forzizl,3(mod4)andl;jgnorforiEQ(mod4)andlgjgn,
2, fori=0 (mod4) and 1 <j<n,
Uzi5) =1,
l(yij):{l, forlgzigmandjjzl,nor forléigmandjEO(mod2),
2, forl<i<mandj=1,3(mod4), j#1,m.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

(2n+n/2, for i =1,m and n = 0 (mod 2),

2n+ |n/2], fori=1,m and n = 1,3 (mod4),
3n+1—-n/2, for i =1,3 (mod4), i #1 and n =0 (mod 2),
3n+1—[n/2], fori=0 (mod2), i # m and n=1,3 (mod4),
3n+2-—n/2, for i = 1,3 (mod4), i # 1 and n =0 (mod 2),
3n+1—|n/2], fori=0 (mod2), i#m and n=1,3 (mod4),

w(z;) =

3, fori=1,3 (mod4) and j = 1,n or for i =2 (mod4) and j = 1,n,
4, fori=1,3 (mod4) and j =0 (mod?2), j #n or
for i =2 (mod4) and j =0 (mod 2), j #n or for i =0 (mod4) and j = 1,n,
w(x;) =<5, fori=1,3 (mod4) and j = 1,3 (mod4), 7 # 1,n or
for i =2 (mod4) and j = 1,3 (mod4), j # 1,n or
for i =0 (mod4) and j =0 (mod2), j #n,
6, fori=0 (mod4)and 7 =1,3 (mod4), j # 1,n,

(i) 2, fori=1,3 (mod4) and 1 <j<mnorfori=2 (mod4)and 1 <j<n,
W) —
Vi 3, fori=0 (mod4)and1<j<n.

The upper bound is true: xis(Pm O Cpr) < 8. So Xiis(Prn O Cpp) = 8 for m =0 (mod 4), m >4
and n > 4.
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Case 12: m=1,3 (mod4), m > 5 and n > 4.

First step to prove this theorem in this case is to find the lower bound of V (P, ) CP,). Based

on Lemma 1, we have xyis(Pm O Cpp) > x(Pr O Cpy) = 3.
Assume xis(Pn O Cpr) < 8, let x1is(Pr O Cpyp) =7, if

l(z;)=1, i=1(mod4), (=0 (mod2), I(z;)=2, i=3(mod4), I(zi)=1IUy;)=1,

then w(xij+1) = w(zij42), so there are 2 adjacent vertices that have same color, it contradicts the

definition of vertex coloring. If

l(z;)=1, i=1(mod4), ¢=0 (mod2), I(z;)=2, =3 (mod4), l(z;)=1, Uy;) =1,
<

1<i<m, j=1n, j=0(mod2), I(y;)=2, 1 <m, j=1,3 (mod4),

i
J#Ln = w@ip1) # w(@ite), w@ij+1) # w(@ijre),  w(zig) # w(yi),

therefore we have the lower bound x;;s(Py, (O Cpy) > 8.
After that, we will find the upper bound of xy;s(Pp, ) Cpy).

Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
Uzi) = :
2, fori=3 (mod4),
lzi;) =1,
I(ys)) = {1, for 1 < z <m andj: =1,nor for 1 S'i <m and j =0 (mod2),
2, forl1<i<mandj=13(mod4), j+#1,n.

{1, for i =1 (mod4) or for i = 0 (mod 2),

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

(2n+n/2, for i =1,m and n =0 (mod 2),
3n+2—-n/2, for i = 0 (mod 2) and n =0 (mod 2),

w(z:) = 3n+1-n/2, fori=1,3 (mod4) and n =0 (mod 2),

2n+ [n/2], fori =1,m and n = 1,3 (mod4),
3n—[n/2], for i =1,3 (mod4), i #1 and n = 1,3 (mod4),
3n+1—|n/2|, fori=0 (mod4) and n=1,3 (mod4),
3, fori=1 (mod4) and j =1,n or for i =0 (mod2) and j = 1,n,
4, fori=1 (mod4) and 7 =0 (mod2), j#nor
for i =0 (mod2) and j =0 (mod2), j # n or
for i =3 (mod4) and j = 1,n,
w(zij) =

5, fori=1 (mod4) and j =1,3 (mod4), j #1,n or
for i =0 (mod2) and j = 1,3 (mod4), j # 1,n or
for i =3 (mod4) and j =0 (mod 2), j # n,

6, for:=3 (mod4)and j =1,3 (mod4), j #1,n,

(i7) 2, fori=1(mod4)and 1 <j<norfori=0 (mod2)and1<j<n,
W \Yi;) =
Vi 3, fori=3(mod4)and 1< j<n.

The upper bound is true: Xis(Pm O Cpr) < 8. So Xiis(Prm O Cpyp) = 8 for m > 5 and n > 4.

0
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Theorem 2. Let G = P, () Sa,, for n,m > 2, then the chromatic number of local irregular G
18
5, form=3and n> 2,
Xtis(Pm @52,n) =<6, form=2andn>2,
7, form >4 and n > 2,
with opt(1)(Pm O Sen) = 1,2, for m > 2 andn > 2.
P roof. Vertex set is
V(Pn@Sg,n) ={zr;;1<i<m}U{a;;1 <i<m}U{bj;l<i<m}
Ufaij;1 <i<m, 1 <j<n}U{bj;1<i<m,1<j<n}
and the edge set is
E(P, @ng) ={ziziy1, 1 <i<m—1}U{a;b;;1 <i<m}U{z;a;;1 <i<m}
Uf{xibi; 1 <i <m}U{za:5;1 <i<m, 1 <j<n}pU{zby;1 <i<m,1<j<n}
Ufaiai;;1 <i<m,1 <j <npU{bby;1 <i<m,1<j<n}

The order and the size respectively are 2mn + 3m and 4mn + 4m — 1. This proof is divided into 4
cases as follows.

Case 1: m =3 and n > 2.

First step to prove this theorem is to find the lower bound of V (P, () S2,,). Based on Lemma 1,
we have Xis(Pm O S2,n) 2> X (P O S2.n) = 3.

Assume Xjis(Pn () So,0) =4, if l(a;) = U(bi) = 1, I(x;) = I(ai;) = 1(bij) = 1 then w(a;) = w(b;),
then there are 2 adjacent vertices that have same color, it contradicts the definition of vertex
coloring. If

l(.%'l) = l(a,) = l(bz) = l(aij) = l(bw) = 1, 1 S] S n — 1, l(bm) = 2,
then
w(a;) # w(bi), w(zr)=w(xs) # w(ws),
therefore we have the lower bound x;is(Pr ) S2.5) > 5.
After that, we will find the upper bound of xy;s(Pp (O S2,n)-
Furthermore, we define I : V(P,, (D S2,) — {1,2} with the vertex irregular 2-labelling as
follows:
x)) =1, Ua;)=1, Ub)=1, Ilay)=1,
1bi) = 1, forl<i<3andl1<j<n-1,
R 2, for1<i<3andj=n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n+4, fori=1,3,
w(z;) = .
2n+5, for i =2,
w(a;)) =n+2, forl<i<3,
w(b;)) =n+3, forl<i<3,
w(al-j) = 2, ’U)(sz) = 2.
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The upper bound xi;s(Pr () S2,n) < 5 is true. So Xiis(Prm (O S2,n) =5 for m =3 and n > 2.

Case 2: m=2and n > 2.
First step here is to find the lower bound of V(P,, () S2,). Based on Lemma 1, we have

Xlis(Pm @ SQ,n) > X(Pm @ S2,n) = 3.
Assume xjis(Pp O S2,n) = 5, if

Uwi) = Ua;) = U(b;) = laij) =1(boy) =1, l(by;) =1, 1<j<n—1, I(bn) =2,

and then w(ag) = w(bs), and there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(mz) = l(al) = l(bl) = l(aij) = 1,
l(blvj) = 17 l(bLn) = 27 l(bQ,]) - 27 ] = 17”7 l(b2j) == 17 2 S] S n — 17
then w(a;) # w(b;), w(x1) # w(zz). Based on that we have the lower bound x;;s(Pm ) S2,n) > 6.
After that, we will find the upper bound of x;is(Pp, (D S2.n)-

Furthermore, we define I : V(P,, (D S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

Uxi) =1, Ua;))=1, I(b;)=1, Ila;)=1,
1(bi) = fori=1land1<j<n—lorfori=2and2<j<n-1,
o 2, fori=1and j=norfori=2andj=1,n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

() 2n+4, fori=1,
w(z;) =
‘ 2n+5, for i =2,

w(a;)) =n+2, fori=1,2,
n+3, fori=1,
w(bi) = .
n+4, fori=2,
w(a;j) =2, w(by;) =2.
The upper bound is true: xzis(Pm O S2.n) < 6. So Xiis(Pr O S2,,) = 6 for m =2 and n > 2.

Case 3: m =0 (mod4), m >4 and n > 2.

First step to prove this theorem in this case is to find the lower bound of V' (P,, () S2,,). Based
on Lemma 1, we have xis(Pr O S2.n) > X (P O S2.0) = 3.

Assume xis(Pp, (O S2.) = 6, if

;) = U(a;) =U(b;) =l(as;) =1, U(bj)=1, i=1,3 (mod4), i=2 (mod4),
l(bij) =1, i=0(mod4), j#1,n, Il(bj) =2, i=0(modd), j=1,n,

then w(a;) = w(b;), so there are 2 adjacent vertices that have same color, it contradicts the definition
of vertex coloring. If

;) =U(a;) =Ub;) =l(azj) =1, U(bj) =1, i=1,3 (mod4), i=m, 1<j<n-1,
' n—1, l(by;)=2, i=1,3(mod4),
(mod?2), i#m, j=1,n,
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then w(a;) # w(b;), w(z;) # w(xiy1). Based on that we have the lower bound xyis(Pm () S2,n) > 7.
After that, we will find the upper bound of X;is(Pp O S2,5)
Furthermore, we define I : V(P,, (O S2,n) — {1,2} with the vertex irregular 2-labelling as
follows:
Uzy) =1, la;)) =1, Ub)=1, I a;) =1,
1, fori=1,3 (mod4)and 1<j<n-—1or
fori=0 (mod2), i#mand2<j<n-—1or
fori=m, and 1 <j<n-—1,
2, fori=1,3 (mod4) and j =n or
for i =0 (mod2), i #m and j = 1,n or

for i =m, and j = n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
2n+4, fori=1,m,
w(z;) =< 2n+5, fori=0 (mod2), i#m,
2n+6, fori=1,3 (mod4), i #1,
w(a;)) =n+2, forl<i<m,
n+3, fori=1,3 (mod4), i =m,
w(by) = =13 (modd)
n+4, fori=0 (mod2), i #m,
w(a;j) =2, w(by;) =2.

The upper bound is true: Xjis(Ppm O S2.n) < 7. So X1is(Pm (O S2,n) = 7 for m = 0 (mod 2),
m >4 and n > 2.

Case 4: m=1,3 (mod4), m > 5 and n > 2.
First step here is to find the lower bound of V (P, () S2,). Based on Lemma 1, we have

Xtis(Pm () S2.n) = X(Pon () S2.n) = 3.
Assume x;is(P (O S2,n) = 6, if
Uz;) = l(a;) =U(b;) =laij) =1, l(byj) =1, i=1(mod4), i=0 (mod?2),
l(bij) =1, i=3(mod4), j#mn, lby)=2, i=3(mod4d), j=n,
then w(a;) = w(b;), and there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If
Uzy) =U(a;) =Ub;)) =1, las5) =1, Ubj)=1, i=1,3 (mod4), 1<j<n-1,

i=0(mod2), 2<j<n-—1, I(bj;)=2, i=1,3(mod4), j=n, i=0(mod2), j=1,n,
then w(a;) # w(b;), w(x;) # w(z;y1). Based on that we have the lower bound xjis(Pp (O S2,n) > 7.

After that, we will find the upper bound of x;is(Pp, (D S2.n).

Furthermore, we define I : V(P,, () S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

Uzi) =1, Ua;)) =1, Ub)=1, Iaij)=1,
by = 1, fori=1,3 (mod4)and 1<j<n-—1lorfori=0(mod2), and2<j<n-—1,

Y772, fori=1,3 (mod4) and j = n or for i =0 (mod2) and j = 1,n.
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n +4, fori=1,m,
w(z;) =4 2n+5, fori=1,3 (mod4),
2n 46, for i =0 (mod?2),
w(a;)) =n+2, forl<i<m,
n+3, fori=1,3 (mod4),
w(b) = = L tmodd)
n+4, fori=0 (mod?2),
w(al-j) = 2, ’U)(sz) = 2.

The upper bound is true: xis(Pm O S2.n) < 7. S0 Xiis(Pm O S2,n) = 7 for m = 1,3 (mod4),
m >5and n > 2. O

Theorem 3. Let G = P,, () S35, for n,m > 2, then the chromatic number of local irreqular G
18
5, form=3and n>2,
Xlis(Pm @S?),n) = 6, for m =2 and n > 2,
7, form >4 and n > 3,
with

1, for m =3 and n = 3,
opt(l)(PmQng) =41,2, form=2andn=2or form=3andn=2or
for m >4 and n > 2.

Proof The vertex set is

V(PmQS&n):{xi;l§i§m}U{ai;1§i§m}U{bi;1Sigm}u{q;lgigm}
Ufaij;1 <i<m,1 <j<n}U{bjj;1<i<m,1<j<n}U{g;;1<i<m,1<j<n}

and the edge set is

V(PmQng):{xixiﬂ;lgigm—l}u{xiyi;lSigm}u{xiai;lgigm}
Ulzibi;; 1 <i <m}U{mic;;1 <i <m}U{yia;;1 <i <m}U{yib;1 <i <m}
U{yici; 1 <i <m}U{za;;1 <1 <m;1 <j<npU{x;bj;1<i<m;1<j<n}
Uf{zicij; 1 <i<m;1 <j <n}U{aa5;1 <i<m;1 <j<n}
U{bibij;1 <i<m;1 <j<n}U{ccy;1 <i<m;l <j<n}

The order and size respectively are 3mn + 5m and 6mn + 8n — 1. This proof can be divided into
8 following cases.

Case 1: m =3 and n = 2.

First step to prove this theorem is to find the lower bound of V (P, (O S3,). Based on Lemma 1,
we have X1is(Prm O S3.5) > X(Prn O S3.) = 3.

Assume xjis(Pp (O S3.) = 4, if

Uai) = U(bi) = U(c;) = U(yi) = Uaij) = Ubij) = Ueiz) = 1,
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then w(a;) = w(b;) = w(c;) = w(y;), and there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

Wai) =U(bi) =1(c;) =1, (aij) = U(bij) = U(cij) =1, U(y:) =2,

then (w(a;) = w(b;) = w(e)) # w(yi), w(x1) # w(zz). Therefore we have the lower bound

Xlis(Pm Q SB,n) > 5.
After that, we will find the upper bound of xy;s(Pp (O S3.5)-
Furthermore, we define [ : V(P,, (O S3,) — {1,2} with vertex irregular 2-labelling as follows:

l(mz) = 1, l(y,) = 2, l(a,) = 1, l(bz) = 1, l(cl) = 1, l(aij) = 1, l(b”) = 1, l(Cij) =1.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

() 12, fori=1,3,
w\r;) =
’ 13, fori=2,

wy) =4, w(a) =5, wb;)=5 wle)=>5 wla;) =2 w(by)=2 w(c;)=2
The upper bound is true: xzis(Pm ) S3.5) < 5. S0 Xiis(Pr () S3,,) =5 for m =3 and n = 2.

Case 2: m =3 and n = 3.
Based on Proposition 1, we have opt(l) = 1. So the lower bound (P, () S3,) is

Xlis(Pm @ SB,n) >5
Since opt(l) = 1, the labelling provides the vertex-weight as follows:

3n+5, fori=1,3,
w(w;) = .
3n+6, fori=2,
w(a;) =n+1 forl<i<3,
w(b;)) =n+1 forl<i<3,
w(e)=n+1 forl<i<3,
w(aij) = 2, w(bij) = 2, w(cij) = 2.

The upper bound is true: xzis(Prm () S3.5) < 5. S0 Xiis(Pmn (O S3,,) =5 for m = 3 and n > 2.

Case 3: m =2 and n =2.
First step to prove this theorem is to find the lower bound of V (P, (O S35,). Based on Lemma 1,

we have s (P O S3.n) > X (P O S3.0) = 3.
Assume xis(Pp (O S3.,) = 5, if

Wai) = U(bi) = l(c;) = l(aij) = U(bij) = U(cij) =1, U(y1) =1, U(y2) =2,

then w(az) = w(by) = w(ez) = w(y2) and there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

lz;) = la;) = 1(bi) = U(c;) = U(bij) =1, Uys) =2, lcyy) =1, Illcz1) =1, Il(c22) =2,

then w(zy) # w(z2), w(y;) # ((w(a;) = w(b;) = w(e;)). Based on that we have the lower bound

Xlis(Pm Q S3,n) > 6.
After that, we will find the upper bound of xy;s(Pp (O S3.n)-
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Furthermore, we define I : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:
W) =1, ) =2, Ua)=1, Ub)=1, Ue;))=1, IUaiz) =1, U(b;;)=1,
(o) = {1, fOI‘Z::1 andj::LQ or for i =2 and j =1,
2, fori=2and j=2.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
() = {12, for z =1,
13, fori =2,
w(y) =4, w(a;) =5, w(b;) =5,
@0 s
w(aij) =2, wby) =2, w(cy)=2.
The upper bound is true: xiis(Pm O S2.n) < 6. S0 Xiis(Pr O S2,,) = 6 for m =2 and n = 2.

Case 4: m =2 and n > 3.
First step here is to find the lower bound of V(P,, (O S3,). Based on Lemma 1, we have

Xlis(Pm @ S3,n) > X(Pm @ S3,n) =3.
Assume xis(Pp, (O S3.,) = 5, if

Uai) =Ubi) =U(c;)) =U(y:) =1, Uaij) =Ubi) =1, Ueyy)=1, i=12 1<j<n-1
l(CZ'j) == 2, 1= 1,2, j =n,

then w(z1) = w(x2), then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

Wzi) = Uaig) = 1U(bij) =1, ep)=1, i=1 1<j<n, i=2 1<j<n-—1,
l(CZ‘j) :2, i:2, j:’I’L,
then w(z1) # w(z2),w(y;) # (w(a;) = w(b;)) = w(c;)). Therefore we have the lower bound

Xlis(Pm Q SB,n) > 6.
After that, we will find the upper bound of xy;s(Pp (O S3.)-
Furthermore, we define [ : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:

l(xl) = 1, l(yz) = 1, l(al) = 1, l(bz) = 1, l(CZ) = 1, l(ai]’) = 1, l(sz) = 1,
ler) 1, fori=1land1<j<norfori=2and1<j<n-—1,

Cii) =

! 2, fori=2andj=n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

3n+5, fori=1,

w(z;) = .
3n+6, fori=2,

w(a;)) =n+1, fori=1,2,

w(b;) =n+1, fori=1,2,
n+1, fori=1,

w(c;) = .
n+2, fori=2,

w(aij) =2, w(sz) =2, ’U)(Cz‘j) = 2.
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The upper bound is true: xis(Pm ) S3.5) < 6. So Xiis(Prm () S3,,) =6 for m =2 and n > 3.

Case 5: m =0 (mod2) m >4 and n = 2.

First step to prove this theorem in this case is to find the lower bound of V (P, (9 S3.,). Based
on Lemma 1, we have xis(Ppm (O S3.n) > X (P ) S3.5) = 3.

Assume xjis(Pp O S3.,) = 6, if

lai) = Ubi) = U(ei) = Uyi) = 1, Uayy) = Ubij) =1, l(eiy) =1, i=1,3 (mod4),
j=12, i=0(mod4), j=1,2, Il(cg;)=1 i=2 (mod4),
j=1, llcj)=2, i=2(mod4), j=2,

then w(y;) = w(a;). Then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

Wai) =1, Uai) =Ub) =Uei) =1, Uyi) =2, Uaig) =1U(b) =1, Iey) =1,
i=0 (mod2), j=1, z;ém i=1,3 (mod4), j=1,2, l(cl-j):2,
i=0 (mod2), i#m, j=2,
then w(z;y1) # w(zip2; w(y;) # w(a;). Therefore we have the lower bound x;is(Pm (O S3.,) > 7.

After that, we will find the upper bound of xy;s(Pp (O S3.n)-
Furthermore, we define [ : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:

l(mz) = 1, l(yl) = 2, l(a,) = 1, l(bl) = 1, l(Cz) = 1, l(aij) = 1, l(b”) = 1,
1, fori=1,3 (mod4) and j =1,2 or fori =m and j = 1,2 or
lcij) = for i =0 (mod2), i #m and j =1,

2, fori=0 (mod2), i #m and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

12, fori=1,m,
w(z;) = 913, fori=1,3 (mod4), i #1,
14, for i =0 (mod?2), i # m,
=4, w(a) =5, wb) =5,
{ for i = 1,3 (mod4),
for i =0 (mod?2), i #m,
w(a;j) = w(bij) =2, w(cy) =2,

The upper bound is true: Xjis(Pp (O S3,0) < 7. S0 X1is (P (O S3.,) = 7 for m =0 (mod 2); m > 4
and n = 2.

Case 6: m=1,3 (mod4), m >5 and n = 2.
First step here is to find the lower bound of V(P,, () S3,). Based on Lemma 1, we have

Xlis(Pm @ S3,n) > X(Pm @ SB,n) = 3.
Assume x;i5(Pp, (O S3.,) = 6, if
Wag) = Ubi) = Uci) =Uyi) =1, Uay) =Uby) =1, Uciy) =
i=1(mod4), j=1,2, i=0(mod2), j=12, I(cj)=
i=3(mod4), j=1, Ilcj) =2, i=3(mod4d), j=2,
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then w(y;) = w(a;), then there are 2 adjacent vertices that have same color, it contradicts to
definition of vertex coloring. If

) =1, U ai) =1U(bsj) =1, (CU) 1, i=1,3 (mod4),
j=12, i=0(mod2), j=1, I(cj) =2, =0 (mod2), j=2, I(y;)=2,

then
w(Tit1) # w(Tive, w(y) #wla), w(y)#wbi), wy)#w(c)

We have the lower bound x;is(Pm ) S3.n) > 7.
After that, we will find the upper bound of xy;s(Pp (O S3.5)-
Furthermore, we define [ : V(P,, () S3.,) — {1,2} with vertex irregular 2-labelling as follows:

1, fori=1,3 (mod4)and j =1,2 or
l(cij) = for i =0 (mod?2), i #m and j =1,
2, fori=0 (mod2), i #m and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

12, fori=1,m
w(z;) = 13, fori=1,3 (mod4), i # 1,m,
, fori=0 (mod 2),
(yi) =4, w(a;) =5, w(b;) =5,
_J5, fori=1,3 (mod4), i=1,m,
wle) = {6, for i = 0 (mod 2),
) =

w(ag; w(bij) =2, w(cy) =2.

The upper bound is true: xus(Pn (O S3n) < T. So Xiis(Pn (O Ss,) = 7 for
m=1,3 (mod4); m >5and n =2.

Case 7: m =0 (mod2) m >4 and n > 3.
First step to prove this theorem is to find the lower bound of V (P, (O S35,). Based on Lemma 1,
we have s (P O S3.n) > X (P O S3.0) = 3.

Assume x5 (P, (O S3.,) = 6, it is true if
o) = 1(0) = Ue) = 1) = Uaw) =1(0) =1, U(e) =1 1<i<m,
then w(z;41) = w(z;+2), then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If
Wzi) =1, Uagy) =U(biy) =Uy) =1, Iley)=1, i=1,3 (mod4), 1<j<n,
i=0(mod2), i#m, 1<j<n-1, i=m, 1<j<n, I(c;)=2, i=0 (mod2),
i 7& m, 1 7& m, J=n, ’U)(,Ilqu) 7& w(xi+2)’

we have the lower bound of xjis(Pp (D S3,) > 7. After that, we will find the upper bound
Xlis(Pm @ S3,n)-
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Furthermore, we define I : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:
1, fori=1,3 (mod4) and 1 <j <nor

fori=0 (mod2), i#m, and1 <j<n-—1or

fori=m, and 1 <j <mn,
2, fori=0 (mod2), i #m and j =n.

Ueiy) =

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1,m,
w(z;) =4 3n+6, fori=1,3 (mod4), i#1,
3n+7, fori=0 (mod2), i #m,
w(y;) = 4,
w(a;)) =n+2, forl<i<m,
w(b))=n+2, forl<i<m,

n+3, fori=0 (mod2), i#m,
w(ag) =2, wby) =2, wlc;)=2,

The upper bound xiis(Prm ) S3,n) < 7. S0 x1is(Pn (O S3.,) = 7 for m =0 (mod 2); m > 4 and
n > 3.

{n +2, fori=m, or fori=1,3 (mod4),
w(ci) =

Case 8: m =1,3 (mod4), m > 5 and n > 3.

First step to prove the theorem in this case is to find the lower bound of V' (P, () S3,,). Based
on Lemma 1, we have xis(Prm O S3.5) > X (P O S3.5) = 3.

Assume x;is(Pp (O S3.,) = 6, if

Wzi) = Wyi) = Uay) = Ubig) = Ucij) =1, Uai) =1(b:i) =1, Uc;) =2,

then w(z;41) = w(wis2). Then there are 2 adjacent vertices that have same color, it contradicts
the definition of vertex coloring. If

Wai) = 1(a;) = U(bi) =1(c;) =1, (aiz) =U(bij) =1(yi) =1, Ueyj) =1, i=1,3 (mod4),

1<j<n, i=0(mod2), 1<j<n-1, I(¢;)=2, i=0(mod2), j=n,

then w(zit1) # w(zi12). Based on that we have the lower bound x;is(Pp (O S3.,) > 7.

After that, we will find the upper bound of xy;s(Pp (O S3.n)-
Furthermore, we define [ : V(P,, (O S3,) — {1,2} with vertex irregular 2-labelling as follows:

1, fori=1,3 (mod4), and 1 <j <nor
leij) = fori =0 (mod2), and 1 <j<n-—1,
2, fori=0 (mod2), and j = n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1m,
w(z;) =< 3n+6, fori=1,3(mod4), i+#1,m,
3n+7, fori=0 (mod?2),
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w(a;)) =n+2, for 1 <i<m,
w(b;)) =n+2, for 1 <i<m,

() n+2, fori=1,3 (mod4),
wlc;) =

n+3, fori=0 (mod?2),
w(aij) =2, w(bm) =2, ’U)(Cz‘j) = 2.

The upper bound is true: x;is(Pp () S35) < 7. So Xiis(Prn () S3,n) = 7 for m = 1,3 (mod4),
m >5and n > 3. O

3. Conclusion

In this paper, we have studied the coloring of the vertices of the local irregular corona product by
the graph of the family tree. We determined the exact value of the local irregular chromatic number
of the corona product from the graph of the family tree, namely X;is(Pm O Cpn), Xiis(Pm © S2.n)
and Xlis(Pm @ SS,n)-
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Abstract: A class of time-optimal control problems in three-dimensional space with a spherical velocity
vector is considered. A smooth regular curve I' is chosen as the target set. We distinguish pseudo-vertices that
are characteristic points on I and responsible for the appearance of a singularity in the function of the optimal
result. We reveal analytical relationships between pseudo-vertices and extreme points of a singular set belonging
to the family of bisectors. The found analytical representation for the extreme points of the bisector is taken as
the basis for numerical algorithms for constructing a singular set. The effectiveness of the developed approach
for solving non-smooth dynamic problems is illustrated by an example of numerical-analytical construction of
resolving structures for the time-optimal control problem.

Keywords: Time-optimal problem, Dispersing surface, Bisector, Pseudo-vertex, Extreme point, Curvature,
Singular set, Frenet—Serret frame (TNB frame).

1. Introduction

This study continues the series of works by the authors on the development of methods and
algorithms for constructing solutions to time-optimal control problems with a constant velocity
vector and various geometry of target sets [6, 19]. Previously accumulated experience in solving
plane problems [13] was transferred to three-dimensional space [3, 14], expanded, and supplemented
with new methods and constructions. In this paper, the authors consider a time-optimal control
problem in which a sufficiently smooth regular spatial curve is chosen as the target set. The optimal
result function is not differentiable over the entire domain of consideration [2]. A combined approach
is applied in its construction, which combines analytical methods for identifying the features of the
solution of the problem and numerical algorithms for constructing the solution as a whole. To find
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singularities of the optimal result function, elements of differential geometry are used, in particular,
the moving Frenet frame and the main invariants of space curves [9, 10]. Also, a significant role in
the constructions is played by the angular characteristic of the point’s nonconvexity with respect
to the target set and its measure of nonconvexity [16]. The measure of the non-convexity of a
set determines the nature of the breaks in the wave fronts generated by this set [1]. The wave
fronts in the problem under consideration coincide with the level surfaces of the optimal result
function [4]. The key element in constructing a solution is the selection of a singular set — the
bisector of the target set [7]. In the problem under consideration, the bisector generally consists
of the union of two-dimensional, one-dimensional, and zero-dimensional manifolds [11, 12]. The
simulation of the non-smooth solution of the problem was carried out with the help of modernized
computational procedures, previously created for solving flat problems of time-optimal control [18].
The developed procedures can be used in constructing generalized solutions of first-order partial
differential equations [15], as well as in theoretical mechanics, geometric optics, seismology, and
economics [5].

2. Problem statement

The paper is devoted to the study of a time-optimal problem for a 3D system consisting of a
single point with the speed limited as follows:

x e U(0,1) C R, (2.1)
where Ul(c,r) is a ball in R? centered at a point ¢ of radius r > 0,
.dx
x = x(7) 2 (x(7),y(7),2(1)), *= dr’

and 7 is a scalar interpreted as time. For an arbitrary point x, the optimal trajectory is a line
segment connecting it to the nearest point in the Euclidean metric of the target closed set A C R3.
The optimal result function [17] is

u(x) = plx, 4) £ min |x - al|.

The time-optional problem under consideration is tightly connected with the Hamilton—Jacobi
differential equations

0 0 0
min (vl—u + g vg—u> +1=0 (2.2)
(Ul,vg,vg)GU(O,l) Y VA

() ()

ulpa =0, (2.4)

and Eikonal equations

with a boundary condition

where 0A is the boundary of A.

The restriction of the optimal result function u = u(z,y, z) to the closure cl(R3?\ A) of the set
R3 \ A coincides with the generalized (minimax) solution of the Dirichlet problem [15] for equa-
tion (2.2) with a boundary condition (2.4). A more detailed proof for an arbitrary finite-dimensional
Euclidean space is given in [6]. The fundamental (generalized) solution wuy(x) of the Dirichlet prob-
lem for equation (2.3) with boundary condition (2.4) (introduced by S.N. Kruzhkov [5]) is equal to
the function u(x,y,z) on R3\ A in absolute value but has the opposite sign:

uk(x7y) = _p((xaya Z)7A)
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It should be noted that equation (2.3) is used to describe light propagation in a homogeneous
medium, provided that the speed is normalized and reduced to 1. The wave front at the time point
7 > 0 coincides with the level surface

d(1) 2 {x € R3: u(x) =7}

of the optimal result function u(x). In the whole space R?, the function u(x) satisfies the Lipschitz
condition with the constant L = 1.

3. Basic notation and definitions

Let A C R? be a closed set in R®. We denote by £24(x) the union of all points closest to x in
the set A.

Definition 1 [19]. A set
L(A) 2 {x € R’: cardQa(x) > 1}
is called a bisector of a closed non-empty set A.

Here, card Q4(x) is the cardinality of the set 4(x).

The bisector is a specific case of a symmetric set on which the wave front loses its smoothness [1].
In English academic sources, similar sets are termed as “conflict set” [13], “symmetry set”, and
“medial axe” [3]. Their geometric properties in 3D space were studied, for example, in [14]. Some
topological properties of non-smooth wave front sets in Euclidean spaces of small dimensions (2 to 6)
were investigated by V.D. Sedykh in [11, 12].

According to control theory, L(A) is classified as a dispersing surface [4, ex. 6.10.1] in the time-
optimal problem for dynamic systems (2.1). More than one optimal trajectory directed differently
to the surface, e.g., line segments [x,y;], i = 1,k, where y; € Qa(x), k = card Q4(x), originates
from each of its points. This determines that the optimal result function u(x) is non-differentiable
on the set L(A). It should be mentioned that, for u(x) as a function of the Euclidean distance,
the superdifferential D" u(x) is defined at points x € L(A), for more details see [2, Ch. II, Sect. S
8]. The value D u(x) is used in [6] to prove that the function restriction to the set R?\ A is a
generalized solution of the Hamilton—Jacobi equation (2.2).

Definition 2 [7]. Non-coinciding points y; € A and yj € A are called quasi-symmetric if
Ix € L(A): {y;,y; } CQax).
In this case, the point x is called generated by the pair of points'y; and y;r.

Definition 3 [19]. The point y is called a pseudo-vertex of the set A if there exists a sequence
of pairs of quasi-symmetric points {yi_, yf}zl C A and a sequence of points x; C L(A), for which
the following conditions hold:

VieN {y;, yi} CQax)
and

lim {y7", 7"} = {yo,vo}-
If there is an additional limit

lim x; = xq,
1—>00

then, xq is an extreme point of the bisector corresponding to the pseudo-vertex yg.
Remark 1. The union of the bisector’s extreme points forms the edge of the surface coinciding

with the closure of L(A). In general, the dispersing surface is not a closed set, and the extreme
points do not belong to it, but they determine its geometry.
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4. Singular set characteristics

Hereinafter, we consider the case of a set A whose boundary I' is a curve defined by the
parametric equation:

={rt)eR*: teT}, (4.1)

where T C R is a closed connected interval.
Condition 1. We assume that the vector-valued function r(t) is three times differentiable on T,
and the following biregularity condition is satisfied:

veeT [X'(t),r"(t)] #0, (4.2)

where [+, -] is the vector product, whereas the function r(t) satisfies a Lipschitz condition.
Condition (4.2) ensures that, for any ¢ € T, a TNB frame [9] consisting of three unit vectors is
defined:

o T
N OTN (43)
o PO @] )
20 = i), @) O] (44
0. (0)
&) = 1w, o] (45)

According to the classification used in differential geometry, e;(t) is a tangent unit vector, es(t)
is a normal unit vector, and e3(t) is a binormal unit vector. The curve I' is characterized by two
parameters at a point. They are its curvature

_ @), e @]
S RTGIE o
and torsion , 1 m
(r'(t),x" (1), £ (2)) (4.7)

A= or o

Here (-,-,+) is a triple scalar product.
Definition 4. The line

V(t) = {r(t) + k' (H)ea(t) + Les(t) e R*: £ € R} (4.8)
is called conjugate to the curve (4.1) at the point r(t).

The biregularity condition (4.2) ensures that, for any ¢, the curvature is defined and has a
non-zero solution. Hence, the conjugate line (4.8) is also defined. It should be noted that a normal
at the point r(t) is to be constructed as

={z € R3: (z—r(t),r'(t)) =0}, (4.9)
whereas the wave front ®(7) generated by the point r(¢) falls partly inside the circle:
O(t,7) =0U(x(t), 7) N P(t), (4.10)

where 7 > 0.
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Lemma 1. If a sequence of pairs of quasi-symmetric parameters {t;,t;r}fil C T, a sequence

of points {x;}2°, C L(I"), a parameter ty € T, and a point xo € L(T") satisfy the conditions

Vi e N {r(t;),r(t;])} € Qr(xi), (4.11)
lim {t;", "} = {to, to}, (4.12)
1—>00

lim x; = x, (4.13)
1—>00

then the following relation is true:

lim ({(x; —r(t;),ex(t;)) —k7'(t;)) =0. (4.14)
1—00
Proof. Consider a Frenet-Serret frame (trihedron). We should note that if

T(s) = (ZT(s),7(s),Z(s)) is a vector-valued function that is three times differentiable on the interval
S C R and defined by a natural parameter (arc length) s > 0, then the following Taylor expansion
is true for any s € S and sufficiently small increments of As:

1 1
T(s + As) =7(s) + T (s)As + §f/I(S)AS2 + EF///(S)AS?’ + o(As?). (4.15)

Here, o(0) is a vector-valued function with ||o(d)|| = 0(d); o(d) being an infinitesimal with a higher
order of smallness with respect to § € R.

Consider a classical orthonormal Frenet—Serret frame {€;(s),€2(s),€3(s)} and specify the co-
ordinates of the vector F(s + As) = (T(s + As), F(s + As),Z(s + As)) based on (4.15) (for more
details, see [10, Ch. 5]):

(s + As) =T(s) + As — E2(3)As3 + o(As?),

2

1-— 1
y(s+ As) =7y(s) + §k(s)A32 + gk'(s)As?’ + o(As?),

—_

25+ As) = 2(s) + cR()7(5)As” 4 0(A5°),

where k(s) and 3(s) are the curvature and torsion of the curve at the point ¥(s).
In what follows, to achieve the result stated, it is sufficient to use only the lower terms of the
above expansions:

T(s + As) = T(s) + As + o(As),
y(s+ As) =7(s) + %E(S)ASQ + o(As?),

1
Z(s+ As) =Z(s) + Ek(s)ﬁ(s)Asg + o(As®).
Let us turn to the original curve described by means of the parameter ¢ € R. We have

r(t) = 7(s(1)),

where
s'(t) = ' ()]-

The coordinates of the vector

r(t + At) = (x(t + At),y(t + At), z(t + At)),
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where

r(t+ At) 2T(s(t + At)) = (T(s(t + At)), G (s(t + At)),Z(s(t + Av))) ,
are calculated in the orthonormal basis
{él (S(t)) ) € (S(t)) , €3 (S(t)) } = {el (t)a e2(t)’ 63(75)}
as follows:

x(t+ At) = z(t) + [|r'(t)|| At + o(At), (4.16)

_ Ix'(£)]1* At2k(t)
y(t + At) = y(t) + 5

k() (0) [l (0)]]° At®
6

+ o(At?), (4.17)

2(t 4 At) = 2(t) + + o(At?). (4.18)
Here, k(t) = k(s(t)) and s(t) = 3(s(t)). When deriving formulas (4.16)-(4.18), it is taken into
account that As = §'(t)At + o(At) with At — 0 as As — 0.

Let us relate the moving coordinate system to the point ¢ = ¢;. Provided that At = tj -t
we obtain the following equalities by (4.16)—(4.18):

() = o) + I @) + o), (119)
y(tF) = ylt7) + ZHDIF EIPAL + o(Ar), (1.20)
() = =(t7) + ék(tm(t;)ur/<t;>u3At3 +o(Ar®) (4.21)

Let us calculate the derivatives of the coordinates at the point ¢ = tj up to infinitesimals:

() = ¥ ()l + e(Av), (4.22)
Y (t7) = k(&)X (t)IPAt + o(At), (4.23)
Z(t) = o(At). (4.24)

Here, £(t) is an infinitesimal.
Denote the coordinates of the point x; in the proposed coordinate system by (z,y7, z). By the
conditions, the sequences {tZ 7382, and {x;}3°, are bounded, and the function r(t) is Lipschitz,
>°, is bounded. Therefore,

hence, the sequence {(z},y;, )
Ju>0: VieN |z7|+ |y + |2] < p. (4.25)
Since, by construction, x; € P(t; ), we have
£ =0, (4.26)
On the other hand, if x; € P(t]"), then
(s = 1(E5). 1 () = . (.27

Based on the equality ¢} = ¢; + At and representations (4.19)—(4.21) as well as (4.22)—(4.24), we
can write equality (4.27) in the form

(27 = (|| @&)|| At +o(At))) (||r'@)|| + e(Ab) +

4.28
+ (i = o(an) (|l (15| ke At+o(At)) (2 — o(At))o(At) = (428)
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From (4.25), it follows that |2]| < u; hence zfo(At) = o(At). Therefore, grouping all infinitesimals
of a higher order than At and substituting the value z} from (4.26) into equality (4.28), we can
transform (4.28) to the following form:

— I ) 1PAt 4 yE |2 )| k()AL + o(At) = 0. (4.29)
Let us express yk(t;) from (4.29). Thus, we get the limit relation

13— ||2 _ /(4T 2 _
lim y;k(t;) = lim (7 )H At2 ol&Y) = lim 7 )H At2 ola) = 1. (4.30)
i—00 i—00 Hrl(t;)H At At—0 Hrl(t;)H At

Since, in the adopted coordinate system, the positive direction of the ordinate axis coincides with
the unit vector ex(t; ), we have

i = (ealty )i — 1(t) (4:31)
From (4.30) and (4.31), it follows that
lim {es(t; ), x; —r(t; ))k(t;) = 1. (4.32)

1—00

We move the number 1 to the left side of (4.32) under the limit sign and divide the expression
obtained under the limit sign by k(¢; ) # 0. As a result, we get (4.14). O

Lemma 1 enables formulating a statement about the coordinates of the extreme points generated
by the pseudo-vertex of the spatial curve.

Theorem 1. Let there be a pseudo-vertex r(tg) on the curve (4.1). If the extreme point of the
bisector xg corresponds to the pseudo-vertez r(ty), then the following inclusion holds:

%0 € V(to)- (4.33)

P roof. If xq is the extreme point of the bisector corresponding to the pseudo-vertex r(tg) of
the set I', then Definition 3 implies the existence of a sequence of pairs of non-coinciding numbers
{t7,t7}%°; C T and a sequence of points {x;}2°; C L(I') satisfying the conditions (4.11)—(4.13).
Since it follows from (4.11) that the point x; for any i lies in the normal plane (4.9) (constructed
at the point r(t;")), we have

Vie N (x; —r(t]),r'(t7)) =0. (4.34)

The vector product is a continuous function of two vector variables, and r(t) is a three times
differentiable function. Therefore, it is possible to calculate the value of the limit as follows:

lim (x; —r(t;),r'(t7)) = <'lim x; — lim r(¢;), lim r’(t;)> = (x0 — r(to),r'(t0)) . (4.35)

i—00 1—00 i—00 i—00

According to (4.34) and (4.35), the following equality is true:

<X0 - I‘(to), I‘,(to)> = 0. (436)

The biregularity condition ensures that the curvature (4.6) at any point of the curve is continuous
and strictly positive; hence, the inverse function k~!(¢) is continuous in some neighborhood of t.
Consider the function (4.4). Its numerator represents a composition of vector products of continuous
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vector-valued functions, and the denominator is equal to the norm of the numerator. In this case,
the numerator is different from 0 according to the condition (4.2). Therefore,

lim ((x; —r(t;),ex(t;)) =k 1(t;)) =

1—00
: L - - 4 (4.37)
= (lim x; — lim r(¢; ), lim ex(¢;)) — lim k™" (¢;) = (xo — r(to), e2(to)) — k" (to).
1—00 1—00 1—00 1—00
From (4.14) and (4.37), it follows that
<X0 — I'(to), 82(t0)> - ki_l(t(]) =0. (438)

It should be noted that (4.8) for t = ¢y can be represented as a set of points, for which the following
conditions hold:

Z c P(to) (4.39)

and
(z —r(to), e2(to)) = k™" (to). (4.40)
Equality (4.36) is equivalent to the condition (4.39), and equality (4.38) is equivalent to the condi-
tion (4.40). Hence, (4.33) holds. O

Remark 2. Equations (4.8) and (4.33) for the extreme points of a singular set are generalizations
to three-dimensional equations for the extreme points of a singular set for solving the corresponding
planar time-optimal control problem (see (4.1) and (4.2) from [18]).

Remark 3. Strictly speaking, a Frenet—Serret frame is not unique. Depending on the param-
eters, the vectors (4.3) and (4.5) can be directed differently. However, the vector (4.4) is always
coincides with the direction, in which the curve (4.1) is locally convex in the neighborhood of the
point r(t). Therefore, the equation of the conjugate line (4.8) is an invariant and is determined
solely by certain characteristics of the curve I.

5. Example of solving the time-optimal problem (2.1)

To construct singular sets in 3D space, the authors have upgraded a software package [8],
previously used to solve flat tome-optimal problems. It is based on algorithms for calculating
the parameters ¢t~ and t*, which define pairs of quasi-symmetric points r(t~) and r(¢*) and the
points x € L(I") generated by them. A key element is searching for pseudo-vertices of the target
set. Finding a pseudo-vertex makes it possible, using the results of Section 4, to construct sets
of extreme points of the bisector. These sets help to numerically construct the singular set itself.
The level surface ®(7) of the optimal result function u(x) corresponding to the time point 7 > 0
is constructed as a union of circles (4.10), from which the parts cut off by the bisector L(I') are
removed. For each circle ©(¢,7), t € T, it is required to find out, which arcs on it get into ®(7).

Ezample 1. Consider an example of a time-optimal problem with a target set represented by
the curve (4.1), where the function

3t
r(t) = <cost,sint, COZ ) (5.1)

is defined on T = [0, 27r]. The function (5.1) satisfies Condition 1 and the Lipschitz condition with
constant L = 3. An analysis of its first-order derivatives

r'(t) = (—sint, cost, — sin 3t) (5.2)
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and its second-order derivatives
r’(t) = (—cost, —sint, —3 cos 3t) (5.3)

allows us to prove that the biregularity condition (4.2) holds. We should note that the torsion (4.7)
is not identically zero; hence, the curve I' is not flat. Although, s(t) = 0 is possible at some points
tefT.

Modeling the wave front propagation makes it possible to define that the set (4.1) has six
pseudo-vertices corresponding to the values of the parameter

t1=0, to=m/3, t3=2m/3, ty=m, t5=4n/3, t¢=>5n/3.

According to Theorem 1, the extreme points of the bisector lie on the lines conjugate to I' at
the pseudo-vertices. Fig. 1 shows the curve I' as a purple line, its pseudo-vertices r(t;), i = 1,6,
as bubbles, and the dispersing surface L(I") as the translucent blue surface. The sets of extreme
points W; corresponding to the pseudo-vertices r(¢;), i = 1,6, are found by means of the derivatives
of the vector-valued function of the first-order (5.2) and second-order (5.3):

W, = {(go%) eR3: ¢ e [o,oo)},

Wy = {<¢_§£§ 541) cR3: ¢ e [o,oo)},

2 "3
o= {(- £ 26 156 emiccoa)
W4:{(—§,0,5%) cR3: ¢ ¢ [o,oo},
o= {(~ Lo £ e,
o= { (G- ) e e ooy .

The sets W;, i = 1,6, are shown by red lines in Fig. 1. The embedding W; C V (¢;) is valid for all
i=1,6.

The wave front ®(7) corresponding to the time point 7 = 0.5 (that is, the set of points for
which the optimal result function is equal to 7) is shown in Fig. 2 as a surface with colors changing
from blue to red as they grow along the Z axis. The wave front ®(7) corresponding to the time
point 7 = 1 is shown in Fig. 3.

The dispersing surface is characterized by 6 sheets:

L= {(x,y,z) eR3:z2=¢ y=0, z< 13;5, €€ [O,oo)},
L= {wyne®io= ey =& o5 L cepo),
L3: {(x’y’z) ER?’:x:—g, y:\/ng’ z < 17_5’ 56 [0,00)},

Li={@ys) eR:w=0,y=¢ 2> 2 g o),
L5:{(x,y,z)€R3:x:§,y:—gg, <1T_£a£€[oaoo) >
Lo = {(wn eRo= e - L5 L ce o),
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Figure 1. The curve I', the pseudo-vertices, and the dispersing surface L(T).

All sheets have a non-empty intersection

11
L — L-:{ ER3: 2=0, y=0, z2€(—= —)}
(]_6 7 (w,y,z) T y Y y # ( 37 3

i=1,

We have card(Q2r(x)) = 6 for all points x € L*, and card(Qr(x)) = 3 for all other points
{(z,y,2) eR’: 2 =0, y=0, |2[ >1/3}
on the applicate axis.

Remark 4. The resolving constructions in Example 1 can be considered as a problem solution
for an Eikonal equation with the boundary condition given on the graph of the vector-valued
function (5.1). In this case, wave fronts represent light propagation surfaces in a homogeneous
medium with the source distributed uniformly along the curve I'. The bisector L(T") is the union of
non-smoothness points of the wave fronts due to the fact that the radiation comes from different
points on the curve I'.

6. Conclusion

One class of time-optimal problems in 3D space with a spherical velocity vectogram is investi-
gated in the case of the target set coinciding with a curve I' defined by the parametric equation.
Characteristic points, such as pseudo-vertices responsible for the origin of the singular set L(T"), are
identified. The optimal result function u(x) loses its smoothness on the surface L(I"). Analytical
expressions are obtained for the coordinates of the extreme points of the bisector corresponding
to a pseudo-vertex. The equations are written in terms of the curvature, principal normal, and
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Figure 2. The level surface ®(0.5) of the optimal result function and the dispersing surface L(T").

Figure 3. The level surface ®(1) of the optimal result function and the dispersing surface L(T").

binormal of the curve I'. An example of modeling the construction of a solution to a time-optimal
problem with a closed curve taken as the target set is given. Four pseudo-vertices and the sets Wj,
i = 1,6, of extreme points corresponding to them, which are rays on lines conjugate to L(T), are
found. Based on the sets W;, i = 1,6, a bisector is constructed, which is the union of two plane
sets lying in orthogonal planes and having a common line segment. The level surfaces ®(7) are
constructed at various time points 7. We should note that, in the previously studied problems on
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the plane, only one bisector point can correspond to each pseudo-vertex (or two in a very special
case, e.g., in [7]). In 3D space, an infinite set of extreme points corresponding to one pseudo-vertex
can exist. In the future, it is planned to extend the developed algorithms to solve problems with
more complex geometry.
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Abstract: For a distance-regular graph I' of diameter 3, the graph I'; can be strongly regular for i = 2
or 3. J. Kulen and co-authors found the parameters of a strongly regular graph I'z given the intersection
array of the graph I' (independently, the parameters were found by A.A. Makhnev and D.V. Paduchikh). In
this case, I' has an eigenvalue az — c3. In this paper, we study graphs I' with strongly regular graph I's and
eigenvalue 6 = 1. In particular, we prove that, for a Q-polynomial graph from a series of graphs with intersection
arrays {2c3 + a1 + 1,2c3,c3 + a1 — c2; 1, c2, c3}, the equality cs = 4(t? + t)/(4t + 4 — c2) holds. Moreover, for
t < 100000, there is a unique feasible intersection array {9,6,3;1,2,3} corresponding to the Hamming (or
Doob) graph H(3,4). In addition, we found parametrizations of intersection arrays of graphs with 62 = 1 and
03 = as — c3.

Keywords: Strongly regular graph, Distance-regular graph, Intersection array.

1. Introduction

We consider undirected graphs without loops and multiple edges.

Let T" be a connected graph. The distance d(a,b) between two vertices a,b of I' is the length of
a shortest path between a and b in I'. For a vertex a of ', denote by I';(a) the induced subgraph on
the set of all vertices at distance ¢ from a in I'. Let I' be a graph with diameter d and let a and b be
vertices of I" at distance ¢ (0 < i < d). Then the number of vertices that are at distance j from a
and h from b is denoted by péh(a, b) (0 <i,7,h <d) and is called an intersection number of I'. Note
that péh(a, b) = |I'j(a) NT'h(b)|. Consider the numbers ¢;(a,b) = pg/l,l(a, b), ai(a,b) = piy(a,b), and
bi(a,b) = pi,11(a,b). If the intersection numbers do not depend on the choice of a and b but only
on ¢, then these numbers are denoted simply by p§ p (0<4,5,h < d). In this case, I of diameter d
is called a distance-regular graph with intersection array (bg,b1,...,b4_1;¢1,...,¢Cq)-

If a and b are vertices of the graph I', then we denote by d(a,b) the distance between a and b.
Given a vertex a in a graph I', we denote by I';(a) the subgraph induced by I' on the set of all
vertices at the distance ¢ from a. The subgraph I'y(a) is called the neighbourhood of the vertex a
and is denoted by [a], if the graph I" is fixed.

Let I' be a graph of diameter d and ¢ € {1,2,3,...,d}. The graph I'; have the same set of
vertices, and vertices u and w are adjacent in I'; if dp(u, w) = i. For a subset of vertices Y from T,
we denote by I';(Y) the subgraph with the set of vertices Y in which PI vertices u and w are
adjacent if dp(u,w) = 1.

An incidence system with a set of points P and a set of lines £ is called an a-partial geometry
of order (s,t) if each line contains exactly s+ 1 points, each point lies exactly on t+1 lines, any two
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points lie on at most one line, and, for any antiflag (a,l) € (P, L), there is exactly a lines passing
through a and intersecting [ (the notation is pG,(s,t)).

A point graph of a geometry of points and lines is a graph whose vertices are points of the
geometry, and two different vertices are adjacent if they lie on a common line. It is easy to see that a
point graph of a partial geometry pG, (s, t) is strongly regular with parameters v = (s+1)(1+st/a),
k=st+1), A= (s—1)+ (a—1)t, and p = a(t + 1). A strongly regular graph having the above
parameters for some positive integers «, s, and t is called a pseudogeometric graph for pGy(s,t).

The direct problem in the theory of distance-regular graphs is, given an intersection array,
to find the parameters of a symmetric structure corresponding to a graph with this intersection
array. The inverse problem is finding the intersection array of a distance-regular graph given the
parameters of the corresponding symmetric structure.

If, for a distance-regular graph I' of diameter 3, the graph I's is strongly regular, then, by
[1, Lemma 3], the graph T's is pseudogeometric for pGe,(k, b1 /c2). Conversely, for the graph T,
which is pseudogeometric for pG (I, t), the graph I" has an intersection array {l, tco,l—a+1;1, co, a},
where [ > tcg >l —a+1 and ¢ < a.

Let I' be a non-bipartite distance-regular graph of diameter 3. By [2, Lemma 3.1], the graph
Iy is strongly regular if and only if I" has the eigenvalue 6 = a2 — c3.

The inverse problem was solved by A.A. Makhnev and D.V. Paduchickh. Let I" be a distance-
regular graph of diameter 3, for which I'y is a strongly regular graph with parameters (v, K, A, i)
and eigenvalues k, r, and —s. Then for x = by +ca < rs and pz # rs(r+1)(s—1) the parameters of
the intersection array of the graph I' are expressed in terms of , u,r, —s, and z ([3, Theorem 2]).

We continue the study of distance-regular graphs I' of diameter 3 with strongly regular graph I'y
and eigenvalue 6, = 1.

The following result is obtained in [2, Lemma 4.5].

Proposition 1. Let I' be a non-bipartite distance-reqular graph of diameter 3 with eigenvalue
0y = as — c3 = 1. The following statements hold:

(1) the eigenvalues 01 and 03 are integer, 61 + 03 = ay;
(2) es(ca+2) = — (01 +1)(05 +1);

(3) T has the intersection array {2cs + a1 + 1,2¢3,c3 + a1 — c251, ¢a,¢c3}.

By Proposition 1, the graph I' with 6 = a3 —¢c3 =1 and n = a% + 4(c2 + 2)c3 + 4a; + 4 has
non-principal eigenvalues 1 and a;/2 + y/n, where the multiplicity of 1 is equal to

(20,1 —c9 +4cg + 2)(0,1 + 2c3 + 1)03/(0203 + 2a1 + 203).
This implies that n is a square and the multiplicity of a;/2 + /n is equal to

4(2a1 — co + 4z +2) (a1 — ez + c3)(a1 + 2¢3 + 1)(a1 + 2¢3)/((2a] — aies + 2aies
+8ajcocg — 40503 + SCQC§ + \/E(Qa% — ajca + 2a1c3 + 2903 + 2¢9)
—i—8a% —4daqco + 24a1c3 — 8cocg + 16’c§ + 8ay — 4cy + 803)02).

Theorem 1. Let D' be a Q-polynomial distance-regular graph of diameter 3 with strongly reqular
graph Ta. If T has an eigenvalue 0 = ag — c3 = 1, then c3 = 4(t> +t)/(4t + 4 — c3) and T has the
intersection array {(c3 +4cy +4t+4)(t+1)/(4t+4—c3),8(t+ 1)t/ (4t +4—c3), (ca +t+2)c3 /(4L +
4—c3);1,e0,4(8 + 1)/ (4t +4—c3)}.
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For ¢t < 100000, there is only one feasible intersection array {9,6,3;1,2,3} (t = co = 2)
corresponding to the Hamming graph H(3,4) or the Doob graph with the same parameters.

We found parametrizations of distance-regular graphs of diameter 3 with eigenvalues 6y = 1 #
63 = as — C3.

Theorem 2. Let I' be a distance-reqular graph of diameter 3 with strongly regular graph T's.
IfT has the eigenvalue 63 = 1 # ag — c3, then I' has the intersection array {(2n+7r)t+1,2(n—1)t,
rt—1);1Ln+r+1,2nt} or {2n+r)t+n+r+1,(n—1)(2t+1),r(2t—1);1,n+2r +1,n(2t+1)}.

The following examples of graphs with eigenvalues 62 = 1 £ 03 = as — c3 are known:

(1) {21,10,3;1,6,15}, half 7-cube with spectrum 211,97, 12} —33° v = 1421 +35+7 = 64, and
Iy is a graph with parameters (64, 35, 18,20);

(2) {111,88,9;1,12,99} with spectrum 111%,218 1444 9407 4 — 1 4 111 + 814 + 74 = 1000,
and I'y is a strongly regular graph with parameters (1000, 814,663, 660).

For graphs from Theorem 2 for n < 350,¢t < 1000, we have only feasible intersection arrays
{21,10,3;1,6,15}, {111,88,9;1,12,99}, {561,448, 54;1,12,504}, and {561, 448,75;1,21,480}.
2. Proof of Theorem 1

Let I" be a @-polynomial distance-regular graph of diameter 3 with eigenvalue 65 = as —c3 = 1.
By Proposition 1, the graph I' has integer eigenvalues.

Lemma 1. a; = (ca + 2)c3/t —t — 2 for some positive integer t.

Proof Wehave
(a3 4 4(cy 4 2)cs + 4a; +4) = u?,

where w is a positive integer. Solving the Diophantine equation
u? — (ay 4 2)% = 4(cy + 2)cs,

we get
u=(c2+2)e3/t+t, a1 = (ca+2)cg/t—t—2

for some positive integer ¢. ]
Lemma 2. The inequality cs > t holds.

Proof. Wehave
k= (0203 + 2c3t — t2 + 2¢3 — t)/t,

hence
(0203 + 2c3t — t2 + 2¢c3 — t) > 0.
Further,
ks = 2(0203 + 2c3t — t2 + 2¢3 — t)(CQ +t+ 2)(03 — t)/(02t2)7
hence c3 > t. O

Lemma 3. The graph I' is not Q-polynomial with respect to Es.
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P r o o f. Suppose that I' is a @Q-polynomial graph with respect to Eo. Then, by [4], the equality

—2(cacs + 2e3t — 1% 4 2c3 — 2t)(cg + 2t + 2)(2¢3 — t)(c3 4+ 1)/ ((c2e3 + 2¢5 — 2t)(t + 2)1)
—(0203 + 2c3t — t? + 2¢3 — Qt)(CQ + 2t + 2)(203 — t)(C;J, + 1)/((0203 + 2¢3 — Qt)(t + 2)t)

holds and either ¢ = (¢? + 2t)/(ca + 2t + 2), or c3 = t/2, or c3 = —1.
In any case, we have a contradiction. O

Lemma 4. If T is not Q-polynomial with respect to Ey, then cg = 4(t* +t)/(4t + 4 — c3).

Proof. Let I' be a Q-polynomial graph with respect to E;. Then, by [4], the following
equality holds:

—(cgcg — st — cpest? + 402C§ — degest + 2e5t? — 263 + 40% — 4est)(cacs + 2cst
—t% 4 2¢3 — 2t)(ca + 2t + 2)(2¢3 — 1)/ ((cac3 + 12 4 2¢3) (cacs + 2¢3 — 2t)eot?)
—(c3c3 4+ 4c3c3t — Bescht? + 4c3c3t? + caest® — 10c3cat3 + dckest? — deocht?

—|—40263t5 + 8¢5 — 6e3c3t + 24c3cat — 4253t + 16cacit® + 16¢5cat® — 40cacit?

+24cocatt 4 24c5¢3 — 36¢3c3t + A8cocht 4+ 12c5c3t? — 108cacit? + 16¢3t2
+68coc3td — 40c3t3 — 8ot + 32¢3t — 815 + 32065 — T2¢oc3t + 3265t + 48cycst?
—88c3t? — 8cot? + 80c3t — 24t + 16¢5 — 48¢3t + 48c3t? — 16t3)(cacs + 2c3t — 12 + 2¢3
—2t)(2¢3 — t)/((0203 + 2c3t — 2t% + 2c3 — 2t)(cacs + t2 + 2¢3)(cacs + 2c3 — 2t)02t2).

Hence,

c3 € {4(t® +1)/(4t +4 — c3), (2t% + (2 + 2t)co + 42 + 48) /(5 + 2co(t + 2) + 2% + 4t + 4),
(t* +2t)/(co + 2t +2),1/2t}.

The latter three cases contradict Lemma 2. O

Theorem 1 is proved. O

3. Proof of Theorem 2

Let I' be a non-bipartite distance-regular graph of diameter 3 with eigenvalues
0120,1—1, (9221, 03:a2—03.

By [2, Lemma 3.1(v)], we have by = (a2 —c3+ 1)cs/(az — ¢3). This implies the following statement.

Lemma 5. One of the following equalities holds:
(1) ¢3 = (c3 — ag)m, where m is a positive integer not exceeding 1;
(2) k=by+co+ecg+1;

(3) k=by+co+c3—1.
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In the second case, we have ay —c3 = 1. In the third case, we have as —c3 = —1, a contradiction
with [2, Lemma 3.1(b)].
Hence,

c3 = (cg —ag)m, asm=cs(m—1), ay=(m—1)n,

b1 = mn — m for some positive integer n greater than 1.
The non-principal eigenvalues a; — 1 and 1 are roots of the quadratic equation

x2—(bg—l—Cg—l—m—n—l)x—i—ch—(m—l)n—bg—CQ:0.

Hence,
ai=k—ay+m-—-n-—1
and
ap—1=com—(m—1)n—k+ as.
Hence

k=a+1+mn—m, k+a —1=com, 2a; =m(ca—n+1).
If m =2t, then co =n+r+1, a; =t(r+2), by =2t(n — 1), and I' has the intersection array
{t2n+r)+1,2t(n — 1), 7t —r;1,n+r+ 1,2nt}
and the non-principal eigenvalues rt + 2t — 1,1, and —n of multiplicities

Cnt+rt+n+1D)2nt+rt+1)2n+7)(t—1)(n—1)/((rt +n+2t = 1)(rt + 2t — 2)(n +r + 1)n),
Cnt+rt+n+1)2nt+rt+1)(nt—t+1)(n—1)r/((rt+2t —2)(n +7r+1)(n+ 1)n),
22nt +rt+1)(nt —t+1)2n +r)t/((rt + n+ 2t — 1)(n + 1)n),

respectively.
If m =2t + 1, then

co=n+2r+1, a=Q2t+1r, by=2t+1)(n—-1),
and I' has the intersection array
{@t+D)(n+r—1)+1,2t+1)(n—1),2rt —r;1,n+2r +1,2nt + n}
and the non-principal eigenvalues (2t + 1) + 2¢,1, and —n of multiplicities

@nt+2rt+2n+r+1)2nt+2rt+n+r+1)(n+r)(n—1)2t —1)/((2rt +n+r+2t)
X(2rt+r+2t—1)(n+2r +1)n),
Cnt+2rt+2n+r+1D)2nt+2rt+n+r+1)2nt+n—2t+1)(n—1)r/((2rt+r+2t—1)
X(n+2r+1)(n+ 1)n),
@nt+2rt+n+r+1)2nt+n—2t+1)(n+r)2t +1)/((2rt + n+r+ 2t)(n + 1)n),

respectively.
Theorem 2 is proved. O
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Abstract: The mosquito life cycle is developed mathematically with the concept of difference equation. The
qualitative properties of the life-cycle are analyzed. The Lyapunov function is defined for difference equation
to stabilize the system of mosquito life cycle. A novel technique is applied for deriving stability criterion,
especially the back-stepping control technique is applied for discrete time system. The bifurcation analysis is
also furnished for the model of mosquito life cycle. The new technique is applied in the mosquito life cycle
model and its results are examined through MATLAB.

Keywords: Difference Equation, Mosquito, Bifurcation, Equilibrium, Strict Feedback.

1. Introduction

Research on mosquito epidemiology is imperative for the society. All over the world, all gov-
ernments can pay more attention to mosquito epidemiological research. [1, 2, 4].

Many researchers developed a mathematical model of Plasmodium Life Cycle in Hepatocyte,
mosquito midgut malaria transmission, HIV transmission, nitrogen cycle etc., in which the authors
explore the complexity, bifurcation and analyze the stability of their model by the presence of an
equilibrium point of the system [5, 6]. By constructing suitable conditions through the Lyapunov
function, local and global stability analysis are discussed [7-9]. The difference equations have a long
journey on the discrete time models of population dynamics [3]. These equations describe typically
autonomous, discrete time dynamics and assume that there is only a temporary change in vital
rates due to dependence on population density. An individual’s important behaviour and activities
can similarly change and fluctuate. Such kind of explicit dependencies on time can be modelled
by using the difference equation. In the recent years, the difference equations have received more
attention in the mathematical areas.

This paper is devotes a mathematical study of mosquito life cycle. The difference equation
concept is utilized to construct the model. A novelty is involved in the derivation of stability
conditions. Earlier researcher have not considered such type of Lyapunov function for difference
equation. Section 2 describes the mathematical model for the mosquito life cycle under difference
equation. Section 3 contains the discussion on equilibrium point position. Sections 4 includes the
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bifurcation analysis of the system of difference equation for the mosquito life cycle. In section 5
we investigate the stability analysis for the system with the conditions of Lypanouv stability, also
related results are presented and finally, Section 6 describes the conclusion.

2. The mathematical model

The mathematical model for the Anopheles mosquito life cycle is described by the system of
equations with the following assumptions.

e The total population of Anopheles mosquito life cycle consists of four forms, namely, adult,
egg, larva and pupa.

e In every stage, the natural death rate p is considered to be uniform.

e Let N denote the existing population, where ¢ is natural birth rate at adult stage.
e 17 is the number of population existing at initial stage.

e 15 is the number of eggs.

e 13 is the population of larva.

e 14 is the number of pupa.

The following Figure 1 shows the flow diagram of Anopheles mosquito life cycle.

Figure 1. The flow diagram of Anopheles mosquito life cycle

The Anopheles mosquito life cycle is given by the following system of difference equation:

rin+1) = (N—p—a)z1(n)+0 z4(n),

zo(n+1) = axzi(n)—(u+B) x2(n), (2.1)
ws(n+1) = B za(n)— (ut é+) w5(n), '
za(n+1) = yas(n)— (p+9) za(n),

where

e z1(n+1), za(n+ 1), x3(n + 1), z4(n + 1) respectively are the difference equation at each
stage,

e «, (3, v, 6 are the respective rates of growth from one stage to another stage.
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3. Analysis of equilibrium position

The equilibrium points are essential for analysing epidemiological dynamics which revolves
around the equilibrium points. In epidemiology, the equilibrium point is a condition in which some
identified or non-identified epidemiological form is balanced.

The epidemiological equilibrium points are unchanged from the epidemiological structure [10,
11]. They arise as a combination of corresponding epidemiological variables.

In mosquito epidemiology, adult, egg, lava and pupa are identified as key variables. The equi-
librium points are obtained by means of relations

zi(n) = —(N%W)m(n)),
i) = ~(Foata ) @) (3.1)
;) a(n).

win) = _( yad
’ (h+B)(N—p—a)(u—¢+~

If the pupa x4(n) state growth is equal to same arbitrary constant then the equilibrium points
differ for following cases:

Case 1: If the arbitrary constant y = 0, then the four states of anopheles mosquito life cycle
such as adult x1(n), eggs x2(n), larva x3(n) and pupa x4(n) are zero, which implies that a
zero-equilibrium point.

Case 2: If the pupa growth rate is non-zero, also if
x>0, N—p—a>0, pu—9¢+~v>0, pu+p>0,
then x3 = —c¢1, 9 = —co, 1 = —c3, and so E = (—c3, —ca, —c1, ¢4) is an equilibrium solution.

Case 3: If
x<0, N—p—a>0, pu—¢+v>0,

then z3 = ¢y, x9 = ¢g, 1 = ¢3, and so F = (c3,c¢2,c1, —c4) is an equilibrium solution.

4. Bifurcation analysis

The purpose of bifurcation analysis is to study a dynamical system with respect to the trajectory
represented by system, the occurrence of an equilibrium point and the stability properties of the
equilibrium point, when changes occur in a certain parameter of the system of equations. The
bifurcation analysis is carried out by linearizing the system of equations.

The Jacobian matrix is obtained as

(N—p—a) 0 0 5
o —(n+8) 0 0
0 B —(n—0d+7) o | “1)
0 0 ot —(n+9)

The characteristic equation of the above Jacobian matrix given by the equation (4.1) is obtained
as

AN+ A3 + A2 + AU\ + A5 =0,
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where
A =1,
Ao=a—N+b+~v+d+4u— ¢,
As3=N¢p—Nyv—Nd—3Np— NB+af +ay+ad+ v+ 3ap+ Bd— ap + 38u
+ 70 — B+ 3yp + 30u — 6 — 3ue + 6%,
Ay =3ap® —3Nu? 4+ 36> + 3yu® 4+ 30u% — 3¢+ 4> — Ny — NBd — 2N Bu
— N6+ NB¢p — 2N~ — 2Nopu + Néo + 2N o + afy + afd + 2a8u
+ ayd — affp + 2ayp + By + 200 + 2By — adp + 2B — 2a ¢
— Bod + 270 — 28ud — 2010,
As = ap® = Np® + B +yp® + 0p® — p°¢ + p* — NBp? — Nyp® — Nop® + Np’¢
+aBu® + ayp® + adp® + By’ + Bop? — ap’o +you® — Bute — ou’p — NB6
— NBypu — NBop + NB0¢ — Nvdu + NBup + Noug + afyp + aBéu — aBod
+ ayop — afud + Byou — adud — Boue,
from the analysis with the different cases.

If any one of the parameter values is equal to zero or N—u—y < Oor u+5 < 0or N—pu—¢p—y <0
or 1+ 6 < 0 then all the eigen values of the Jacobian matrix given in equation (4.1) are real. Hence
for the linearised form of the system of equations there exists the hyperbolic equilibrium. Therefore
the proposed mathematical model for the mosquito life cycle is satisfies the Lyapunov’s conditions
with respect to the robustness.

By introducing Holling type II parameter [15, 16] in larva stage (x3(n)), the new dimension of
the equation becomes,

r3(n+1) =r x3(n) — |:02£C§(TL) + 0.375x3(n)] ’

1+ 23(n)
where r = —(u + ¢ + ) and the transmission rate from the state is
0.375z3(n)
= [0.223 oA
peate) = [02eion + S205E)

The bifurcation exists at the larva state x3 when the value of the parameter r varies between 2.5
and 4. Figure 2 shows the existence of bifurcation on the Anopheles mosquito life cycle at the larva
state xs.

5. Stability analysis of anopheles mosquito life cycle

In epidemiology the stability analysis of the system is possible to create a new example and
explore new options. The stability analysis of anopheles mosquito life cycle is developing a balance
of its cycle [12-14]. The following theorem gives the stability of the described model and the
following relation establishes the condition for the anopheles mosquito life cycle.

Theorem 1. The system of equation (2.1) for the anopheles mosquito life cycle is stabilized,
if the following conditions exist for the system namely

(N —p—a)er(n) = wi(n) - dwa(n) - a2(n + 1),

(u + B)xa(n) = ax1(n) — z2(n) + 23(n + 1), 51)
(n—¢+7)x3(n) = PBaa(n)—as(n)+z3(n+ 1), .
(b +7)xa(n) = yz3(n) —z4(n) + 23(n +1)
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Figure 2. Existence of bifurcation in the Anopheles mosquito life cycle at the state x3

P r oo f. Consider the Lyapunov function

V(wn) =Y (xi(n).

i=1
Take the difference equation (2.1), we obtain
4 4
AV (xy,) = Z A(zi(n)) Z (zi(n +1) — zi(n)).
i=1 i=1

Substitutions of (5.1) in (2.1) leads to the relation
AV = —2?(n+1) for i=1,234.
Hence
AV <0,

which shows that V' is a negative definite function. By Laselle’s invariance principle, the model (2.1)
is asymptotically stable. O

5.1. Stability analysis for Anopheles life cycle by using backward strict-
feedback

The stability analysis helps to know how long the life can be accumulated and accelerated
about the condition without any degradation. This study helps to determine the mean life of the
mosquito. The strict-feedback control gives more accuracy to the system.

Theorem 2. The system of equations (2.1) for the anopheles mosquito life cycle with the back-
ward strict feedback mechanism under the concept of difference equation is globally asymptotically
stable if

ur = (u+0+1)zs(n) — ai(n),
uz = —w%(n), ‘

ug = —6wg(n) —wi.
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Proof. The backward strict feedback is applied to the system equation (2.1) to get the
accuracy and so, consider the following difference equations

za(n+1) = ~as(n) = (p+0)za(n) + us,
z3(n+1) = PBrz(n) — (n— ¢+ 7)as(n) + us,
zo(n+1) = axi(n) — (1 + B)ra(n) + us,
ri(n+1) = (N —p—a)zi(n)+ dzs(n) + ug.

Consider the stability of the pupa state
z4(n+1) = ya3(n) — (u+ )z (n),

where x3(n) is regraded as a virtual controller.
Define the Lyapunov function
Vi(n) = z4(n) (5.3)

and the difference of the above equation (5.3) as follows
AVi(n) = Azg(n) = z4(n 4+ 1) — z4(n) = yas(n) — (u+ d)za(n) — x4(n) + uy. (5.4)
Assume the virtual controller z3(n) = k1 then we have
AVi(n) = vk1 — (1 + 8)wa(n) — z4(n) + 1.

By applying the controller,
ur = (p+ 8 + Daa(n) — 23 (n)

and the virtual control k; = 0 then the difference equation (5.4) becomes
AVi(n) = —ai(n) <0,

which is the negative definite function. Hence the pupa state x4 is globally asymptotically stable.
Thus, the controller k1(x4(n)) is an estimative when x4(n) is regarded as virtual controller.
The relation between zg and ki (z4(n)) is

wo(n) = x3(n) — K.

Consider the (x4(n),ws(n)) subsystem (pupa and larva states)

z4(n) = —m4(n) —xi(n),
wo(n+1) = Bre+ wg(nZi + ug. (5:5)

Let z2(n) be a virtual controller for the subsystem (5.5) and assume that the subsystem (5.5)
is globally asymptotically stable when the state xa(n) = ka.
Define the Lyapunov function

Va(n) = z4(n) + wa(n).
The difference equation of Va(n) is
AVa(n) = Azg(n) + Awa(n) = z4(n+ 1) — z4(n) + we(n + 1) — wa(n). (5.6)

Substituting the equation (5.5) in the difference equation (5.6), also taking ks = 0 and uy = —w3(n),
then the equation (5.6) leads to

AVih(n) = —xi(n) — wg(n)
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Consequently V5 is the negative definite function. Hence the system of equation (5.5) is globally
asymptotically stable.

Thus, the function we(n) is estimative, when the state xa(n) is consider as a virtual controller.
Then the relation between ws(n) and wy(z4(n), wa(n)) is

ws(n) = xa(n) — K.

Consider the (ws(n),wa(n),ws(n)) subsystem

ws(n+1) = awi(n)+ws(n) + us,
wo(n+1) = wy(n)—w3(n), (5.7)
za(n+1) = z4(n) —23(n).

Let z1(n) be a virtual controller in (5.7) and assume that the subsystem (5.7) is globally
asymptotically stable, when x1(n) = k3.
Let us define the Lyapunov function
V3(n) = Va(n)+ws(n). (5.8)
The differences from of the above equation (5.8) gives
AVs(n) = Azg(n) + Awy(n) + Aws(n). (5.9)

Assume the controller z1(n) = K.
If k3 = 0, and ug = —w3(n), then the difference equation (5.9) leads to

AVs(n) = —zi(n)wi(n) — wi(n) <0,

which is the negative definite function. Hence the subsystem of equation (5.7) is globally asymp-
totically stable.

Thus, the function wy(n) is estimative when z1(n) is taking as virtual controller, then the
relation between z1(n) and k3 is

wy(n) = x1(n) — k3.

Consider the (w4 (n), wa(n),ws(n),ws(n)) subsystem

wa(n+1) = yxa(n) +wa(n) + us,
wa(n+1) = ws(n) — wd(n)
wa(n+1) = wy(n) —wi(n),
ri(n+1) = x1(n) —23(n).

Let us assume the Lyapunov function is as follows

Vi(n) = Va(n) + wy(n). (5.10)
The difference equation of Vy(n) is
AVy(n) = Azg(n) + Awa(n) + Aws(n) + Awg(n). (5.11)
Choose the controller as follows
uy = —dx4(n) — w3

substituting the controller uy in the equation (5.10), then the difference equation (5.11) becomes
AVy(n) = —ai(n) —wj(n) — wi(n) — wi(n) <0,

which is negative definite function on R*. Thus by the concept of Lyapunov stability theory, the
Anopheles mosquito life cycle (2.1) is globally asymptotically stable.
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5.2. Numerical simulation

A numerical result is required in this section to validate the model’s analytical result. MATLAB
tool is utilised to confirm the theoretical results obtained in our model via backsteeping control
technique analysis. Here the stability of the model is composed respect to two different initial
conditions with the backstepping controllers is as follows in the system of equations (5.2).

The sensitive depend on initial condition is used to identify the stability and internal equilibrium
that have a large influence on the each life cycle states.

To perform the sensitivity depend on initial conditions, the parameter values are considered as
a=0.341, [B=0.567, ~=0.197, 6 =0.907.
The natural death rate yu = 0.4 is considered to be uniform in all states and the total population N

is considered as 10000000.

First, the initial conditions of the model is taken as
x1(0) = 1.28, x9(0) =8.76, x3(0) =9.87, x4(0) =8.23.

Figure 3 shows the stability on the internal equilibrium points. From Figure 3, the adult state x
is stable at 1.3869, the egg state xo is stable at 0.4063, the larva state x3 is stable at 0.2019 and
the pupa state x4 is stable at 0.0305.
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Figure 3. Stability at the internal equilibrium points

Second, the initial conditions of the model are taken as
x1(0) = 86198, x2(0) = 27564, x3(0) = 8584367, x4(0) = 48975.

Figure 4 shows the stability on the internal equilibrium points. From the Figure 4, the adult state
x1 is stable at 1.3869, the egg state x5 is stable at 0.4063, the larva state x3 is stable at 0.2019 and
the pupa state x4 is stable at 0.0305.
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Figure 4. Stability on the internal equilibrium points
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Figure 5. Sensitive dependance on initial conditions and internal equilibrium points

From the Figure 5, the Anopheles mosquito life cycle is stable at the internal equilibrium
points, for this two different initial conditions were considered and the model is stable at the
internal equilibrium points x7(n) = 1.3869, z%(n) = 0.4063, z3(n) = 0.2019, z}(n) = 0.030.

6. Conclusion

The Anopheles mosquito life cycle is modeled under the concept of difference equation. The sta-
bility of the model is estimated based on the Lyapunov conditions. The designing of the Lyapunov
function is a new development in the difference equation concept. The strict feedback technique is
also applied for a proposed mathematical model. Numerical results are furnished to supports the

theory.
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Abstract: Let R, be the set of all rational functions of the type 7(z) = p(z)/w(z), where p(z) is a polynomial
of degree at most n and w(z) = [[7_;(z — a;), |a;] > 1 for 1 < j < n. In this paper, we set up some results
for rational functions with fixed poles and restricted zeros. The obtained results bring forth generalizations
and refinements of some known inequalities for rational functions and in turn produce generalizations and
refinements of some polynomial inequalities as well.

Keywords: Rational functions, Polynomials, Inequalities.

1. Introduction

Let P, denote the class of all complex polynomials of degree at most n. For a; € C,
7 =1,2,...,n, we write

w(z) = ﬁ(z —aj), B(z):= ﬁ (12__722)

J=1 J=1

and

z
%n = ?Rn(al,ag,...,an): {W7 pEPn}

Then R, is the set of all rational functions with poles a;,j = 1,2,...,n at most and with finite
limit at infinity. It is clear that B(z) € ®,, and |B(z)| = 1 for |z| = 1. Throughout this paper, we
shall assume that all the poles a;, j =1,2,...,n lie in |2] > 1.

If p € P,, then concerning the estimate of [p’(z)| on the unit disk |z| < 1, we have the following
famous result known as Bernstein’s inequality [3].
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Theorem 1 [3]. If p € P,, then

max [p'(z)] < nmax[p(z)]
|z|=1 |z|=1

with equality only for p(z) = Az™, A # 0 being a complex number.
For polynomials having all their zeros in |z| < 1, Turan [14] proved

Theorem 2 [14]. If p € P, and p(z) has all its zeros in |z| < 1, then

max |p/(2)] > 2max Ip(2)] (1.1)
|z|=1 2 |z|=1

with equality for those polynomials, which have all their zeros on |z| = 1.

In literature, there exists several generalizations and refinements of inequality (1.1) (see [10-12]).
V.K. Jain [6] in 1997 introduced a parameter 8 and proved the following result which is an
interesting generalization of inequality (1.1).

Theorem 3 [6]. If p € P, and p(z) has all its zeros in |z| < 1, then for |B] <1

(2) + 0 p()

max
|z]=1

> 5 {1+ Re(8)} max|p(z)] (12)

By involving the coefficients of polynomial p(z), Dubinin [4] refined inequality (1.1) and proved the
following result.

Theorem 4 [4]. Ifp(z) =37, ;2 is a polynomial of degree n having all its zeros in |z| < 1,

then an] — lol
, n 1/ |ay,| — |ag

max |p (2)| =2 = 1+—<7>}maxpz.

|z|=1‘ () 2{ n\ |an| + oo \z\:l‘ )|

As a generalization of Theorem 4, Rather et al. [9] proved the following result.

Theorem 5 [9]. Ifp(z) = Z?:o ;27 is a polynomial of degree n having all its zeros in |z| < k,
k <1, then for |z| =1

, n k (K" an| — |aol
max > 1+-( — m . 1.3
|2|=1 ()l 2 14+ k:{ + n <k"!anl + || |z|i)1( [p(2)] (13)

Li, Mohapatra and Rodriguez [7] extended the inequality (1.1) to the rational functions r € R,
with prescribed poles and replace z™ by Blaschke product B(z). Among other things they proved
the following result.

Theorem 6 [7] . Suppose r € R,,, where v has exactly n poles at ay,as,...,a, and all the zeros
of r lie in |z| <1, then for |z| =1

{IB@)] = (n=m)}ir), (1.4)

DO =

Ir'(2)] >
where m is the number of zeros of r.

As a generalization of inequality (1.4), Aziz and Shah [2] proved the following result.
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Theorem 7 [2]. Suppose r € R,,, where r has exactly n poles at ay,as,...,a, and all the zeros
of rliein |z| <k, k <1, then for |z| =1
1 2m —n(1
e 2 {1+ 2 ), (1.5

where m is the number of zeros of r.

Concerning the estimation of the lower bound of Re(zp/(2)/p(z)) on |z| = 1, Dubinin [4] proved
the following result.

Theorem 8 [4] . If p(z) = Z;‘L:o ;2 is a polynomial of degree n which has all its zeros in
|z| <1, then for all z on |z| =1 for which p(z) # 0

()22l s (e

Rather et al. [9] generalized Theorem 8 by proving the following result.

Theorem 9 [9]. If p(z) = Z;‘L:o ;27 is a polynomial of degree n and p(z) has all its zeros in
|z| < k,k <1, then for all z on |z| =1 for which p(z) # 0,

ro(2) 5 g (el ),

p(2) 1+k n \ k"|ay| + |ao|

Concerning the estimation of the lower bound of Re(27/(z)/r(z)) on |z| = 1, Dubinin [5] extended
Theorem 8 to the rational functions and proved the following result.

Theorem 10 [5]. Let r be a rational function of the form r(z) = p(z)/w(z), where
p(2) = 2™+ 12" gz ag, A0, m>n

and the poles ¢,, v =1,2,...,n of r are arbitrary with |c,| # 1 and let all the zeros of the function r
lie in the disk |z| < 1. Then, at points of the circle |z| = 1, other than the zeros of r, the following
inequality holds

U 2B el el t

For m = n inequality (1.6) reduces to

() )

2

2. Main results

In this section, we first present the following result, which in particular furnishes a compact
generalization of Theorem 10 for the case when all the poles of r lie outside the unit disk and as a
consequence of this result, we get various generalizations and refinements of the above mentioned
results. More precisely we prove.
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Theorem 11. Suppose r € R,,, where r has exactly n poles and all the zeros of
p(2) = amz™ + m12™ T F oz + o, am #0,
lie in |z| <k, k < 1. Then for all z on the circle |z| = 1, other than the zeros of r and || <1
2r'(2) Ié] ,
R ———|B
e{ r(2) +1—|—k (2)
S 1[{1+2Re(5) 2m —n(l+k) 2k {k: \am\—]aol}].

(2.1)

Z B’
— 2 1+k }’ (2)l+ (1+k) 1+ k k™| am| + |aol
The result is best possible in the case 8 = 0, and equality holds for

m 1_ n
7“(,2:):M and B(z):< az> , at z=1, a>1 and B=0.

(z —a)" z—a

Remark 1. Taking 8 = 0, and using the fact that

2B'(2)
B(z)

B(2)] =

on |z| = 1, inequality (2.1) reduces to the following inequality

RS TeN e e T e el I}

-2
One can easily note that for 8 = 0, Theorem 11 is an extension of Theorem 9 to the rational
functions. On the other hand if we take k£ = 1 and m = n in inequality (2.2), we shall obtain
inequality (1.7).

(2.2)

Remark 2. Now for the points on the circle |z| = 1, other than the zeros of r and || < 1, one
can easily prove that
w2 B
> R ——|B’ .
> re{ T4 LB )

In view of this, Theorem 11 reduces to the following result, which contributes a generalization and
refinement of inequality (1.5).

Corollary 1. Suppose r € R, where r has exactly n poles and all the zeros of r lie in |z| < k,
k <1, that is r(z) = p(z)/w(z) with

p(z) :amzm‘{'am—lzmil + -4+ az+ oy, am 750

Then for all z on |z| =1 other than the zeros of v and || <1

a'(z) B 1 [{1+ QRG('B)}]B/(z)] L2mon(ltk) 2k {kmlaml - |a0|H .

-~ B Z
r(z) +1—|—k“ () — 2 1+k (1+k) 1+ k Lk™|am| + |aol

The result is best possible in the case 8 = 0, and equality holds for

r(z) = Gl and B(z) = <1 — 9z

(z —a)"

n
) , at z=1, a>1 and B=0.
z—a
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Remark 3. For k =1, Corollary 1 reduces to the following result, which yields a generalization
as well as refinement of inequality (1.4).

Corollary 2. Suppose r € R,,, where r has exactly n poles and all the zeros of r lie in |z| <1,
that is r(z) = p(z) /w(z) with

p(z) = amz™ + amo12™ ot arz+ g, am £ 0.

Then for all z on |z| = 1 other than the zeros of r and |5] < 1

2r'(2) | B 1 / |am| — Jao
~|B - {1+R B —(n— — - 2.3
T QB > 5 [+ Re(BB ()] = (0= m) + { S22 (2.9
Inequality (2.3) is sharp in the case 5 =0 and equality holds for
nHm 1-— "
r(z):(z;) and B(z) = 4z , at z=1, a>1 and [ =0.
(z —a)" z—a
Remark 4. Taking w(z) = (z — a)", |a| > 1, so that
1—az\"
B =
©=(7=%)
with m = n in Corollary 1, we get
/
p(z)  z-— 1 +k (2.4)
1 2Re (B) , (1 — k) 2k (k™| — |ao] '
>—|s1+——=}|B .
=3 H Tk }’ G % 1% fan)  Jao)

Letting |a| — oo in inequality (2.4) and noting that |B’(z)| — n|z|"~! = n for |z| = 1, we get the
following result.

Corollary 3. If p(z) = Z?:o ;27 is a polynomial of degree n, having all its zeros in |z| < k,
k <1, then for || <1 and |z| =1

)+ )| = g {1 re < £ (T b 29)

Since k" |ay,| > |agl, therefore Corollary 3 refines as well as generalizes the well known polynomial
inequality (1.2) due to Jain [6].

Remark 5. For =0, inequality (2.5) reduces to inequality (1.3).

Next, we prove the following refinement of Corollary 3.

Theorem 12. If p(z) =3 7, ;2 is a polynomial of degree n, having all its zeros in |z| < k,
kE <1, then for |8] <1 and |z| =1

k (k"an| —m* — |ag|
1
)+ )] = g {1 Re@) + 5 (et ) bt

nm k (K"an| —m* —|ag]
+1+k{‘1+Re(ﬂ)+ﬁ<knlan\+m + || ) ’ﬁ“}
)

where m* = min,_ [p(2)].




148 Nisar Ahmad Rather, Mohmmad Shafi Wani and Ishfaq Dar

Taking 5 = 0 in Theorem 12, we get the following result.

Corollary 4. If p(z) = Z?:o ;27 is a polynomial of degree n, having all its zeros in |z| < k,
k <1, then for |z| =1

/ n k (k"an| —m* — |ay nm’ k (E"an| —m” — o]
> 142 T+
()] = 1+k{ T (k"!an\er*Jr\ao! P+ TP h kP ag| +m* +|aol /)7

where m* = min,|—, [p(2)].

Remark 6. Since m* > 0, hence Corollary 4 is a refinement Theorem 5.

3. Lemmas

For the proof of our results, we need the following lemmas. The first lemma is due to A. Aziz
and B.A. Zargar [1].

Lemma 1 [1]. If |z| =1, then

R (20620) _n= 1B

w(z) 2 ’

where w(z) = [[7_; (2 — a;).
The following lemma is due to Rather et al. [9].

Lemma 2 [9]. If ((;)7; be a finite collection of real numbers such that 0 < (; < 1,
7=12...,m, then

g TG
= 1+¢ — 1+]I5 G
The next lemma is due to Mezerji et al. [13].

Lemma 3 [13]. If p(z) is a polynomial of degree n, having all its zeros in |z| < k, k < 1, then
for any B with |5] <1,

win |27/(:) + T (2)| >

1
+1+k"

where m* = min,_y [p(2)].
4. Proof of Theorem 11

Proof. Sincer € R, and all the zeros of r(z) lie in |z| < k, k < 1, that is r(z) = p(z)/w(z)
with

m
p(2) = ap, H(z —bj) = 2™+ apmo12™ T+ agz + ag,
j=1
am #0, |l <k<1, j=1,2,3,.,m.
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Then for || <1 and for all z on |z| = 1, where 7(z) # 0, we have

{1 2 ) -2} P
o E () | |BG)
‘R{mz) w<z>} T35 Rl

{7 w2

Using Lemma 1, we have for |3] <1 and for all z on |z| = 1, where r(z) # 0,

re {25 Lo} -neS{ - (T P

Snef gt 2 a

Now it can be easily verified that for |z| =1 and |b;| < k <1, we have

z 1
BN O N S
Re{z—ba‘}_{lﬂbﬂ}

Using this in inequality (4.1), we get for || < 1 and for all z on |z| = 1, where r(z) # 0,

Re{Z:;i)) +1+ik B'(z)|} Zi{%@'} -2+ % {1+M} B(2)]

1+k
R brer L{mm e

-3 {1+ TR e e e ()

2%{1+2Fi(i)}|3'(2)|+2m (1j(L1/<:+k 1+k2{z;=?;}

1S, 2Re(B)) ey, 20— n(l+E) L= byl
_5{1+1+7k}|3(2)|+ 2(1 + k) 1+kz{1+|b|/k} 2

Since |bj|/k < 1, therefore by invoking Lemma 2, we conclude from inequality (4.2) that for |5] <1
and for all z on |z| = 1, where r(z) # 0,

Re { Z:;S) + 1J’%k|3'(z)|}

2%{1+2Re(ﬁ)}’B,(Z)’+2m—n(1+k) k {1—H§“1clbjl/k}

21+ k) T+ k| T+ 110, bl/k

1 2Re(p) , 2m —n(l1+ k) k E™| o] — ||
=<1 B .
2{ TTTg }' Ol =055 Y158 Um0
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5. Proof of Theorem 12

Proof If p(z) has a zero on |z| = k, then the result follows from Corollary 3. We assume
that all the zeros of p(z) lie in |z| < k, k < 1, so that m* > 0 and we have m* < |p(z)| for |z| = k.
By Rouche’s theorem for every A with |A| < 1, the polynomial h(z) = p(z) — Am* has all its zeros
n |z| < k, k < 1. Applying Corollary 3 to the polynomial h(z), we get for A\, € C with || < 1,
6] < 1and |5 =1,

() + T (p(e) ~ A

n 2Re(B) 1—-k 2k k™ o) — |Am* — ag| i
>l Camtl,
‘2{ TorE TTrR T aaen (k"|an|+|)\m*—a0| p(z) = Am’|

or

V) + o) - e

n 2Re(B) 1—-k 2k E™ o — [Am* — |ag] .
> —q1 — Am™|.
- 2{ + 1+k +1+/<:+n(1+/<:) <k"\an\+!)\]m*+\a0! Ip(z) = dm

(5.1)

Now for every 8 € C with |3] <1 and k > 0,
kBl < |1+k+ 8.

or,

B
1+k _1+k

Using this in Lemma 3, we have for |z| =1, |f| <1 and k <1,
nf b s e 10

nm*
R >
() + )| 2 T+ k| = 11+k =

‘l—i— ——|p], for |B| <1 and k >0.

np

Rl

1+

for |A] < 1.

In view of this, choosing argument of A in left hand side of (5.1) such that

1+k 1+k 1+ 1+k

(2) + (2) + Alm”,

p(z) —

we obtain from inequality (5.1), for |3] <1 and |z| =1,

1+ 1+k

n 2Re(B) 1—k 2k E™ o — [Am* — |ayp]
> 591 — |Am*}.
- 2{ ToEE TTrE Tae e (kn|an| TN T Jag) ) § PG =AM

2p'(2) + | Alm*

or

np
()+1+—/<: p(z)

n 2Re(B) 1—k 2k (K"|aw| — [Alm* — |ag|
>y .2

[ 2|4] { 2Re(B) | 1-k 2k (k"IOénl — [Alm* — |a0|> H
1+ + + .
1+k 1+k 14k n(l+k) \E*ay| + [Am* + ool
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Again by inequality (5.1), we have for |A\| < 1, |8] <1 and |z| =1,

nB
() + Tl
n{ 2Re(B) 1—k 2k (ki"|06n| — [Alm* — |y
e

+
1+k  1+k  n(+k) \ k" an| + [Alm* + |ao]

np «
+ ‘—1 +k)\m

>

) anta+ iy,

np
()+1+—/<: p(z)

n 2Re(B) 1-—k 2k E™ o, | — [Am* — |ayg]
> =491 5.3
~ 2 { * 1+k +1—i—k+n(1—i—k) (k:”\an!—i-!)\]m*—i—]ao\ p(=) (5:3)

{1+2Re(ﬁ)+1—k+ 2k (k"|04n|—|>\|m*—|040|>_2|ﬁ|}
1+k  1+k n(l+k) \Ea,| + [Am* + |ao| 1+kJ°

Now from inequality (5.2) and inequality (5.3), we get for |5| <1 and |z| =1,

>E{1+2Re(ﬂ)+1_k+ 2k <kn’an’_‘)“m*_‘a0’>}| (Z)|
=3 1+k  1+k  n(+k) \Ean| + |Nm*+|ao| ) 7

{‘1+2Re(ﬁ)+1—k+ 2k (k"|04n|—|>\|m*—|040|>_2|ﬁ|}
1+k 14k n@d+k) \ k" ay| + |Am* + |aol 1+k|)

np
()+1+—/<: p(z)

Letting |[A\| — 1, we obtain for |z| =1,

o B " b (Kol = m ~ oo
)+ Lpla)| 2 i {1 et + £ (ol Hmw%,)}mw

nm* k (k" ay| — ||
1 L
1+k {' +Re(ﬁ)+n <k:”|ozn|—{—m*+|oz ~ 18]

which proves Theorem 12. O

6. A remark on a recent result concerning rational functions

Recently Idrees Qasim [8] claimed to have proved various results regarding Bernstein-type
inequalities for rational functions with prescribed poles and restricted zeros. Among other things
he claimed to have proved the following result.

Theorem 13 [8]. If 7(2) = p(2)/w(z) € Ry, where p(z) = Y0, a2, [bl.an| < |aol, r has
exactly n poles at ai,az,...,an, and r(z) # 0 in |z| > 1, then for |z| = 1,

r'(z 0 \/]a—o
\()\> |B'(2)] + ——— ol

2)+m™),
where m™ = min,_; |r(z)| and b = ajaz...a,.

Since it is assumed throughout the paper that all the poles (a1, a2, ..., a,) of rational function r lie
outside unit disk, therefore,

bl = |a; X ag X ... X ap| > 1. (6.1)
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On the other hand, it is also assumed that all the zeros (21, 22, ..., 2,) of r lie in the disc |z| < 1,
implies
lao| =z X 29 X ... X z,,| < 1. (6.2)
|an|

From (6.1) and (6.2), it follows that |b|.|ay,| > |agl, which is contrary to the hypothesis |b|.|a, | < ||
given in the statement of the Theorem 13. Hence the statement of the Theorem 13 is self-
contradicting, as such Theorem 13 and its consequences are never applicable.

Acknowledgement

The authors are highly grateful to the anonymous referee for the valuable suggestions and
comments which has enhanced the presentation of the paper.

REFERENCES

1. Aziz A., Zarger B. A. Some properties of rational functions with prescribed poles. Canad. Math. Bull.,
1999. Vol. 42, No. 4. P. 417-426. DOI: 10.4153/CMB-1999-049-0
2. Aziz A., Shah W.M. Some properties of rational functions with prescribed poles and restricted zeros.
Math. Balkanica (N.S), 2004. Vol. 18. P. 33-40.
3. Bernstein S. Sur la limitation des derivees des polynomes. C. R. Math. Acad. Sci. Paris, 1930. Vol. 190.
P. 338-340. (in French)
4. Dubinin V.N. Applications of the Schwarz lemma to inequalities for entire functions with constraints
on zeros. J. Math. Sci., 2007. Vol. 143, No. 3. P. 3069-3076. DOI: 10.1007/s10958-007-0192-4
5. Dubinin V.N. Sharp inequalities for rational functions on a circle. Math. Notes, 2021. Vol. 110, No. 1.
P. 41-47. DOI: 10.1134/S000143462107004X
6. Jain V. K. Generalization of certain well known inequalities for polynomials. Glas. Mat. Ser. III, 1997.
Vol. 32, No. 1. P. 45-51.
7. LiX., Mohapatra R. N., Rodriguez R. S. Bernstein-type inequalities for rational functions with prescribed
poles. J. Lond. Math. Soc., 1995. Vol. 51, No. 3. P. 523-531. DOI: 10.1112/jlms/51.3.523
8. Qasim Idrees. Refinement of some Bernstein type inequalities for rational functions. Probl. Anal. Issues
Anal., 2022. Vol. 11, No. 1. P. 122-132. DOI: 10.15393/j3.art.2022.11350
9. Rather N. A., Dar Ishfaq, Igbal A. Some inequalities for polynomials with restricted zeros. Ann. Univ.
Ferrara, 2021. Vol. 67, No. 1. P. 183-189. DOI: 10.1007/s11565-020-00353-3
10. Rather N. A., Dar Ishfag A. Some applications of the boundary Schwarz lemma for polynomials with
restricted zeros. Appl. Math. E-Notes, 2020. Vol. 20. P. 422-431.
11. Rather N. A.] Dar Ishfaq, Igbal A. Some extensions of a theorem of Paul Turan concerning polynomials.
Kragujevac J. Math., 2022. Vol. 46, No. 6. P. 969-979. DOI: 10.46793/KgJMat2206.969R
12. Rather N. A.) Dar Ishfaq, Igbal A. On a refinement of Turdn’s inequality. Complex Anal. Synerg., 2020.
Vol. 6. Art. no. 21. DOI: 10.1007/s40627-020-00058-5
13. Soleiman Mezerji H. A.; Bidkham M., Zireh A. Bernstien type inequalities for polynomial and its deriva-
tive. J. Adv. Res. Pure Math., 2012. Vol. 4, No. 3. P. 26-33.
14. Turan P. Uber die ableitung von polynomen. Compos. Math., 1940. Vol. 7. P. 89-95. (in German)


https://doi.org/10.4153/CMB-1999-049-0
https://doi.org/10.1007/s10958-007-0192-4
https://doi.org/10.1134/S000143462107004X
https://doi.org/10.1112/jlms/51.3.523
https://doi.org/10.15393/j3.art.2022.11350
https://doi.org/10.1007/s11565-020-00353-3
https://doi.org/10.46793/KgJMat2206.969R
https://doi.org/10.1007/s40627-020-00058-5

URAL MATHEMATICAL JOURNAL, Vol. 8, No. 2, 2022, pp. 153-161
DOI: 10.15826/umj.2022.2.013

A QUADRUPLE INTEGRAL INVOLVING THE
EXPONENTIAL LOGARITHM OF QUOTIENT RADICALS IN
TERMS OF THE HURWITZ-LERCH ZETA FUNCTION!

Robert Reynolds’, Allan Stauffer!T

Department of Mathematics and Statistics, York University,
4700 Keele Street, Toronto, Canada

Tmilver@my.yorku.ca  Tstauffer@yorku.ca

Abstract: With a possible connection to integrals used in General Relativity, we used our contour integral
method to write a closed form solution for a quadruple integral involving exponential functions and logarithm
of quotient radicals. Almost all Hurwitz—Lerch Zeta functions have an asymmetrical zero-distribution. All the
results in this work are new.

Keywords: Quadruple integral, Hurwitz—Lerch Zeta function, Catalan’s constant, Cauchy integral,
Glaisher’s constant.

1. Significance statement

Quadruple integrals are broadly utilized in a wide number of disciplines crossing math, science
and engineering. Some interesting areas where these integrals are used are in the three-body
problem and the equations of dynamics [12], integral solutions to the wave equation [9], path
integrals in polymer physics [5], analytical evaluations of double integral expressions related to
total variation [6], electrodynamics of moving media [8], and measurements in heat transfer [2].

The authors discovered various uses of quadruple integrals after reviewing the present literature.
In some cases these integrals were separable and in some cases asymptotic expansions were used
to attain a solution.The authors were unable to uncover quadruple integrals involving exponential
functions and the logarithm of quotient radicals generated in terms of a closed form solution.
This integral features a kernel with the product of the exponential logarithm of quotient radical
functions. The log term mixes the variables so that the integral is not separable except for special
values of k.

The book by Prudnikov et al. [13], is structured towards mathematicians, physicists, experts
in calculus methods, instructors, graduate students, for all those concerned with integrals, higher
transcendental functions and integral transforms and those keen to master the corresponding theo-
ries. This book is also of help when dealing with the modern theory of higher functions and integral
transformations accessible to undergraduate and graduate students [3].

This famous book contains a vast quantity of mathematical formulae. These formulae are
indefinite integrals, definite integrals, multidimensional integrals, finite and infinite sums and and
multidimensional finite and infinite sums. In the book of Prudnikov et al. [13] there is a combination
of integral examples expressed in terms of fundamental constants and Special functions. Since these
types of integral formulae are of such high importance in science, it has encouraged us to contribute
to such tables by adding definite quadruple integrals in terms of the Hurwitz—Lerch Zeta function.

!This work was supported by The Natural Sciences and Engineering Research Council of Canada
(NSERC), Grant No. 504070
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This work represents an illustration of a general approach using contour integration applied to a
particular integral in the book of Prudnikov et al. [13].

2. Preliminaries

We proceed by using the contour integral method [14] and the reflection formula for the gamma
function given by equation (5.5.3) in [10], applied to equation (3.1.3.9) in [13] to yield the Prudnikov
quadruple contour integral representation given by:

/ aww—k—l (TS)(_m_w)/2_1 (T+S)(m+w+1)/2 (:Cy)(m+w)/2 (m+y)(—m—w—1)/2€—p(r+x)—q(s+y)dxdyd,rds
2

1 m2avw=* L csc (m(m + w)/2) p
- w
2mi Jo Pq

where a, k,w,m,p,q € C, Re(m +w) > 0, —1 < Re(m) < 0.

3. Introduction

In this paper the main theorem derived is the quadruple definite integral given by

/T F 5T

J

(rs) 27 (p45) D2 () )2 (g ) T D2 mp(rm) —alsty) ook ( ) dxdydrds
4
+

_ 2imht2ein(ktm)/2g ("™, —k,1/2 — ilog(a)/m)
pq

)

where the parameters k,a,p,q and m are general complex numbers. This integral is derived in
terms of the Hurwitz—Lerch Zeta function which is a useful special function. This is a function
of three complex variables which is extended by analytic continuation to the complex plane with
the exception of a singularity at 1 and a branch cut between one to infinity. The Lerch function
is a generalization of several important special functions namely, the geometric series, the natural
logarithm, powers and exponentials, polylogarithms, the Riemann zeta function, the alternating
Riemann zeta function, and the Hurwitz zeta function. One advantage of the approach in this
current work is that it reveals the connection between quadruple integral formulae and classical
mathematical functions.

This definite integral will be used to derive special cases in terms of special functions and
fundamental constants and we summarize most of the evaluations in Table 7 for easy reading.
The derivations follow the method used by us in [14]. This method involves using a form of the
generalized Cauchy’s integral formula given by

k w

Y 1 ey
7 | =4 3.1
Tk+1) 2m /C Wk (3:1)

where C'is in general an open contour in the complex plane where the bilinear concomitant has the
same value at the end points of the contour. We then multiply both sides by a function of x, y, 2
and t, then take a definite quadruple integral of both sides. This yields a definite integral in terms
of a contour integral. Then we multiply both sides of equation (3.1) by another function of z, y, r
and s and take the infinite sums of both sides such that the contour integral of both equations are
the same.
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4. Definite integral of the contour integral

We use the method in [14]. The variable of integration in the contour integral is & = w + m.
The cut and contour are in the first quadrant of the complex a-plane. The cut approaches the
origin from the interior of the first quadrant and the contour goes round the origin with zero radius
and is on opposite sides of the cut. Using a generalization of Cauchy’s integral formula we form
the quadruple integral by replacing y by

(S
NN
and multiplying by
(rs) 27 (4 5) D2 (4g))2 (1 4 gy) (T2 gm(r ) —a(s+y)

then taking the definite integral with respect to x € [0,00), y € [0,00), r € [0,00) and s € [0, 00)
to obtain

F(k1+ ) /4 (rs) 27 (r 4 5) D2 ()2 (g 4 ) (T2 p(rE)ma(s+y)
R

« logh [ IVIF SVTY
VTrsyT+y

/ /a w ( m—w)/2—1(r+S)(m+w+1)/2(xy)(m+w)/2(x+y)(—m—w—1)/2
27” Rél

> dxdydrds

4.2
x e~ Pr+8)=a(s+9) gy dadydrds (42)

2 // a’w” )( m—w)/Q—l(T+S)(m+w+1)/2(xy)(m+w)/2(x+y)(_m_w_1)/2
7TZ R4

x e~ Pr+8)=a(s+9) g dy dr dsdw
1 n2a®w ™ csc (m(m + w)/2) p
2mi Jo jolt]
from equation (3.1.3.9) in [13] where

Re(w+m) >0, Re(p)>0, Re(q) >0, —1<Re(m)<0

and using the reflection formula (8.334.3) in [4] for the Gamma function. We are able to switch the
order of integration over «, x, y, 7 and s using Fubini’s theorem since the integrand is of bounded
measure over the space C x [0,00) x [0,00) X [0,00) % [0, 00).

5. The Hurwitz—Lerch zeta function and infinite sum of the contour integral

5.1. The Hurwitz—Lerch zeta function

The Hurwitz—Lerch Zeta function (see Section 1.11 in [1]) has a series representation given by

o0

P(z,8,v) = Z(v +n)" %",

n=0

where |z| < 1,0 # 0,—1, ... and is continued analytically by its integral representation given by

1 00 ys—1,—vt 1 00 ps—1,—(v-1)t
D(z,s,v) = / € _dt= / c dt
I'(s) Jo 1—zet I'(s) Jo et — z

where Re(v) > 0, and either |z| <1, z # 1, Re(s) > 0, or z = 1, Re(s) > 1.
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5.2. Derivation of the contour integral
Using equation (3.1) and replacing y by
1
log(a) + 5i7r(2y +1)

then multiplying both sides by
2,L'7T2€i7rm(2y+1)/2

pq
taking the infinite sum over y € [0, 00) and simplifying in terms of the Hurwitz—Lerch Zeta function
we obtain

2,L'7Tk+2€i7r(k+m)/2q)( i ,—k, 1/2 zlog /7T Z/ Yim2aWw—k—1eim(2y+1)(m+w)/2 "

pql'(k + 1) " omi pq
. 5.1
/ Z 2im2qWwk—1eim(2y+1)(m+w)/2 o — _L' m2a®wF 1 esc (m(m + w)/2) . (5-1)

= omi Pq 2mi Jo Pq

from equation (1.232.2) in [4] where Im(w + m) > 0 in order for the sum to converge.
Theorem 1. For k,a,p,q,m € C,
—-m/2-1 (M+1)/2 (1072 (=m=1)/2 ;—p(r+x)—q(s+y)
J N e e e ER e
x log (a A ) dxdydrds (5.2)
Vrsyx +y
2imht2einktm)/2g (eimm _k 1/2 — ilog(a)/n)

pq

P roof. Observe the right-hand sides of (4.2) and (5.1) are the same so we can simplify the
gamma function and equate the left-hand sides to yield the stated result. O

6. Main results

In the proceeding section we will evaluate equation (5.2) in terms of special functions and
fundamental constants, Hurwitz zeta function ((s,a), given in Section 25.11 in [10], Catalan’s
constant C, given by equation (25.11.40) in [10], Riemann zeta function ((s), given in Section 25.2
in [10], Glaisher’s constant A, given by equation (5.17.6) in [10] and equation (2.2.1.2.7) in [7], and
Euler’s constant -, given by equation (5.2.3) in [10].

Example 1.
Wr+ se 3257322y (12 _ 4]og? 7\/?\1/@ 4 9
/ ( <r¢—+y>2> ddydrds 807}77
RY (rs)3/414/x Vr+y (4log <\F“T:s;/:>+7r2> 5762
and

/ VsV s(ay)Ple3r—2s-30-2y o (\F\ﬂ»:s;/:> . . P
dxdydrds = — <— — >
RY rsxyJr+y <4log <\Fﬂ:%> +7 > 3v2 1442
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Proof. Useequation (5.2) and set k = —2, a =i, m = —1/2, p = 3, ¢ = 2, rationalize the
denominator and compare real and imaginary parts and simplify in using entry (2) in table (64:12:7)
in [11]. O

Example 2.
/ frnTp— 3T —28—3T—2y 4 —
TovEye dxdydrds = T

4 2 [ Vrtsy/zy ) 6
RY rsxy <log (7\/E\/M) +7 )
and /T
\/E\/@e—?)r—Qs—?)m—Zy log V:jsx zy
/ (\ﬁ +y) dxdydrds = 0.
R

o () )

P roof. Use equation (5.2) and set k = —1, a = —1, m = —1, p = 3, ¢ = 2, rationalize the

denominator and compare real and imaginary parts and simplify in using entry (1) in table (64:12:7)
in [11]. O

Example 3.

/ e—2r—3s—2x—3y ((»,« + 5)3/8\‘y@ - %mm) dxdydrds
R4

L () eyl + )M log (YT

Vrsvaty

= gwtanh_l (COS <g) — sin (g)) .

P roof. Use equation (5.2) and form a second equation by replacing m — n and take their
difference. Next we set k = —1, a = 1, m = =3/4, n = —1/4, p = 2, ¢ = 3 and simplify using
equation (9.559) in [4] and entry (3) in table (64:12:7) in [11]. O

Example 4.

L/e#ﬂ%ﬂ(%+swf_%Wgwmux+wdddd
raydras
R (rs)2/3(zy)3/8 Yz +ylog (w%;%)

e (VB ().

P roof. Use equation (5.2) and form a second equation by replacing m — n and take their
difference. Next we set k = —1, a =1, m = =3/4, n = =2/3, p = 1, ¢ = 1 and simplify using
equation (9.559) in [4] and entry (3) in table (64:12:7) in [11]. O

Example 5.

e~ T 2(sty)—=
/ sdrdydrds = 4(C —1).
4 VTIT84/T .
RY /rs/zy (log <\/£\/$_V+z> + m)
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Proof Useequation (5.2) and set a = e¥, m = —1, p = 1, ¢ = 2 and simplify in terms of
the Hurwitz zeta function using entry (3) in table (64:12:7) in [11]. Next apply I’'Hopitals’ rule as
k — —1 and simplify in terms of the digamma function (°)(a) given by equation (5.15.1) in [10].
Next take the first partial derivative with respect to a and set a = 7 and simplify in terms of
Catalan’s constant C'. U

Example 6.

y v —3dzdydrds = — i .
by (los (V4 +im)

Proof Useequation (5.2) and set a = %, m = —1,p
the Hurwitz zeta function using entry (3) in table (64:12:7 1]. Next apply I'Hopitals’ rule
as k — —1 and simplify in terms of the digamma function ) )(a). Next take the second partial
derivative with respect to a and set a = 7 and simplify in terms of 7. ]

1,q = 2 and simplify in terms of
[

°E

Proposition 1. For all a,k,p,q € C the equality is true

() —a(s k M
o—P(r+z)—q(s+y) log (\/g\/m>dxdydrds

/Ri Vrsyry (6.1)
_ 2ieimk=D/27h+2 (2k(¢ (~k,1/2 - (1/2 — ilog(a) /7)) — 2K¢ (—k,1/2 - (3/2 — ilog(a) /7))
pq

Proof. Useequation (5.2) and set m = —1 and simplify using entry (4) in table (64:12:7)
in [11]. O

Proposition 2. For all k € C then,
e T—S—T—Y logk (—Z r+5\/@)
vreVoty dxdydrds = —2 (2k+1 - 1) R 2k 20 (k). (6.2)

s~ vres

Proof. Use equation (6.2) and set a = i, p = ¢ = 1 and simplify using entry (2) in
table (64:12:7) in [11]. O

4
+

Example 7.

J

P roof. Useequation (6.2) and set k = 1/2 and simplify. O

=TTy \/log (i\/ r+syay

Vrsyaty ' 1
——9(9v/2 -1 /4, 5/2 B
T dzdydrds ( V2 )e w52

4
+
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Ezample 8.

/ —3(r+x)—4(s+vy) dodudrd 1 | (2)
rayaras = ——1m 10g .

1N/ T+5,/TY 6
NG IOg(\/_s\/W)

Proof. Useequation (6.1) set a = ¢ and apply I'Hopital’s rule as k — —1 and set ¢ = 3,

q = 4 and simplify. O
Example 9.
p—g—p— iV/T+8\/TY
/ e TS Y og (10g<\/ﬁ\/m+y>>dmd drds — 1712(10 (4) + ir)
Rt VY TR |
Proof. Use equation (6.1) set a = ¢ and take the first partial derivative with respect to k
and set kK =0, p = ¢ = 1 and simplify. O
Example 10.
o (55) o
dxdydrds = mlog(2)(2iy + m — i(log(2) + 2log(m))).
SN N T e
+ VrsVaty
Proof. Useequation (6.1) set a = i and take the first partial derivative with respect to k
then apply I'Hopital’s rule as k — —1 and set p = ¢ = 1 and simplify. O
Example 11.

:

/ e TS ylog(log<27
R

z+y >) 1, .
- dxdydrds = 7 (—241og(A) + 2y —im + log(16)).
V75y/Ty log? < rTer)

3

Proof. Useequation (6.1) set a = i and take the first partial derivative with respect to k
and set k = —2, p = ¢ = 1 and simplify. O

Proposition 3. For all a,p,q € C, Re(a) > 0 then,

/ o fo (7)) e dxdydrds = n? (41og (YR ) + im) |
R

VT8\/TY 2pq

Proof Use equation (6.1) and take the first partial derivative with respect to k and set
k = 0 and simplify using equation (25.11.18) in [10] O




160

Robert Reynolds and Allan Stauffer

7. Summary table of quadruple integrals involving

f(x7 y? r? S)

fRi f(z,y,r, s)dudx

o))
(rs)4 g+ y (4log? (YL ) + 2)2
s/ s(wy)P e Br—2s 3= 2y10g<ﬁj§;)
raay Ty (11og? (YN 772)2
NN
e ot (208 + )
\/E\/@e—?)r—Qs—?)x—Qy log <ﬁ@—@)
roy (108 (L) 4 22)

Vrsyzty
e 2323y (4 3)3/8\4/@ — Yrsyr+ sy +y)

YT sedr—2s—du-2y (ﬂz — 4log? (vr+s\/fy
T

(rs) /8 (wy)3/3 (@ + y)*/% log (V42

e~ (Y T s /g — YrEYr T s Wa T )
(rs)2/3(y)3/3 Yo+ ylog (Y2 )
efrf2(s+y)7:c
2
P oo
efrf2(s+y)7:c
3
i s () <)
T8Iy logk (l\/m\/@>

Vrsyaty
VT8\/TY
—p—§—p— 1WTr+5,/TY
e y\/log <7\/ﬁ\/m )
VTs\/Ty

o—3(r+z)—A(s+y)
visyeros (V2 )
e~T5 Y |og <log (%))

e~ "5 |og (log (Z\\//_?is\/r@))

s (B35
log (log <%)) e~ P(r+z)—q(s+y)

48C' + 72
576+/2

L(i i)
16m \3v/2 1442
4—7
6

gwtanh’l (cos (5) =sin ()
e v3an ()

A(C —1)

i (7® — 32)
47

_9 (2k+1 _ 1) eiwk/2ﬂ.k+2c(_k)

—2(2v2 — 1) e™/475/2¢ (—1>

2

1
—Em log(2)

%772 (log(4) + im)

mlog(2)(2iy + m — i(log(2) + 2log(7)))

(e (YRt ) + )

2pq




A Quadruple Integral 161

8. Discussion

In this work we used our contour integral method to derive a quadruple integral involving the

logarithm of quotient radicals in terms of the Hurwitz—Lerch Zeta transcendent. The integrals
derived are not easy to numerically evaluate as we suspect the presence of singularities and the
integrand maybe highly oscillatory. The importance of this work is that we are able to write down
a closed form solution for this integral. This is advantageous as we now have the Hurwitz—Lerch
Zeta function with analytic continuation to use in order to evaluate this quadruple integral. We
also employed Wolfram Mathematica to assist with numerical computation where needed. We will
use our contour method to derive other multiple integrals for future work.

*®
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Abstract: In the present paper, we classify abelian antipodal distance-regular graphs I' of diameter 3 with
the following property: (x) I has a transitive group of automorphisms G that induces a primitive almost simple
permutation group G on the set X of its antipodal classes. There are several infinite families of (arc-transitive)
examples in the case when the permutation rank rk(é’z) of G equals 2; moreover, all such graphs are now
known. Here we focus on the case rk(éz) = 3. Under this condition the socle of G turns out to be either
a sporadic simple group, or an alternating group, or a simple group of exceptional Lie type, or a classical
simple group. Earlier, it was shown that the family of non-bipartite graphs I' with the property (x) such that
rk(éz) = 3 and the socle of G= is a sporadic or an alternating group is finite and limited to a small number of
potential examples. The present paper is aimed to study the case of classical simple socle for G=. We follow
a classification scheme that is based on a reduction to minimal quotients of I" that inherit the property (x).
For each given group G® with simple classical socle of degree |X| < 2500, we determine potential minimal
quotients of ', applying some previously developed techniques for bounding their spectrum and parameters in
combination with the classification of primitive rank 3 groups of the corresponding type and associated rank 3
graphs. This allows us to essentially restrict the sets of feasible parameters of I" in the case of classical socle for
G* under condition |X| < 2500.

Keywords: Distance-regular graph, Antipodal cover, Abelian cover, Vertex-transitive graph, Rank 3 group.

1. Introduction

Let I' be an antipodal distance-regular graph of diameter three. Then I' is an antipodal r-cover
of a complete graph on k + 1 vertices, and its intersection array has form {k, (r — 1)u, 1; 1, u, k},
where k, 7 and p denote the valency of I, the size of its antipodal classes and the number of common
neighbours for each two vertices at distance two of T', respectively (e.g. see [2]); for brevity, we will
refer to such a graph as an (k+ 1,7, u)-cover. We denote by CG(T") the group of all automorphisms
of T fixing setwise each of its antipodal classes. If the group CG(T') is abelian and acts regularly
on (every) antipodal class of I', then I is called an abelian (k + 1,7, )-cover (see [5]). There are
some important links between abelian covers and other combinatorial or geometric objects (we refer
to [9] and [5] for more background). The problem of finding new their constructions involves many
natural questions on possible structure of such a graph, and one of them is to study vertex-transitive
representatives.

In the present paper, we classify abelian (k + 1,7, u)-covers I with the following property:

(*) T has a transitive group of automorphisms G that induces a primitive almost simple permu-
tation group G* on the set ¥ of its antipodal classes.

Without loss of generality, we may assume that G coincides with the full pre-image of GT in
Aut(T'). When the permutation rank rk(G*) of G* equals 2, there are several infinite families of

IThis work is supported by the Russian Science Foundation under grant no. 20-71-00122.
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(arc-transitive) examples; moreover, all such graphs are now known. Here we focus on the case
rk(éz) = 3. Under this condition the socle of G= turns out to be either a sporadic simple group,
or an alternating group, or a simple group of exceptional Lie type, or a classical simple group (see
[3, Ch. 11] for an overview on classification of primitive rank 3 permutation groups).

In [16] and [17], it was shown that the family of non-bipartite graphs I" with the property (x)
such that rk(éz) = 3 and the socle of G* is a sporadic or alternating group is finite and limited
to a small number of potential examples. The present paper is aimed to study the case of classical
simple socle for G=. We follow a classification scheme that was proposed in [16] and that is based
on a reduction to minimal quotients of T" that inherit the property (x). For each given group éz,
we determine potential minimal quotients of I', applying the constraints for their spectrum and
parameters obtained in [16] in combination with the classification of primitive rank 3 groups of the
corresponding type (see [8], [11], and also [13]) and associated rank 3 graphs (see [3, Ch. 11]). This
allows us to essentially restrict the sets of feasible parameters of I' in the case of classical socle for
G~ with |X] < 2500. In particular, we show that for most of these sets I' must be a covering of a
certain distance-transitive Taylor graph.

2. Preliminaries

We keep the notation and terminology from [16] and we refer the reader to [1] and [2] for basic
definitions. Next we recall some of them. For a finite group G, we denote by Soc(G), Z(G) and
G’ its socle, center and derived subgroup, respectively. If G = G’, then M(G) denotes its Schur
multiplier. If G # 1, then we write “dyin(G)“ to denote the number |G : H|, where H is a proper
subgroup of G of the smallest possible index. Further, if G is a transitive permutation group on
a finite set Q and Orby(G) is the set of G-orbitals on €2, then the number |Orby(G)|, denoted by
rk(Q@), is called the (permutation) rank of G. For each Q € Orby(G), Q* denotes the orbital paired
with Q. If @* = @ and a € Q, then Q(a) denotes the set of all points b € Q such that (a,b) € Q.

In what follows, we consider only undirected graphs without loops or multiple edges. For a
graph I" by V(T') and A(T") we denote its vertex set and the arc set, respectively. An (n,r, u)-cover
is equivalently defined as a connected graph, whose vertex set admits a partition into n cells (called
antipodal classes or fibres) of the same size r > 2 such that each cell induces an r-coclique, the
union of any two distinct cells induces a perfect matching, and every two non-adjacent vertices
that lie in distinct cells have exactly p > 1 common neighbours. Since an (n,r, pt)-cover is bipartite
if and only if » = 2 and u = n — 2, and for each n > 3 there is a unique (abelian) (n,2,n — 2)-
cover (see [2, Corollary 1.5.4]), we omit these from further consideration. We will say that the
set of parameters (n,r, 1) of a non-bipartite abelian (n,r, u)-cover T' is feasible if it satisfies the
known necessary conditions for the existence of I' that are collected in [16, Proposition 1] (see [16]
for detailed references) and [5, Lemma 3.5, Theorem 5.4]. In view of [5], for every (n,r, u)-cover
I' and every subgroup N of CG(T") of order less than 7, the quotient TV that is defined as the
graph on the set of N-orbits in which two vertices are adjacent if and only if there is an edge of I'
between the corresponding orbits, is a (n,r/|N|, u|N|)-cover. Hence if I' is a non-bipartite abelian
(n,r, p)-cover, then, using decomposition CG(I') = O,(CG(I")) x N, where p is a prime divisor of
7, we obtain that I" possesses a quotient I'V that is a non-bipartite abelian (n, p!, u|N|)-cover with
p! = 0,(CG(I"))|. Clearly, the factor group Aut(I')/N acts as a group of automorphisms of I'V,
and in case CG(I') > M > N other quotients I'™ inherit a similar property when M < Aut(T').
Thus parameters of I' may depend on the structure of CG(I"). This is also demonstrated by the
fact that for each non-bipartite abelian (n,r, u)-cover, every prime divisor of r is also a divisor of
n (see [5, Theorem 9.2] and also [6, Theorem 2.5]). These basic observations are crucial for our
following arguments; they will be used further without any additional reference.

The next result from [16] distinguishes several types of quotients that an abelian non-bipartite
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(k+ 1,r, u)-cover with the property (%) may possess.

Proposition 1 [16, Proposition 2]. Let I be a non-bipartite (k + 1,7, p)-cover and ¥ be the
set of its antipodal classes. Suppose I has a transitive automorphism group G1 which induces a
primitive almost simple permutation group G~ on ¥ and put T = Soc(Glz). Let G be the full
pre-image of the group T in G1 and K be the kernel of the action of the group G on %. Then K
contains a subgroup N that is normal in G and satisfies one of the following conditions (below the
symbol ~ denotes factorization with respect to N):

(T1) K ~ E, is an elementary abelian group of exponent p and either

(i) G=K xG and G ~T, or
(ii) G is a quasi-simple group with center K;

E, is an elementary abelian group of exponent p, T acts faithfully on K, i.e.

K ~
T < GLy(p), and dwin(T) < (p' = 1)/(p = 1);
K ~ S', where S is a simple non-abelian group, and either

(i) G =K x Cz(K) and C5(K) ~T, or
(ii) G < Aut(K) and T contains a proper subgroup of index dividing I.

Each graph I' that satisfies the hypothesis of Proposition 1 will be referred to as a minimal
(k+ 1,7, pu)-cover of type (Tz) with z = 1,2,3 and denoted by I'(G1,G, K) if |K| = r, the triple
(G1,G, K) satisfies the condition (Tz) from the conclusion of Proposition 1 and K is a minimal
normal subgroup of G (in particular, N = 1). Thus, for a minimal (k + 1,r, u)-cover I'(G1, G, K)
the number r is a prime when G; = G and K < Z(G).

From now on I is a non-bipartite abelian (k+ 1,7, u)-cover with property (x), ¥ is the set of its
antipodal classes, G is a transitive group of automorphisms of I' which induces a primitive almost
simple permutation group G~ on >, rk(éz) = 3, k1 and ks are the non-trivial subdegrees of éz,
K =CG(T') < G and G is the full pre-image of the group Soc(G=) in G.

Now we proceed with final technical definitions. For a vertex z of ', by F'(z) and I';(x) (or [z])
we denote, respectively, the antipodal class of I' containing x, and its neighborhood in I". Put
Q= V), and fix a € Q and F = F(a). Let M = Gy and H = G, (note |K| = r implies
M = K : H). Then A(I') = Q1 U Q2 for some Q1,Q2 € Orby(G) with Q; = QF (see [16]),
|Qi| = rki(k + 1), and |H : éa,bi’ = k; for each arc (a,b;) € Q;, so H has exactly two orbits on
I'1(a) (with representatives by and ba). For i = 1,2, let ®; denote the (rank 3) graph on ¥ in which
two vertices F'(x) and F(y) are adjacent if and only if (z,9) € @Q;. If tk(G*) = 3 then the group
G* is also primitive as u(®;) # 0, k; (see, for example, [1, 16.4]). Moreover, the parameters ki, ks
and A\ satisfy the following equation (see [16])

A=Ak = (A= Ao)ks,

where A\; = [I'1(b;) N H(b;)], i = 1,2. We will say that I' admits an H-uniform edge partition (with
parameters (u1, pu2)) (see [16]), if for each j = 1,2 and for every two distinct vertices z1, 2o € F,
the number of edges between Q;(z1) and Q;(z2) is constant and equal to kju;, where 15 is a fixed
integer.

Lemma 1 [16, Lemma 1]. Suppose that G(py = Gox K and tk(G*) = 3. If H acts transitively
on F\ {a} orr <3, then T' admits an H-uniform edge partition.
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Theorem 1 [16, Theorem 1]. Suppose that G{py = G, x K and rk(G*) = 3. Then for each
x € F\ {a} we have

(1= pa)kr = (0 — p2)kz,
where p; = |T'1(b;) N Qi(x)|, i = 1,2. If, moreover, T' admits an H-uniform edge partition with
parameters (ph, ph), then pi = p; (in particular, k; —1 = X\; + (r — 1)p;) for every i = 1,2 and
vy=—=A=XA —A2)+ (L —p1 — p2) =r(pw—p1 —pe) — 1 is an eigenvalue of T'.

3. Main results

Theorem 2. Suppose thatT' = F(é, G, K) is a minimal abelian (k+1,r, p)-cover, k+1 < 2500,
rk(éz) =3andT = Soc(éz) is a classical simple group, isomorphic to the group ]\AJ/Z(]\AJ), where
M = Spon—2(q), Q;En(q), Qon-1(q) or SU,(q) for n > 3. Assume G = G whenever rk(T) = 3.
Then one of the following statements is true:

(1) T ~ PSU4(4), tk(T) = 3, k+1 = 1105, r =5 and p = 210;

(2) T ~ G ~ PQ5,(2), 7k(T) =3, k+1 = (2271 — 2 1) where ¢ = +1 and n < 6,
200(P1) + A(@2) + 1) =k —1, 7 =2 and either G = G' ~ Z5.PQF (2), e = +1, k+ 1 = 120,
and p € {64,54}, or the group G’ is intransitive on V(T);

(3) T ~ G ~ PQ5(8) ~ PSpys(8), rk(T) =5, 2(N(P1) + A(P2) + 1) #k —1, k+1 = 2016 and
ru € {2048,1980}, or k + 1 = 2080 and ru € {2048,2108}, wherein either r = 4 and G’ is
intransitive on V(I'), or r =2 and G’ is transitive on V(I');

(4) T ~ PQy(q), tk(T) =3, 2(AN(P1) + A(P2) + 1) =k — 1, r = 2 and either
(1)) m=5,q=3,k+1=36 and u € {16,18}, or
(1) m =5, q=4, with k+1 =120 and p € {54,64} or k+ 1 =136 and p € {64,70}, or
(i) m = 7, ¢ = 4, with k+ 1 = 2016 and p € {990,1024} or k + 1 = 2080 and
1 € {1024, 1054},
and in all cases (i)—(iii) the group G’ is intransitive on V(I');

(5) T~ G ~ SU3(3), tk(T) = 4, k+1 =36, 20A(®1) + \(®2) + 1) =k — 1, r = 2, pu € {16,18}
and G’ is intransitive on V(I');

(6) T ~ G' =~ PSpg(2) ~ PQr(2), tk(T) = 3, k+1 =120, 2(\(®1) + A(@2) + 1) =k — 1, r = 2,
w € {54,64} and G’ is intransitive on V(T').

Moreover, if r = 2 and G' ~ T, then for any given pair of parameters k and p, T' is a unique
(up to isomorphism) distance-transitive (k + 1,2, u)-cover.

Proof. Let k41 <2500. Under this condition rk(7") = 3 for all k except the following cases
(a)—(d) (note that in [16, Example| the case (d) is missing, and the subdegrees ki, ko for the case
(c) are mistyped):

)

(a) k+1=36, k; =14, ky = 21, T ~ PSLy(8), rk(T) =5, G= ~ PTLy(8) = T.3;
(b) k+1=36, ky = 14, ky =21, T ~ PSUs(3), tk(T) =4, G= ~ PTUs(3) = T.2;
(¢) k+41=2016, ky = 455, ky = 1560, G= ~ Sp,(8), rk(GZ) =5 and G= ~ Sp4(8).Z3
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(d) k+1=2080, k1 = 567, ky = 1512, G= ~ Sp4(8), tk(G*) = 5 and G ~ Sp,(8).Zs.

Then, by [16, Propositions 2, 3], if tk(7) = 3, T' £ Aut(K) and 2(A(P1) + A(P2) + 1) # k — 1,
then either G’ ~ T acts transitively on V(T'), or G is a quasisimple group. Therefore, in order
to find some necessary conditions for I' to exist (as well as for its covers with property (x)), in
case tk(T') = 3 it suffices to consider the case G = G, and if, moreover, K < Z(G), then one may
assume that r is prime. Taking this into account, we further specify the possible structure of G for
each potential pair (CNJZ, D).

Throughout the rest of the proof, we put N = G’ and denote by # and —7, respectively, the
positive and negative eigenvalues of I', other than k and —1. We will consider the following possible
combinations for 7' and complementary rank 3 graphs ®; and ®, associated with G, applying
their description from [8] and [3, Theorem 11.3.2].

(A) Let k1 = q(¢" ' = 1)(t¢" ' 4+1)/(¢ — 1) and suppose the graph ®; has parameters

n—1_1 n—2_1 n—l_l

n
—1
(—(tg" " +1),¢% (tq" 3+ 1) +q— 1, qqi(tq”*2 +1)),

tn72 1 2

qg—1 —1
where t = q, 1,q,q25q1/25q3/2 for M = Sp2n(q)a Q;rn(Q)’ QQH+1(Q)? an+2(q)a SU2n(\/a) or
SUz,,+1(\/q), respectively (see [3, Theorem 11.3.2(i)]).

By condition k£ + 1 < 2500, hence the equality 2(A(®1) + A(P2) + 1) = k£ — 1 holds if and only if
t=1,q=3,n=2and (v,k1, \(P1),u(P1)) = (16,6, 2,2), which contradicts the constraint n > 3
for t = 1. If r is a power of a prime p, say = p’, then feasible sets of parameters k, r, and p are
described by Table 1, and I' has no H-uniform edge partitions in the cases ¢ = 1, ¢, ¢? (this can be
easily checked by complete enumeration in GAP [14], based on Theorem 1, [16, Proposition 1] and
[5, Lemma 3.5, Theorem 5.4]).

(A1) Let T ~ PSpa,(q) and k +1 = (¢** —1)/(q — 1). Then rk(T) = 3, while dpn(T) = k + 1,
except for the cases when ¢ = 2, 2n > 6 and dpy(7) = 2" 1(2" — 1) or 2n = 4,¢ = 3 and
dmin(T") = 27 (see [12, Theorem 2]). Moreover, M(T) = Zyq(2,4-1) for (g;n) # (2;2),(2;3) and
M(T) = Z3 for (g;n) = (2;2),(2;3), Out(T') = Zyeq2,g—1) - Ze, Where ¢ = p°, p is a prime.

According to Table 1 (¢;n) & {(2;3),(3;2)}. Hence dpin(T") = k+ 1. It follows that K < Z(G)
and, as noted above, it suffices to consider the case of prime r.

Since I' has no H-uniform edge partitions, we have r > 5. Also, 2(A\(®1) + A(P2) + 1) # k — 1.
Hence, due to [16, Proposition 3] N = G’ ~ T acts transitively on V(I'). But then G, ~ Nypm
contains a subgroup of index r and G{ry = GoN(py.

If n =3 = g, then (|N|)5 = 5 and hence |N{gy| is not divisible by 5, a contradiction.

Let n = 2. Then N¢py is an extension of a group of order ¢® by a group of the form
((g—1)/2 x La(q))-2 or ((¢ — 1) - La(q)) (see, for example, [4] or [13]). In any case, Nyp} does not
contain subgroups of index 5, a contradiction.

(A2) Let T =~ O2,11(q), t = qand k+1 = (¢* —1)/(¢—1). Recall that PSps(q) ~ O5(q)
for n = 2, and also that Ogy,4+1(q) ~ PSpan(q) for even g (see, for example, [18]). Since the
corresponding cases are considered in case (A1), we will further assume that n > 3 and ¢ is odd.
Then rk(7) = 3 and by [18, Theorem] dpin(T) = k + 1, except for the case ¢ = 3, in which
dmin(T) = 3"(3" — 1)/2. Moreover, M(T') = Z(3 4_1) for (¢;n) # (3;3) and M(T') = Z3 x Z3 x Z3
for ¢ =3 =n (e.g. see [7]).

As in case (A1) we have ¢ = n = 3 and since dpin(7") > r we conclude K < Z(G). Hence we
may assume that r is prime. But then Table 1 gives r = 2 and hence by Lemma 1 and Theorem 1
I" admits an H-uniform edge partition, a contradiction.
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Table 1. Feasible parameters of ' with = p! in case (A)

gn | k+1] ki, ke 0 -7 T r
Type t = q:
7,2 | 400 56, 343 | 19 —21 400 | 2,4,5,8,25
21 —19 396 | 2
9,2 | 820 90, 729 | 21 -39 836 | 2
39 —21 800 |2,4,5,8,16,25
3,3 | 364 120, 243 | 11 -33 384 |2,4,8,16
33 —11 340 | 2
Typet=1: | @
Type t = ¢*:
4,2 | 325 68, 256 | 9 —36 350 | b
12 —27 338 | 13
3,3 |1066 | 336,729 | /1065 | —/1065 | 1064 | 2,4
2,4 | 495 238, 256 | 19 —26 500 | 5,25
26 -19 486 | 3,9,27,81,243
Type t = \/q:
4,2 |45 12, 32 4 —11 50 5
11 —4 36 3,9
9,2 | 280 36,243 |9 —31 300 | 2,5
31 -9 256 | 2,4,8,16,32,64,128
16, 2 | 1105 | 80, 1024 | 16 —69 1156 | 17
69 —16 1050 | 5,25

Type t = \/63: %)

(A3) Let T~ OfF (q), wheren >3, t=1and k+1= (¢" — 1)(¢" ' +1)/(g — 1). Then condition
k+ 1 <2500 implies either n =3 and ¢ < 5,orn =4 and ¢ < 3, or n = 5,6 and ¢ = 2. According
to Table 1 none of these cases is possible.

(A4) Let T ~ Oy, (q), wheren > 2, t =¢*> and k+1 = (¢" — 1)(¢"*1 +1) /(¢ — 1). Then rk(T) =3
and in view of Table 1 n = 2,3,4. Recall that O} (q) ~ L2(¢?) and Og (¢) ~ U4(q) (e.g. see [18]).

If n = 4 and ¢ = 2, then by [4] dnin(T) = 119. By [12, Theorem 1, Theorem 3]
dpin(T) = > +1 =17 for n = 2 and dpin(T) = (¢ + 1)(g +1) = 112 for n = 3 = ¢. In each
case dpyin(7T") > r and hence K < Z(G). Arguing as in case (A3), we obtain that r =5 and N = G’
acts transitively on V(I'). But then N ~ Ly(16) or Og (2), and |N| is not divisible by 25. This
contradicts the fact that N¢py must contain a subgroup of index r.

(A5) Let T'~ PSUs,(y/q). In view of Table 1 either T'~ PSU4(2) ~ PSp4(3) and dpin(T') = 27
or T ~ PSU4(3) ~ Oy (3) £ GL7(2) and dwin(T) = 112, or T ~ PSU4(4) and dmin(T) = 325
(see [4] and [12, Theorem 3]). Hence K < Z(G) and we may assume that r is a prime. If G is a
quasi-simple group, then r divides [M(T')| and so by [7] r =2 and ¢ = 9. If N ~ T acts transitively
on V(I'), then 72 divides [N| and so r = 5 for ¢ = 16 and r < 3 for ¢ < 9.

Suppose ¢ = 9. Then r = 2, I admits an H-uniform edge partition with parameters (u1, p2) and
{( M1, A2), (p1, p2)} = {(15,130), (20,112)}. Enumeration of orbital graphs in GAP [14] shows that
I does not exist when N ~ T. But for G = N the groups (G,)!* and (G{F})Z_{F} are permutation
isomorphic. Moreover, for the vertex by € Q1(a) the group Gy, has exactly two orbits of length 4
and one orbit of length 27 on [a], which contradicts the fact A\; € {15,20}.
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Suppose ¢ = 4. Then r = 3, N ~ T acts transitively on V(I'), (A1, A\2) = (3,13) and I" admits
an H-uniform edge partition with parameters (u1, u2) = (4,9). A complete enumeration of orbital
graphs in GAP [14] shows that this case cannot occur.

(A6) In the case of T'~ PSUs,11(y/q) and t = \/63 we have n = 2 and g = 4,9, but according to
Table 1 none of the cases gives a feasible parameter set.

(B) Let us consider the cases T ~ M /Z(M), where M = Sps(q), SU4(q), SUs(q), Qs (2), Q4 ()
or Qfy(q) from [3, Theorem 11.3.2(ii)] (see also [8]).

(B1) Let k1 =t(q+ 1) and the graph ®; have parameters
(E+1)(tg+1),t(g+1),t —1,qg+1),

where t = ¢, ¢2, ¢*/2, ¢3/? for M = Spa(q), Qg (q), SUs(\/q) or SUs(\/q), respectively. If r = ptis
a power of a prime p, then feasible sets of parameters k, r, and p are described by Table 2, and T’
does not admit H-uniform edge partitions when ¢ = ¢, /g (this can be easily checked in GAP [14],
applying Theorem 1, [16, Proposition 1] and [5, Lemma 3.5, Theorem 5.4]). Moreover, cases t = g,
g%, \/q correspond to the above cases (A1), (A5) and (A4), respectively.

Table 2. Feasible parameters of I' with 7 = p! in case (B)

q | k+1]k, ko 0 | —7 |ru r

(B1), type t = ¢:
7 1400 |56, 343 | 19| —21 | 400 |2,4,5,8 25

21| —19 | 396 | 2

9 | 820 90,729 |21 | -39 |83 |2

39 | —21 | 800 | 2,4,5,8,16,25

(B1), type t = ¢*:

2 |45 12, 32 4 | —11 150 )
11| -4 |36 3,9

3 | 280 36,243 |9 | =31 (300 |2,5

31| -9 | 256 | 24,8, 16,32,64,128

4 11105 | 80, 1024 | 16 | —69 | 1156 | 17

69 | —16 | 1050 | 5,25

(B1), type t = \/q:
16 | 325 68,256 |9 | =36 (350 |5
12| =27 338 |13

(Bl), type t = \/q": | @
(B2),(B3): @

(B2)&(B3) Let T = Qf (q), k1 = q(¢®> +1)(¢> — 1)/(g — 1) and the graph ®; have parameters

¢ -1 ¢ -1 f—l)

q3 2
q(¢” +1)
q—1 q—

—1
(1+q(¢* + 1)F +4%a(d® +1)

(see [3, Theorem 2.2.17, Proposition 3.2.3]) or let T = Q7;(q), k1 = q(¢®> + 1)(¢® —1)/(¢ — 1) and
the graph ®; have parameters
5

«f+1mf+U@”+U@+D&@2+U2:fﬂ—1+f@+4ﬂf+q+UJf+4ﬂf+Q+D)
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As k+1 < 2500, it follows that ¢ < 3 and hence either k+1 = 135,1120 and T = Og‘(q) forq=2,3
respectively, or g =2, k+1 = 2295 and T = OfLO(Q). According to Table 2 in any case, none of the
parameter sets k, r and pu is feasible (this was checked in GAP [14] using [16, Proposition 1]) and
[5, Lemma 3.5, Theorem 5.4]).

(C) Now let us consider the cases T' ~ ]\AJ/Z(]\AJ), where M = SUL(2), Q% (2), 2%5,.(3), Qom_1(3),
Qom—1(4) or Qop,—1(8) for m > 3, from [3, Theorem 11.3.2 (iii,iv)] (see also [8]).

(C1) Let T = Uy,(2) (see [3, § 3.1.6]) and the graph ®; = NU,,(2) have parameters
(272" — ) /3, (2" T &) (272 —¢), 22773 — 22772 — 2,2"733(27 2 — ),

where ¢ = (—1)".
In view of Table 3 we have n =5 and k + 1 = 176, i.e. T ~ Us(2). Since

2()\(‘131) + )\((I)Q) + 1) #k—1

and r divides 4, then either N ~ T acts transitively on V(I'), or G is a quasisimple group and
by [7] K < M(T) = Z;. But in the first case, by [4], L = Nyp) =~ Z3 x Uy(2) has no subgroups
of index 7, a contradiction. In the second case r = 2 and I' admits an H-uniform edge partition
with parameters (p1,pe), and {(u1,u2), (A1, A2)} = {(78,21),(56,18)}. But then subdegrees of
the group G, on Q1(a) (recall that |Q1(a)| = k1) are as follows: 1',6!,32% 36! (the upper indices
denote the multiplicities of the corresponding subdegrees). This contradicts the fact A € {78,56}.

(C2) Let T = PQ3,(2) (see [3, § 3.1.2]) and the graph ®; = NOj, (2) have parameters
(22771 —gonml 922y 9203 9 923 4 ogn=2)
where ¢ = £1. Since k + 1 < 2500, n < 6. Then
2MP1) + A(P2)+1) =k -1

for all n and ¢ (see also [17, Example 1]).

Suppose n = 3.

If T ~ PQf(2) ~ Ly(2) ~ Alts, then r = 2 and N is intransitive on V(I') (note that I is a
graph from [17, Theorem 2(ii)]).

Let T' ~ PQg (2) ~ Us(2) ~ PSps(3). Then k+1 = 36, M(T)) = Z, and rk(T') = 3. Since
dmin(Us(2)) = 27 (see [4]), we get K < Z(G).

Assume that N is transitive on V(I'). Then r = 2, N = G ~ Sp4(3) or PSp4(3). Consequently,
Go =~ SLy(9) or G4 ~ Altg. In the first case K = Z(G) < G, and in the second case the rank of
the transitive representation N on V(I') is equal to 5. Both cases are impossible.

Let n > 3. Since dpin(T) = 2" 1(2" — 1) (see [18]) for ¢ = +1, dpin(T) = 119 (see [4]) for
e=—1land n =4, dnin(T) = 495 (see [4]) for e = —1 and n = 5, and dyin(T") = 2015 (see [13]) for
e =—1and n =6, we get K < Z(G). Then, by [16, Proposition 3|, either N ~ T is intransitive
on V(T'), or N is transitive on V(I"). Let us consider the second case. Recall that M(T) = Zy x Zs
for n = 4, ¢ = +1 and M(T') = 1 otherwise (e.g. see [7]). Further, the group Typy is isomorphic
to the group PSp2,(2) (see [13]) and it has no subgroup of index r from the corresponding case
in Table 3. Hence N = G, n =4, ¢ = +1 and r = 2. By Lemma 1 and Theorem 1 I' admits an
H-uniform edge partition with parameters (u1,u2) and {(A1, A2), (p1, p2)} = {(32,28),(30,27)},
and p € {64, 54}.
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Table 3. Feasible parameters of I' with 7 = p! in cases (C1)—(C3)
k +1 kl, ]€2 0 —T T T
(C1) 176 135, 40 ) —35 204 | 2
35 -5 144 | 2,4
(C2),e =-1: 36 15, 20 ) -7 36 2,3,9
7 -5 32 2,4,8,16
136 63, 72 9 —15 140 | 2
15 -9 128 | 2,4,8,16, 32,64
528 255, 272 17 —31 540 | 2,3,9,27
31 —17 512 | 2,4,8,16,32,64, 128,256
2080 | 1023, 1056 | 9 —231 2300 | 2
21 —-99 2156 | 2
27 -7 2128 | 2,4, 8
33 —63 2108 | 2
63 —33 2048 | r =211 < 10
7 —27 2028 | 2,13, 169
99 —21 2000 | 2,4,5,8,25,125
231 -9 1856 | 2,4,8, 32
(C2), e =+1: 28 15, 12 3 -9 32 2,4
9 -3 20 2
120 63, 56 7 —17 128 | 2,4,8
17 -7 108 | 2,3,9,27
496 255, 240 15 —33 512 | 2,4,8,16
33 —15 476 | 2
2016 | 1023,992 | 13 —155 2156 | 2,7
31 —65 2048 | 2,4,8,16, 32
65 —31 1980 | 2,3,9
155 —13 18721 2,3,4
(C3), e =—1: 126 45, 80 ) —25 144 12,3
25 -5 104 | 2,4
V125 | =125 | 124 | 2

(C3),e=1:
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Table 4. Feasible parameters of I' with 7 = p! in case (C4)

€,q,n k+1 |k, ko 0 —T T r
(C4) | —1,3,2 | 36 20, 15 5 -7 36 2,3,9
7 -5 32 2,4,8,16
—1,3,3 | 351 224, 126 14 —25 360 | 3,9
25 —14 338 | 13,169
35 —10 324 | 3,9,27,81
1,3,2 45 32, 12 4 —11 50 5
11 —4 36 3,9
1,3,3 378 260, 117 13 —29 392 | 2,7
29 —13 360 |2,3,4,9
V3TT | =377 | 376 | 2,4
—1,4,2 | 120 51, 68 7 —17 128 | 2,4,8
17 -7 108 | 2,3,9,27
—1,4,3 | 2016 | 975, 1040 | 13 —155 2156 | 2,7
31 —65 2048 | 2,4,8,16, 32
65 -31 1980 | 2,3,9
155 —13 1872 1 2,3,4
1,4,2 136 75, 60 9 —15 140 | 2
15 -9 128 | 2,4,8,16, 32,64
1,4,3 2080 | 1071, 1008 | 9 —231 2300 | 2
21 —99 2156 | 2
27 —77 2128 | 2,4, 8
33 —63 2108 | 2
63 —33 2048 | r=21<10
7 =27 2028 | 2,13,169
99 —21 2000 | 2,4,5,8,25,125
231 -9 1856 | 2,4,8, 32
—1,8,2 | 2016 | 455, 1560 | 13 —155 2156 | 2,7
31 —65 2048 | 2,4,8,16, 32
65 —31 1980 | 2,3,9
155 —13 1872 1 2,3,4
1,8,2 2080 | 567, 1512 | 9 —231 2300 | 2
21 —99 2156 | 2
27 =77 2128 | 2,4,8
33 —63 2108 | 2
63 -33 2048 | r=21<10
7 —27 2028 | 2,13,169
99 —21 2000 | 2,4,5,8,25,125
231 -9 1856 | 2,4,8,32
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A computer check in GAP [14] shows that in the case when » = 2, N ~ T and N is intran-
sitive on V(I'), T' exists and it is unique distance-transitive (k + 1,2, y1)-cover (note it can be also
constructed using [17, Theorem 1] or appears in [17, Example 1]).

(C3) Let T = PQZ,(3) (sce [3, § 3.1.3]) and the graph ®; = NOj, (3) have parameters
(53 1(3 _6)’53 1(3 ! _€)a§3 2(3 1+€)a§3 1(3 2_6))),

where € = £1.

In view of Table 3 we have k+1 =126, ¢ = —1 and r < 4. Then T ~ Uy(3) and dp,;n(7T) = 112
(see [4]). Hence K < Z(G). Enumeration of feasible parameters in GAP [14] shows that I' does
not admit H-uniform edge partitions when A = u, a contradiction with Lemma 1 and Theorem 1.

If N >~ T acts transitively on V(I'), then Npy =~ Uy(2) contains a subgroup of index r <
4, a contradiction. Therefore G = N is a quasi-simple group and, by [7], » = 2. Hence, by
Lemma 1 and Theorem 1, I' admits an H-uniform edge partition with parameters (u1,u2) and
{(M, Xa), (1, 2)} = {(24,45),(20,34)}. Since G = N, the groups (G,)l and (G{F})E*{F} are
permutation isomorphic. Moreover, for the vertex by € Q1(a) the group G4, has exactly two non-
single-point orbits on @1(a): one orbit of length 12 and one orbit of length 32. This is impossible,
since A\; € {20,24}.

(C4) Let T'= PQapy1(q) (see [3, § 3.1.4]) and the graph ®; = NOg,,41(¢) have parameters

(%q"(qn +e), (" +e)(d" — )22 = 1) +e¢" g~ 1),2¢" (" +e)),
where e = £1, ¢ = 3,4,8 and n > 2. According to Table 4, the equality 2(A(®1) +A(P2)+1) = k—1
holds only when either k£ + 1 =36 and ¢ = 3 or ¢ = 4.

For ¢ = 3 we have either n = 2 and din(7") = 27, or n = 3 and dpin(7") = 351 (see [4]). For
even ¢ we have PQo,11(q) =~ PSpa,(q) and, by [12, Theorem 2], dmin(T) = (¢** — 1)/(q — 1), i.e.
dmin(T") = 85 for 2n = ¢ = 4, dpin(T) = 585 for 4n = ¢ = 8 and dp,in(7") = 1365 for n = 3 and
q = 4. Moreover, 7 = p! > dpin(T) is possible only for 4n = ¢ = 8. Together with the fact that
PSps(8) £ GL1o(2), this implies K < Z(G).

First we consider the cases when 2(A(®1) + A(P2) + 1) # k — 1.

If e =41, ¢ =3 and n = 2 then T ~ PQ5(3) ~ PSp4(3) and rk(T) = 3. This possibility was
treated in case (Ab5).

Let ¢ =n =3. Then T ~ PQ7(3), rk(T) = 3 and k + 1 is equal to 351 (for e = —1) or 378 (for
e = +1). In any case by [4] L has no subgroup of index 3, 7 or 13.

Hence if N ~ T is transitive on V(I') then r = 2, ¢ = +1 and N, = Np ~ L4(3) has two orbits
on [a]. Moreover, for the vertex by € Q2(a) the group N, ;, has exactly two non-single-point orbits
on Q2(a) (recall that ko = |Q2(a)| = 117), and the lengths of these orbits are 80 and 36. This
contradicts the fact that by Lemma 1 and Theorem 1 I' admits an H-uniform edge partition with
parameters (p1, pu2) and {(A1, A2), (n1, u2)} = {(133,56), (126, 60)}.

Hence G = N and, by [7], M(T) = Zy x Z3, which together with Table 4 implies r < 3 for
k+1=378 and r = 3 for k+1 = 351. Then, by Lemma 1 and Theorem 1, I admits an H-uniform
edge partition with parameters (p1, p2). More precisely, if &+ 1 = 378, then {(A1, \2), (11, p2)} =
{(133,56), (126,60)} for r = 2 and {(\1,A\2), (p1,p2)} = {(84,40),(91,36)} for r = 3, and if
k + 1 = 351, then {(A\1,A2), (n1,p2)} = {(75,40),(73,45)} and r = 3. Since the groups (Ga)[a]
and (G{ F})E_{F} are permutation isomorphic, in the case r = 2 a contradiction is achieved in a
similar way as above. Let » = 3. For k 4+ 1 = 351 the group Ggp,, where by € Q1(a), has five
orbits on Qi(a) (recall that k1 = |Q1(a)| = 224): two orbits of length 81, one orbit of length 60
and two single-point orbits. This is impossible, since Ay = 73 or 75. Let k + 1 = 378. Since for
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the vertex by € Q2(a) the group Gy, has exactly two non-single-point orbits on Q2(a) (recall that
ks = |Q2(a)| = 117), and the lengths of these orbits are 80 and 36, then Ay = 36. But then ugy = 40,
which is impossible, since G, = G and the group G, moves 36 or 80 vertices from Q2(a*) N [bo]
for some vertex a* € F(a).

Let ¢ = 8. According to Table 4 T' ~ PQ5(8) ~ PSp4(8) and as noted above rk(T) = 5.

Further, the group (é{p})z_{F} has the form L9 (64).Z5.25 for k+1 = 2016 and (L2(8) x L2(8)).Zs
for k 4+ 1 = 2080. Hence, by [16, Proposition 3] and taking into account that M(7") = 1, we obtain
either 7 = 4, one of —65 or 63 is an eigenvalue of I' and N is intransitive on V(I'), or N ~ T
acts transitively on V(I'). Let us consider the second case. If £+ 1 = 2080 then for a subgroup of
index r in Nyp) we have either p = 3 and r divides 3% orr=p=2 If k+ 1 = 2016 then for a
subgroup of index 7 in Nypy we have 7 = p < 3. Enumeration of the orbital graphs of N in GAP
[14] shows that the case r = 3 is impossible, while for » = 2 the graph I' exists: for k + 1 = 2016
the parameter p equals to 1024 or 990, and for £ + 1 = 2080 the parameter p equals to 1024 or
1054. More precisely, for each feasible set of parameters k, i, it turns out to be the unique (up to
isomorphism) distance-transitive (k + 1,2, p)-cover.

Now let 2(A(®1) + A(P2) +1) =k — 1.

Let us consider the case when N is transitive on V(T).

For transitive N, the case ¢ = —1, ¢ = 3 and n = 2 was excluded earlier in (C2).

Let ¢ = 4. Then rk(T) = 3 and by [7] M(T) = 1. If n = 2 then by [4] Npy =~ L(16) (for
kE+1 = 120) or (Alts x Alts) : Zy (for k + 1 = 136) has no subgroup of index 3, so r = 2. If
n = 3, then Nypy ~ PQg(4) : Z3 (see [13]) has no subgroup of index 3,5,7 or 13, so r = 2 again.
Enumeration of the orbital graphs of PSps,(¢) on r(k + 1) points in GAP [14] shows that none of
these cases is realized.

A computer check in GAP [14] shows that in the case when r = 2, N ~ T and N is intransitive on
V(T'), T exists and it is unique distance-transitive (k+ 1,2, u)-cover (note it can be also constructed
using [17, Theorem 1]).

(D) Finally, let the pair (]\7 ,Y), where Y is the pre-image in M of a point stabilizer in T, be one
of the following (up to conjugacy in Aut(M) (see [3, § 11.3.2, Theorem 11.3.2(v)—(x)])):

(SU3(3)7PSL3(2))7 (SU3(5)73'A1t7)7 (SU4(3)74'PSL3(4))7 (Sp6(2)7G2(2))7 (97(3)7G2(3))7
(SUs(2),3.PSU4(3).2);

let further the graph ®; have parameters
(36,14,4,6), (50,7,0,1), (162,56,10,24), (120,56,28,24), (1080,351,126,108)

or (1408,567,246, 216),

respectively (for their detailed description, see [3, §-§ 10.14, 10.19, 10.48, 10.39, 10.78, 10.81]). Then
feasible parameters of I' are described by Table 5, which, in particular, shows the cases k+ 1 = 56,
1080 are impossible.

Let T ~ SU3(3). Then rk(T") = 4, M(T) = 1, and by [4] dmin(T") = 28 > r. Hence K < Z(G)
and N ~ T. Suppose N is intransitive on V(I'). Then by [16, Proposition 3] we have either r = 4
and 7 is an eigenvalue of ', or r = 2 and v = —2(X\(®;) + k;u(®P;)/k; + 1) + k is an eigenvalue of
I'. In the second case v € {£7}, which in view of Table 5 implies p € {16,18}. Computer check
in GAP [14] shows that for » = 2 and each p, I' exists and it is the only (up to isomorphism)
distance-transitive (36, 2, u)-cover.

Suppose N ~ T is transitive on V(I'). Then Nipy ~ L3(2) must contain a subgroup of index r.
But in view of [4] the index of a proper subgroup in L3(2) must be divisible by 7 or 8, which



174 Ludmila Yu. Tsiovkina

implies r = 8. Enumeration of the orbital graphs of the group SUs(3) on 367 points in GAP [14]
shows that this is impossible.

For r = 4 enumeration of the orbital graphs of the group K x SUs(3) on 144 points in GAP [14]
shows this case is also impossible.

In all other cases rk(T) = 3 and dyin(T) > r. Hence K < Z(G) and, by the remark after
Proposition 1, we will assume that r is prime.

For T' ~ PSU3(5) we have 2(A(®1) + A(®2) + 1) # k — 1 and by [7] M(T) = Z3. In view of
Table 5 r = 2 and hence N = G’ ~ T. Enumeration of the orbital graphs of the group Zs x SU3(5)
on 100 points in GAP [14] shows this case is impossible.

For T ~ Spg(2), we have 2(A(®1) + A(P2) + 1) =k —1 and, by [7] M(T) =1,s0 N =G ~T.
Since the rank of the representation of the group Spg(2) on cosets by its subgroup isomorphic
to the group G2(2), equals 5, we obtain that N is intransitive on V(I'). Further, in view of
Lemma 1 and Theorem 1 I" admits an H-uniform edge partition with parameters (i1, u2) and either
[ 2), (1, p2)} = (28,32), (27,30} and 7 = 2, or {(\1, Aa), (s, 12)} = {(18,20), (19,22)} and
r = 3. Since the groups (Ga)[a] and (G{F})Z_{F} are permutation isomorphic, for b € Q1(a)
Gy p,-orbits on Q1(a) have lengths 1, 1, 27 and 27. For r = 3 this is impossible, since \; = 18 or
19. Hence r = 2. Enumeration of the orbital graphs of the group Z, x Sps(2) on 240 points in
GAP [14] shows that I" exists and it is distance-transitive with p = 54 or 64.

For T' ~ PSUg(2) we have 2(A(®1) + A(P2) + 1) # k — 1 and, by [7], M(T) = Z3 x Zy X Zs.
Since the rank of transitive representation of PSUgs(2) on its right X-cosets with X ~ U,(3) equals
5, then G is a quasi-simple group and r = 2. In view of Lemma 1 and Theorem 1 I' admits an H-
uniform edge partition with parameters (u1, p2) and {(A1, A2), (n1, p2)} = {(286,429), (280, 410)}.
Since the groups (Ga)[a] and (G{F})Z_{F} are permutation isomorphic, for b; € Q1(a) G p,-orbits
on @1(a) have lengths 1, 320, 30, 96 and 120. This is a contradiction, since A\; = 286 or 280.

Table 5. Feasible parameters of I' with = p! in case (D)

(M,Y) E+1 |k, ko 0 | —1 |rp |7
(SU,(3), PSL5(2)) |36 | 14,21 |5 | —7 |36 23,9
7T | =5 |32 2,4,8,16
(SU3(5), 3.Alt,) 50 7,42 |7 |7 [48 [2,4,8
(Sps(2), Ca(2)) 120 | 56,63 |7 | —17]128 |2,4,8
17| =7 | 108 |2,3,9,27
(SU5(2),3.PSUL(3).2) | 1408 | 567, 840 | 21 | —67 | 1452 | 2,11
67 | =21 | 1360 | 2,4,8

Theorem 3. Suppose that ' = F(é, G, K) is a minimal abelian (k+1,7, u)-cover, k+1 < 2500,
rk(G¥) = 3 and T = Soc(G¥) ~ PSL4(q). Assume G = G whenever tk(T) = 3. Suppose further
that (T, k + 1) # (Alty, (5)). Then G* ~ PT'Ly(8), k+1=36, r =2, p € {16,18}, G' ~ T, G’ is

transitive on V(I'), and I' is a unique (up to isomorphism) distance-transitive (36,2, j)-cover.

Proof Let T =~ PSL4(q). Next we consider potential combinations for 7' and the com-
plementary rank 3 graphs ®; and ®5 associated with G*, applying their description from [8] and
[3, Theorem 11.3.3]. Since k + 1 < 2500, we are left with the following two cases (E) and (H).
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(E) Let either T = PSLy(4) ~ PSLy(5) ~ Alts, k+1 = (3), or T = PSL5(9) ~ Altg, k+1 = (3),
or T'= PSL4(2) ~ Altg, k+ 1 = (g), or G=PI'Ly@8), k+1= (g) (see [8] and also [3, Theorem
11.3.3(ii)]). Then ®; ~ T'(m) and m = 5,6, 8,9, respectively. The cases m < 8 were considered in
[17, Theorem 2]. Below we treat the remaining case m = 9.

Let k+1 =36 and G= ~ PT'Ly(8). Then T ~ Ly(8), rk(T) = 4, M(T) = 1, the graph ®; has
parameters (36,14,7,4) and 2(\(®1) + A(®2) + 1) # k — 1. If r = p!, p is prime, then p < 3. Note
that Lo(8) € GLi(3) for I < 4 and Lo(8) £ GL;(2) for I < 5. Hence K < Z(G). By [16, Proposition
3] r # 3 and if r < 16, then by [16, Proposition 3] G’ ~ T is transitive on V(I"), which, in view
of [4], implies r = 2. Enumeration of the orbital graphs of the group Z; x Ls(8) on 72 points in
GAP [14] shows that p = 16 or 18, and I is a unique distance-transitive (36,2, u)-cover (see also
[16, Example]).

(H) If T'= PSL3(4), Ty =~ Alte and @1 is the Gewirtz graph (with parameters (56, 10,0,2)) or
T = PSL4(3), Typy ~ PSps(3) and &1 ~ NOF (3) (with parameters (117,36,15,9)), then there is
no feasible set of parameters. O

Remark 1. In proofs of Theorems 2 and 3, in a computer search for distance-regular orbital
graphs we used GAP packages GRAPE [15] and coco2p [10].

Remark 2. An explicit construction of covers with 7 = 2 and intransitive group G’ from the
conclusions of Theorem 2 can be found in [17, Theorem 1, Example 1].

Corollary 1. Suppose that ¥ is a non-bipartite abelian (n,r’, u')-cover with a transitive group
of automorphisms X that induces a primitive almost simple permutation group X= on the set = of
its antipodal classes such that rk(X=) = 3 and the pair (X=,n) satisfies conditions of Theorem 2
or 8. Then U has a minimal quotient F(é, G, K) that is an (n,r, u)-cover from the conclusion of
the respective theorem with Soc(X=) ~ G/K and r'y/ = rp.

4. Concluding remarks

In this paper, we continued studying abelian antipodal distance-regular graphs I' of diameter 3
with the property (x): I has a transitive group of automorphisms G that induces a primitive almost
simple permutation group G~ on the set of its antipodal classes. As in [16], we focused on the
case tk(G*) = 3. In [16] and [17], it was shown that in the alternating and sporadic cases for G*
the family of non-bipartite graphs I" with the property () and rk(éz) = 3 is finite and limited to
a small number of potential examples with |X| € {10,28,120,176,3510}. Here we assumed that
the socle of G= is a classical simple group. The case of classical simple socle seems to be both
most interesting and complicated, since, on one hand, there is an infinite family of non-bipartite
representatives I' (see [17, Example 1]), and on the other hand, its study requires a profound
inspection of G=. So we started classification of graphs I' with ”small” |X|. In order to describe
minimal quotients of I', we used the technique for bounding their spectrum that is based on analysis
of their local properties and the structure of G, which was developed in [16] and applied in [16]
and [17] for the cases of sporadic, alternating and exceptional socle (the latter was investigated
under condition |X| < 2500). As a result, we significantly refined the sets of feasible parameters
of I' with |X| < 2500 in the case of classical socle, showing, in particular, that for most of these
sets I' must be a covering of a certain distance-transitive Taylor graph.

We also wish to mention two more challenging examples of graphs with the property (*), namely,
abelian (n, 3, 12)-covers with n = 36 or 45 and rk(G™) = 4 or 5, respectively (for their constructions,
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see

[9]). A computer assisted inspection shows that they are the only minimal abelian (n,r, u)-

covers (G, G, K) such that 3 < rk(G=) < 5, r > 2, n < 2500 and G = G’ is a quasi-simple
group.
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Abstract: In this article, we have discussed Biharmonic Green function on an infinite network and bimedian
functions. We have proved some standard results in terms of supermedian and bimedian. Also, we have proved
the Discrete Riquier problem in the setting of bimedian functions.
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1. Introduction

An electrical network X is a finite graph consisting of a finite number of nodes and branches,
each branch connecting some two nodes. There is a certain resistance r(a,b) on each branch |[a, b]
connecting the nodes a and b in X; the reciprocal of the resistance is called the conductance c(a, b).
Thus, an electrical network X can be considered as a graph {X,c(a,b)} with finite number of
vertices (nodes) and a finite number of edges (branches); the non-negative conductance c(a,b) is
positive if and only if @ and b are neighbors, that is [a, ] is an edge in X. A vertex e in X is called
a terminal vertex if e has only one neighbor in X. If ¢ and b are neighbors, we write b ~ a. We
assume also that if a ~ b, then there is only one branch [a,b] connecting a and b and there is no
self-loops in X; there is no edge of the form [a, a] so that ¢(a,b) = 0 for all a in X. We also assume
that there is always a path {a = ag, a1, a9, ...,a, = b} connecting two vertices a and b in X where
a; ~ a1 for 0 <i<n—1.

An electrical current regime voltage is considered on the finite network {X,c(a,b)} assuming
the Ohm—Kirchhoff laws: if ¢ is the potential function on X, when extremal currents are applied
on X, then the voltage on the branch [a,b] is [¢)(b) — ¥ (a)] and the current is ¢(a,b)[1)(b) — ¥ (a)]
so that the total current at the node a is > ¢(a, b)[¢)(a) — ¥ (b)]. Based on these basic notions, the

b~a
condenser principle, the equilibrium principle, the minimum principle, etc. are proved on X in [4].

In an abstract sense, can we consider these principles on an infinite network in a meaningful
manner? Is it possible to think of an infinite electrical network with Ohm—Kirchhoff laws suitably
modified by Nash-Williams [10] in his remarkable paper on random walks and electrical currents
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in networks, where it is shown that the random walk in probability theory has features analogous
to electrical networks. A random walk considered as an irreducible, reversible Markov chain will
serve as a model to develop a function theory on infinite graphs analogous to that of electrical
networks (Abodayeh and Anandam [1, 2], Woess [12] and Zemanian [13]). Let {X,p(a,b)} stand
for a countably infinite state X with the transition probabilities p(a,b). Assume that {X,p(a,b)}
is irreducible, i.e., is it possible to move along a path from any state a to any other state b in X; it
is also reversible, i.e., there is a function ¢(a) > 0 on X such that ¢(a)p(a,b) = ¢(b)p(b, a) for any
two states @ and b in X. Then, as an example of the analogy between random walks and electrical
currents, consider two disjoint subsets A and B. Denote by 1 (a) the probability that the walker
starting at the state a reaches A before meeting any state in B. Then ¢(a) = 1 for a € A and
Y(a) =0 for a € B; if a ¢ AU B, then ¢(x) = > p(a,b)y(a) and, since > p(a,b) = 1, we have
b~a

b~a
>~ pla,b)[1(b) —(a)] = 0, which is equality analogous to the situation where the total current at
b~a
the node a is 0.

In a random walk, the Green function G(a,b) represents the expected number of visits that
the walker starting at a makes to reach b. The function G(a,b) takes the value oo if {X,p(a,b)} is
recurrent, i.e., the walker starting at any state a comes back to a infinitely often; G(a,b) < oo for
all pairs a, b if {X,p(a,b)} is transient, i.e., the walker starting at a vertex a definitely wanders off
from a. A situation similar to this occurs in the study of Riemann surfaces. If a Riemann surface
R is parabolic, there is no Green potential on R. If R is hyperbolic, then there is a Green kernel
on R.

When this analogy between random walks and functions on Riemann surfaces is properly devel-
oped, a successful application of function-theoretic methods on Riemann surfaces to solve problems
in random walks on an irreducible, reversible {X, p(a,b)} is possible. For this case, we can de-
fine the Dirichlet norm on a, and then the functional analysis methods enable us to establish
a correspondence between some function-theoretic problems on a Riemann surface and problems
connected with a random walk on X. For example, Lyons [9], modifying a Royden criterion on
Riemann surfaces, gives a necessary and sufficient condition for a reversible Markov chain to be
transient. However, these arguments establishing relations between random walks and Riemann
surfaces are valid only when it is assumed that the random walk is reversible. Intending to develop
a function theory on infinite networks that will be applicable even in the case of non-reversible
Markov chains, we adopt here potential theoretic methods on locally compact spaces. The basic
result is the solution to a generalized Dirichlet problem in infinite networks; using which we in-
troduce the analogous of balayage, maximum principle, equilibrium principle, condenser principle,
the classifications based on the notions of transient and recurrent random walks, etc. in infinite
networks.

2. Preliminaries

Let N be an infinite graph that is connected and locally finite but without self-loops [4, 7]. Let
©(a,b) > 0 be a nonnegative number associated with each pair of vertices a and b in N such that
o(a,b) > 0iff b ~ a. Then {N, p(a,b)} is called an infinite network. We do not assume that ¢(a, b)
is symmetric. Given a set B in N, say that a vertex a is an interior vertex of B if a and all its

neighbors are in B; denote by B the set of all interior vertices of B, and let 0B = B\ B. If f(a)
is a real-valued function on B, write

Af(a) = 0(a,b)[f(b) - f(a)]

b~a



Biharmonic Green Function and Bisupermedian on Infinite Networks 179

for any a € B. Say that f(a) is superharmonic on B if Af(a) <0 for any a € B; and f(a) is said

to be harmonic on B if Af(a) =0 for any = € B. A function f(a) on B is subharmonic if — f(a) is
superharmonic on B. The following statements are valid.

(1)

If {fn(a)} is a sequence of superharmonic functions on B and f(a) = lim, f,(a) is real-
valued on B, then f(a) is superharmonic on Bj; consequently, if {g,(a)} is a sequence of
superharmonic functions on B such that g(a) =), gn(a) is finite for each a in B, then g(a)
is superharmonic on B.

Minimum Principle: If s(a) > 0 is superharmonic on N and s(ag) = 0 for some vertex ay,
then s = 0.

Greatest harmonic minorant: Let f be superharmonic on B and g be subharmonic on
B such that f > g on B. Let u(a) be the sequence § of all subharmonic functions on B such
that u < f. Let
Aa) = supu(a)
UEF

for € B. Then A(a) is a harmonic function on B such that if A'(a) is another harmonic
function and M < f on B, then X' < A. We call A\(a) the greatest harmonic minorant of f
on B. Similarly, we define the least harmonic majorant of g on B.

Generalised Dirichlet Solution: Let F' be an arbitrary set in N and B C 1% . Suppose
that u(a) is a real-valued function on F'\ B such that there exist a superharonic function f
and a subharmonic function g on F such that f > g on F and f > u > g on F'\ B. Then
there exists a function A on F such that A = v on F'\ B and AX(a) = 0 for a € B. This
generalised Dirichlet solution A on F' is uniquely determined if F' is a finite set.

3. Biharmonic Green Function

Definition 1 (Potential). A nonnegative superharmonic function p defined on a subset B is
said to be potential if and only if the greatest harmonic minorant of p on B is 0.

Definition 2 (Bipotential). A potential u in (N,p) is said to be a bipotential if and only if
(=A)u = p, where p is a potential in N. We say that N is a bipotential network if there exists a
positive bipotential on N.

Definition 3 (Biharmonic Green function). For a fized vertex z in N, a potential u,(a) in
(N,p) is said to be the biharmonic Green function with biharmonic support {z} if and only if
(—=A)uz(a) = Gy(a), where G,(a) is the harmonic Green function with harmonic support z.

Proposition 1. The biharmonic Green function exists on (N, p) if and only if there is a positive
bipotential on (N,p).

P r o o f. Clearly, the binarmonic Green function is a bipotential. Conversely, let u be a positive
bipotential, (—A)u = p. Then,

u(a) = Z G(a,b)p(b).
b

Let z be a fixed vertex. Then, for some A > 0, G,(b) < Ap(b) for any b € N (Domination Principle).
Hence,

Qz(a) = Z G(a7 b)Gz(b)
b
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is a well-defined potential such that (—A)u.(a) = G.(a). O

Theorem 1. Let (N,p) be a bipotential infinite network, and let u,(a) be the biharmonic Green
potential on (N,p). If >, f(b)up(a) is finite at some vertex ag for some f >0, then

u(a) =Y f(b)us(a)
b
is a bipotential on (N,p). Conversely, every bipotential u(a) can be represented as

u(a) = f(b)us(a),
b

where f(a) = (—A)?u(a).
Proof. Let (—A)u=pon (N,p). For a finite set E in (N, p), write

s(a) = u(a) = Y (~A)p(b)up(a).

beE

Then,
(=A)s(a) = pla) = Y (=Ag)p(b)Gr(a) = > (=A)p(b)Gh(a) > 0.

beE b¢E
Hence, s is superharmonic on (N, p), and since
—s(a) <Y _(=A)p(b)us(a),
beFE
we conclude that —s < 0. Hence,

u(a) = 3 (~A)p(b)uy(a).

beE

Allow E to grow into (N, p), to conclude that

Write

Then,
(=A)p(a) =pla) = Y (=A)p(b)Gy(a) = 0.

be(N,p)

Hence, ¢(a) is a nonnegative harmonic function majorized by the potential u(a). Hence, ¢ = 0 so
that

u(@) = Y (=A)p(b)up(a)

be(N,p)

for any a € (N,p). If f(a) = (=A)p(a), then f > 0 and f(a) = (—A)?u(a). Conversely, suppose

that
u(a) =Y f(b)up(a),
b
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which is a convergent sum of potentials if u(ag) is finite at some vertex ag. Then, u(a) is a potential
in (N,p) and

(=A)ula) =Y fFO)(=A)up(a) = Y f(b)Gy(a),
b b
being finite at each a, defines a potential p(a). Thus, (—A)u(a) = p(a). O

Proposition 2. Let (N,p) be a bipotential infinite network. For z € (N,p), if u.(a) and G,(a)
are the biharmonic and harmonic Green potentials, then u,(a) > G(a) for any a € (N, p).

Proof. Since (—A)u,(a) = G.(a), (—A)G.(a) =6.(a), and G,(z) > G,(a) for all a (Domi-

nation principle), we have

Hence,

la) = 5 G0
<

2(2
is a superharmonic function such that —u(a) < G.(a); hence, —u < 0 on (N, p). Consequently,

uz(a) > G,(2)G(a) > G,(a)
since G,(z) > 1. O

Proposition 3. Let u be a potential in (N,p), (—A)u = p. Suppose that 0 < f < p. Then,
there exists a potential v, v < w, such that (—A)v = f on (N,p).

Proof. Let
u(a) =" Gla,b)p(b) > > Gla,b)f(b) = v(a),
b

b
then v(a) is a potential, v < u and (—A)v(a) = f(a) for all a € (N, p). O

Corollary 1. Let (N,p) be a bipotential infinite network. If u is a potentials with finite har-
monic support in (N,p), then there exist is a bipotential v on (N,p) such that (—A)v = u on (N, p).

P r oo f. By hypothesis, there are postive potentials p and ¢ such that (—A)u = p on (N, p).
Since u has finite harmonic support, u < Ap on (N,p) for some A > 0 (Domination Principle).
Hence use the above Proposition , there is a potential v < Ag such that (—A)v =u on (N,p). O

Lemma 1. Let F' be a finite subset in any infinite network (N,p). Let E C F and f >0 be a
real-valued function on E. Then there exist a potential u on F such that (—A)u(a) = f(a) for any
ac k.

Proof Assume that f is defined on F by giving it values 0 in F'\ E. Let Gf'(a) be the
Green function in F' with point harmonic support b € F' such that GbF (a) =0if a € OF. Let

u(a) =Y f()Gf (a).

beF

Then, u is a potential in F' such that (—A)u(a) = f(a) if a € E. O
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4. Transient and hyperbolic networks

Let {N,p(a,b)} be a countable set of state space N with transition probabilities {p(a,b)}. Let
FE be a fixed vertex in N. If a walker starting at e comes back to the state e infinitely often, i.e.,
with probability 1, then {N,p(a,b)} is said to be recurrent; otherwise, it is transient (see [5, 6]).

In classical potential theory (Brelot [8] and Al-Gwaiz M.A., Anandam V. [3]), a superharmonic
function s(a) > 0 is called a potential if its greatest harmonic minorant is 0. In the discrete case,
we can show that the superharmoinc function s(a) > 0 on an infinite network {N,¢(a,b)} is a
potential if its greatest harmonic minorant is 0. If there exists a potential p(a) > 0 on N, then we
say that {IV, ¢(a,b)} is a hyperbolic network; otherwise, it is called a parabolic network.

Let {N, ¢(a,b)} be an infinite network. Write

pla) = 3 pla,b).

b~a

Then 0 < ¢(a) < co. Write
¢(a,b)
p(a)
Then {N,p(a,b)} becomes a probability space, which need not be reversible. Therefore, we can say
that {NV, p(a,b)} is transient when the associated probability space {N,p(a,b)} is transient.

p(a, b) =

Theorem 2. The infinite network {N,p(a,b)} is transient if and only if it is hyperbolic.

Proof. Let e be a fixed vertex in N. Consider a sequence of finite subsets {F},} such that

e € F1, F,, C Fyy1, and N = |JF,. For a vertex a in N, let 1,(a) denote the probability that
n

the walker starting at a reaches the vertex e before contacting any vertex in F¢. Then 1, (e) = 1,
Yp(a) =0 for a € F),, and

Ynla) = 3 pla, b (b)
b

for a ¢ {e} U {FC}. Since

Zp(a’ b)=1
b

for all a, we have

Zp(a” b) [wn(b) - %(G)] - 0;
b

that is Ayy,(a) = 0 if a & {e} U {F}. Since {¢,(a)} is an increasing sequence, ¥(a) = lim 1, (a)
n
exists and 0 < ¢ (a) < 1 for all @ in N. Clearly, 1)(a) denotes the probability that the walker starting
at {e} returns to {e}. Consequently, ¢y = 1 if and only if N is recurrent. Hence, {N,(a,b)} is
transient if and only if ¢ is not the constant 1.
Now, another interpretation of ¢, (a) is that it is the Dirichlet solution with boundary values

Yn(e) = 1 and ¢, (a) = 0 if a ¢ F,. Hence, if we extend v, to the whole space N assuming it
equal to 0 on F,,, then 1, (a) becomes subharmonic at each vertex other than e, harmonic at each

vertex in F',, \ {e}, and superharmonic at e. Hence, in the limit, we find that ¢ (a) is a nonnegative
superharmonic function on N that is harmonic outside the vertex e. Consequently, if ¢ is not the
constant 1, then 1 is a positive superharmonic function that is not harmonic on N. Let h(a) be the
greatest harmonic minorant of ¥(a) on N. Then, p(a) = ¢(a) — h(a) is a positive superharmonic
function that is a potential on N. That is, { N, ¢ (a, b)} is hyperbolic. Then, the following statements
are equivalent:
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(1) the function ¢ is not the constant 1;
(2) the probability space {N,p(a,b)} is transient;

(3) the infinite network {N, ¢(a,b)} is hyperbolic.

5. Bimedian functions on infinite networks

In this section, we assume that {N, ¢(a,b)} is an infinite network that is a tree without terminal
vertices. Write

Au(a) = u(a) = 3 o(a, byu(b)

b~a
for a real-valued function u(a) on N. Note that A is the Lapalcian operator —A if
p(a) => pla,b) =1
b~a

for all @ in N.

Definition 4. A real-valued function u(a) on N is said to be supermedian if

u(a) =) pla, b)u(b)

b~a

for all a in N; u(a) is said to be median if

u(a) = ¢(a,byu(b)

b~a

for all a in N.

Remark 1.

(1) A supermedian function is the same as superharmonic if and only if ¢(a) = > ¢(a,b) =1

b~a
for all @ in N.

(2) A solution to the Schrodinger equation corresponds to a median function if and only if
p(a) <1 for all @ in N and ¢(ag) < 1 for at least one vertex ap in N.
We can develop a theory of supermedian functions exactly in the same way as the theory of
discrete superharmonic functions. For example, we have the following.

(a) If u(a) is supermedian and v(a) is submedian such that u(a) > v(a) on N, then there
exists a median function h(a) on N such that u(a) > h(a) > v(a); and if A’ (a) is another
median function such that u(a) > h' > v(a), then h'(a) > h(a).

(b) If u(a) > 0is supermedian, then there exists a unique decomposition u(a) = p(a)+h(a),
where p(a) is a superpotential (i.e., a nonnegative supermedian function whose greatest
median minorant is 0) and h(a) > 0 is a median function. Recall that a finite or infinite
graph is known as a tree if there is no closed path of the form {ag,a1,...,a, = ag} with
more than 2 distinct vertices.
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Corollary 2. Let {N,p(a,b)} be an infinite tree without terminal vertex. Then, for any vertex
e in N, there exists a supermedian function @.(a) on N such that p.(a) is a median function at
each vertex in N \ {e}, i.e., pc(a) is not median at e.

Proof. Let F be the set consisting of {e} and all its neighbors. Define a function u(a) on
F such that u(a) = 1 and u(a) = 0 at each neighbor of e. Then extend v(a) to N as in the above
theorem to get the function v(a) which equal to u(a) on F' and is a median function at each vertex
a # e. Note that u(a), and hence v(a), is superharmonic at e but not median. Denote the function
v(z) by pe(a) to prove the statement in the corollary. O

Remark 2. This function ¢, (a) is an analog of the Newtonian potential function 1/|z| in R3 if
there is a positive superpotential on N; otherwise, p.(a) is an analog of the logarithmic function
log(1/]z]) in R2.

Theorem 3. Let {N,p(a,b)} be an infinite tree without terminal vertices. Let F' be a connected

subset of N, and let u(a) be a real-valued function on F. Then, there exists a real-valued function

v(a) on N such that v(a) = u(a) if a € F and v(a) is a median function at each vertex not in F.

Proof. Let ag € OF. Let {aj,as,...,ax,b1,b2,...,b,} be the neighbors of ag, where
{ay,...,ax} are in F and {by,...,b,} are outside F. Note that the latter subset {b1,ba,..., by} is
non-empty since ag € OF. Choose a constant A and define a function v(a) on F'U {all neighbors of
ap} such that

[ u(a) for ae€F,
v(a)_{)\ for a¢ F.

Now, if the constant A is chosen so that

k m
v(ao) =Y plao, aiju(a;) + XD t(ao, b)),
j=1

=1

then v(a) is a median function at the vertex ag.

This procedure can be adopted with respect to each vertex on JF. Denoting this extended
function also by v(a), we get a function v(a) defined on Nbr(F'), which consists of F' and all
neighbors of each vertex in F' such that v(z) = u(x) if @ € F and v(a) is a median function at each
vertex in OF.

Repeat this procedure with respect to v(x) as Nbr(f). Since N is a connected network,

N = ... Nbr[Nbr[Nbr(f)]]

so that v(a) is a function defined on N such that v(a) = u(a) if a € F and v(a) is a median function

at each vertex not in F'.

Theorem 4. Let f(a) be a real-valued function on N. Then there exists a function u(a) on N
such that Au(a) = f(a) for every a in N.

P roof. From Theorem 3, we have a function ¢(a) such that Ape(a) = Me(a), where A > 0
is a constant and d.(a) is the Dirac function. Write g.(a) = 1/\ - pe(a). Thus, we conclude that
given any vertex e in N, there exists a real-valued function ¢.(a) on N such that Ag.(a) = é.(a).



Biharmonic Green Function and Bisupermedian on Infinite Networks 185

(o]
Take a finite exhaustion {E,, } of N, i.e., E, is a non-empty finite set, £, C F, 1, and N = UE,.
For n > 1, let

u(@) = D ala)f(e).

eEEn+1\En
Then, Auy(a) =0 for x & E,y1 \ E, and Auy,(a) = f(a) for € E, 41\ E,. Define

u(@) = 3 ua(a),
n=1

where

w(@) = 3 q.(a)f(e)

eck
is such that Aui(a) = 0 for z ¢ E; and Auq(a) = f(a) for a € E;. Note that the infinite sum

is well-defined. For, if ag is any vertex in N, then ag € E,, for some m and Y .2 up(a) is a
convergent series consisting of functions that are median at the vertex ag. Consequently, u(a) is a
well-defined function on N such that Au(a) = f(a) for all a € N.

Definition 5 (Bimedian) [11]. A real-valued function v(a) on N is said to be bimedian if there
exists a median function u(a) on N such that Av(a) = u(a) for all a € N. If A is the Laplacian
operator, then v(a) is called a biharmonic function on N.

Theorem 5 (Discrete Riquier problem). Let E be a finite subset of N. Let f and g be two
real-valued functions on OF. Then, there exists a unique bimedian function v on E such that

Av(a) = f(a) and v(a) = g(a) for a € OF.

Proof Let hj(a) be the unique Dirichlet solution on E such that Ahi(a) = 0 for a € E
and hi(a) = f(a) for a € OF. By Theorem 4, we can choose a function s(a) on E such that
As(a) = hy(a) on E.

Let ha(a) be the unique Dirichlete solution on E such that Ahs(a) =0 for a € E and ha(a) =
g(a) —s(a) on OF. Take v(a) = s(a)+ ha(a). Then, v(a) = g(a) on OF and Av(a) = As(a) = hi(a

for a € E, so that A[Av(a)] = Ahi(a) =0 for a € E; further, Av(a) = f(a) for a € OE. Thus, v(a)
is the unique bimedian function on E such that Av(a) = f(a) and v(a) = g(a) for a € OF. O
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