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Abstract: We consider a variant E,, j(N;7,7;p,p) of the four-parameter Stechkin problem E,, ;. (N;r, s;p, q)
on the best approximation of differentiation operators of order k on the class of n times differentiable functions
(0 < k < m) in Lebesgue spaces on the real axis. We discuss the state of research in this problem and related
problems in the spaces of multipliers of Lebesgue spaces and their predual spaces. We give two-sided estimates
for Ep, ,(N;r,7;p,p). The paper is based on the author’s talk at the S.B.Stechkin’s International Workshop-
Conference on Function Theory (Kyshtym, Chelyabinsk region, August 1-10, 2023).
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1. Introduction

1.1. Some notation

In this paper, we use the standard notation for the classical complex spaces of complex-
valued measurable (in particular, continuous) functions of one variable on the real axis. Thus,
L, =L,(—00,00), 1 <7 < 00, is the Lebesgue space of functions f measurable on the real axis
R = (—o00, 00) such that the function |f|" is integrable over the axis; the space L is equipped with

the norm Uy
1l = 1]z, = ( / rf<t>mzt) ;

hereinafter, we omit the integration set in integrals over the axis. The space Lo = Loo(—00,00)
consists of measurable essentially bounded functions on the axis; the space is equipped with the
norm

1flloo = 1fllLo = ess sup {|f(t)]: t € (—o00,00)}.

The space Lo, = Loo(—00,00) contains the space C' = C'(—o0, 00) of bounded continuous functions
on the axis with the uniform norm

[flle = sup{|f(#)]: ¢ € (00, 00)}.

Let Cy = Cy(—00, 00) be the subspace of C' = C(—o00, 00) of functions vanishing at infinity. Denote
by V the space of (complex) bounded Borel measures on (—o0,00). We will identify this set with
the set of (complex) functions p of bounded variation on (—o0o,00) such that values of their real

!'This work was supported by the Russian Science Foundation, project mno. 22-21-00526,
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and imaginary parts at the discontinuity points are between the right-sided and left-sided limits.
The norm in the space V is the total variation \/ = \/=_ p of a measure (a function) p € V.

These spaces and their norms are invariant under the group of translations {73, h € R} defined
by the formula (73, f)(t) = f(t—h), t € R, as well as under the family of operators {o}, h € R} given
by the formula (o1, f)(t) = f(h—t), t € R. The operators of these two families are related as follows:
o = Thop, Where o is the operator of changing the sign of a function argument: (oo f)(t) = f(—t),
teR.

We define the direct and inverse Fourier transforms of functions (at least from the space
L = Li(R)) by the formulas

fw:/emem%7m:/PWWmm:ﬂ4x (1.1)

respectively. Properties of the Fourier transform can be found, for example, in [44, Ch. I, Sects. 1, 2].

Let . be the space of rapidly decreasing, infinitely differentiable functions on the axis, and
let .7’ be the corresponding dual space of generalized functions (see, for example, [41, 42, 44]).
The value of a functional § € .’ on a function ¢ € . will be denoted by (6, ¢). The space .
contains the set .Z = Z(R) of functions f measurable and locally integrable on R, and satisfying
the condition

/a+mMﬂmw<w

with some exponent d = d(f) € R; functions f € £ are called slowly growing (classical) functions.
A function f € £ is associated with a functional f € ./ by the formula

(f,0) = /f(t)<b(t)dt, e

The convolution 6 * ¢ of an element 6 € .#’ and a function ¢ € . is the function y(n) = (0, 0,¢).
If 6 € £ is a classical function, then

(0 p)(n) = /9(t)¢(n —t)dt.

__ The Fourier transform 9 of a functional 6 € .’ is a functional ge.7 acting by the formula
0,0) = (0,0), p € L. If0 € L, 1 <~y <2 then 0 € Ly, 1/y+1/y = 1; moreover, the
Hausdorff-Young inequality [|0||,» < [|0]|, holds (see, for example, [44, Ch. V, Sect. 1]).

1.2. Stechkin’s problem on the best approximation
of differentiation operators by bounded linear operators
in Lebesgue spaces on the real axis

Let r, s, p, and ¢ be parameters satisfying the constraints 1 < r,s,p,q < oo. Let us agree that,
for r = 00, by Lo = Loo(—00,00), we mean the space Cy = Cy(—00,00) of continuous functions
on the axis vanishing at infinity. For p = 0o, by Loy = Loo(—00,00), we mean the classical space
of essentially bounded functions on the axis. For s = 0o and ¢ = 00, by Loy = Loo(—00,00), we
mean the space C' = C(—o0,00) of bounded continuous functions on the axis or even the space
Cp = Cp(—00,00) of continuous functions vanishing at infinity depending on the situation; these
situations will be stipulated.

For an integer n > 1, we define the space W;!, of functions f € L, that are n — 1 times
continuously differentiable on the axis, their derivatives f("~1) of order n — 1 are locally absolutely

continuous, and f (n) ¢ Ly. In the space W, consider the class

rp={F e Wl If™, < 1}
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Denote by B(L,, L) the set of all bounded linear operators from L, to Lg, and let B(N; L,., L)
for N > 0 be the set of operators T' € B(L,, Ls) with the norm ||T||z,»z, < N. Let 0 < k < n be
an integer and k > 0 if » = s. For an operator T € B(L,, L;), define

U(T) =sup {||f* —Tfl,: feqr,}.

If the difference f*) — T does not belong to the space L, then we assume that [|.f ) ~Tf| L, = oo.
For N > 0, the quantity

E(N) = E,,(N) = E,;(N;r,s;p,q) =inf {U(T): T € B(N; Ly, L)} (1.2)

is the best approximation (in the space L) of the differentiation operator of order k on the class Q7'
by the set of bounded linear operators B(N; L,, Ly). Stechkin’s problem is to study quantity (1.2)
and an extremal operator on which the infimum is attained in (1.2); we will call it problem (1.2),
and sometimes the problem E,, ,(N;r,s;p,q).

Problem (1.2) is a specific version of Stechkin’s problem on the best approximation of an un-
bounded linear operator by bounded linear operators on a class of elements of a Banach space, which
arose in his paper [46]. Problem (1.2) and its specific cases were studied by many mathematicians:
S.B. Stechkin, L.V. Taikov, Yu.N. Subbotin, V.N. Gabushin, V.I. Berdyshev; V.M.Tikhomirov and
his colleagues A.P. Buslaev and G.G. Magaril-I1I’'yaev; V.F. Babenko and his colleagues and stu-
dents; V.V. Arestov, R.R. Akopyan, V.G. Timofeev, M.A. Filatova, E.E. Berdysheva, and a lot
others; see, for example, the review papers [9, 15, 16] and the bibliography therein. Some specific
results will be described in what follows.

Note some facts. Necessary and sufficient conditions for the finiteness of quantity (1.2) are
known, see [26] (s = ¢) and [4] (s # ¢). Roughly speaking, these conditions are

s>r, q>p. (1.3)

More precisely, if conditions (1.3) are satisfied, then there exists Ny > 0 such that E(N) < oo for
N > Ny. If the problem parameters satisfy the constraints

1 1 1 1
k——4+->0, n—k+-—->0, (1.4)
S r q P

then conditions (1.3) are necessary and sufficient for the quantity E(N) to be finite for any N > 0.
For a discussion of conditions (1.4), see [4].
Under conditions (1.3) and (1.4), we have the formula

E(N)=FE(Q)N, ~v=n—-k+1/q—1/p)/(k+1/r—1/s) > 0; (1.5)

See [46] for the case ¢ = p = s = r = oo; in the general case, formula (1.5) is justified similarly, see,
for example, [2].

The present paper considers problem (1.2) in the case s = r and ¢ = p, i.e., the variant
E, k(N;r,r;p,p). We review the results obtained so far in this version of the problem and related
problems in multiplier spaces of Lebesgue spaces and predual spaces of multiplier spaces. In the
last section of the paper, we give two-sided estimates for the value E,, ,(N;r,7;p,p) in this variant
of the problem.

1.3. Connection with the Kolmogorov inequality

Stechkin’s problem (1.2) is related to several other extremal problems of function theory. Among
them are the exact Kolmogorov inequalities for differentiable functions on the axis

1f Pz, < GIAIZ NN, feWn, (1.6)
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a=Mm—-k=1/p+1/q)/(n—-1/p+1/r), B=1-a.

Such inequalities were studied by G.H. Hardy, J.E. Littlewood, E. Landau, J. Hadamard,
B. Sz6kefalvi-Nagy, A.N. Kolmogorov, S.B. Stechkin, L..V. Taikov, V.N. Gabushin, V.I. Berdyshev,
N.P. Kuptsov, A.P. Buslaev, G.G. Magaryl-Il'yaev, V.M. Tikhomirov, V.F. Babenko, etc. (see the
bibliography in [9, 16, 17, 48]). V.N. Gabushyn found necessary and sufficient conditions for the
existence of inequality (1.6), more precisely, for the finiteness of the constant G = G(n, k;r,p,q)
in (1.6). Namely, he proved [24] (see also [27, 28]) that G < oo if and only if

n—k

r

+—->—. (1.7)

= |
< |3

S.B. Stechkin made an important observation that, in the classical case s = ¢, the value (1.2)
and the best constant in (1.6) are related by the inequality

Enk(N;7,¢;p,q) > Ba®/BGYEN=/8 N > 0. (1.8)

To avoid discussing specific degenerate values of the parameters, we will assume that conditions (1.3)
and (1.4) hold. Inequality (1.8) is a specific version of a more general statement and more general
considerations by S.B. Stechkin contained in [46, Sect. 2].

As follows from (1.3) and (1.7), the conditions for the finiteness of the value
E(N) = E, (N;r,q;p,q) of Stechkin’s problem and the best constant G = G(n, k;r,p,q) in (1.6)
are different. Consequently, there are cases when F(N) = oo and G < oo; in this situation, in-
equality (1.8) is strict. In the case F(IN) < oo, depending on the values of the parameters, both
possibilities are realized: inequality (1.8) can turn into equality, and inequality (1.8) can be strict.
A more informative discussion of this issue can be found in [9, Sect. 4].

Inequality (1.8) is an important tool for studying both the three-parameter version of prob-
lem (1.2) (the case s = ¢) and inequality (1.6). Indeed, an arbitrary specific function f* € W,
estimates the best constant G in inequality (1.6) from below. This, due to (1.8), gives a lower esti-
mate for the quantity E,, (N;r,q;p,q). A specific operator T* € B(L,, L,) gives an upper estimate
for the quantity E, (N7, ¢;p,9): Enk(N;7,q;p,q) < U(T*) for N = ||T*|; in this case, it is not
necessary to have the exact value of U(T*) but only again an upper estimate. If we managed to
choose a function f* and an operator 7™ so that the obtained upper and lower estimates for the
quantity E(N) coincide, then we have a solution to both the problems. More precisely, we have
exact values of E(||T7||) and the best constant G in (1.6). Moreover, the operator T* is extremal
in Stechkin’s problem, and the function f* is extremal in the Kolmogorov inequality. Along this
path, a solution to both problems was found in several new cases; see [9, Sect. 4] and the references
therein.

The considerations just outlined are not universal in the study of problem (1.2). Firstly, in-
equality (1.8) can be strict and, therefore, in this case, it is impossible to obtain an exact lower
estimate for E, ,(N;7,q;p,q). Secondly, in the four-parameter case s # ¢, there is no analog of
inequality (1.8), at least in Lebesgue spaces.

In the study of Stechkin’s problem, the property of the translation invariance of problem (1.2)
occurs useful. The norms of spaces, the class Q',,, and the approximated differentiation operator
DF = dF /dt’l‘C are invariant under the translation group {7,}; precisely in this sense, we say that
problem (1.2) is translation invariant. Due to this property, in problem (1.2), we can restrict
ourselves to approximating operators 1" that are also translation invariant; details can be found in
[4-6, 8, 9]. This property makes it possible to solve Stechkin’s problem in some cases (in particular,
for s # ¢) and, which is no less essential, expands the environment of the problem. It is these issues
that most of this paper is devoted to.
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The property of invariance of approximating operators in Stechkin’s problem and related prob-
lems in spaces of periodic functions was obtained and applied in the study of these problems by
B.E. Klotz [33, 34].

2. Translation invariance of Stechkin’s problem

In this section, we present some properties of spaces of bounded linear operators in Lebesgue
spaces on the axis that are translation invariant; in particular, we describe their predual spaces.

2.1. The space of translation invariant bounded operators

For 1 < p,q < oo, denote by T, , = T, ,(R) the set of bounded linear operators from L, = L,(R)
to Ly = Ly(R) that are invariant under (any) translation, i.e., such that 7,7 = T'1, on L, for
all h € R. Extensive research has been devoted to the properties of invariant bounded operators
(see [32, 37, 44] and the references therein). It is known (see, for example, [32, Theorem 1.1]) that
if p > ¢, then, for p < oo, the set T, , consists only of the operator 7' = 0, and, for p = oo, the
restriction of an operator T' € T, , to the set (Log)o of functions from Lo having zero limit at
infinity is the zero operator. In this regard, when discussing the properties of bounded invariant
operators in what follows, we will assume that 1 < p < ¢ < .

In a joint paper [23], Figa-Talamanca and Gaudry (1967) proved that, for 1 < p < ¢ < o0,
the space T, 4(G) of bounded linear operators from L,(G) to Ly(G) on a locally compact Abelian
group G invariant under translation (more precisely, under the group operation) is the conjugate
space for a function space A, ;(G) constructively described by them. More precisely, in [23], function
spaces A ,(G) were constructed such that the space T, ,(G) of invariant operators is isometrically
isomorphic to the dual space A3 (G), in short, T, ,(G) = A5 (G). Two years earlier (in 1965),
Figa-Talamanca [22] obtained a similar result for the case 1 < ¢ = p < 0.

Let X and Y be a pair of normed linear spaces such that Y is the conjugate space of X, i.e.,
X* =Y. In this case, we say that X is the predual space of Y. In this terminology, the results
of [22] and [23] mean that the spaces A, 4(G) (for 1 < p < ¢ < 00) are predual of the spaces T, ,(G).

The results of [22] and [23] are valid, in particular, for the spaces T, ,(R) of bounded linear
operators from the space L,(R) to the space Ly(R) invariant under the group of translations 7,
h € R. So, for 1 < p < ¢ < o0, the spaces T, ;(R) are conjugate spaces of the spaces A, , = A4, ¢(R)
constructed in [22] and [23]; i.e., A 4 are their predual.

In the author’s papers (see [12, 14] and the references therein), a function space Fj, ;, = Fj, (R) C
L, (R) was constructed which is the predual space of the space T, ; = T, ;(R) of translation invariant
bounded linear operators from L,(R) to Ly(R). It is described in terms different from [22, 23],
however, (for 1 < p < ¢ < 00) it coincides, more precisely, is isometrically isomorphic to the space
A, 4(R) of Figd-Talamanca and Gaudry [23]. The space F), , will be described and used in what
follows.

2.1.1. The space of (p,q)-multipliers

Let us discuss some properties of bounded linear operators from L,(R) to L,(R) that are invariant
under (any) translation.

It is known (see [32, Theorem 1.2] or [44, Ch. I, Theorem 3.16]) that, if ¢ > p, then an operator
T € T, 4 on . has the form of the convolution with an element § = 6 € "

To=0x¢, ¢e.”.
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The set My, ={0r: T € T, ,} C . is a Banach space with respect to the norm
||9T‘|Mp,q = HTHLP‘)Lq

Elements 6 € M), ,, 1 <p < g < oo are often called (p, ¢)-multipliers.
In what follows, we always assume that 1 < p < ¢ < co. Denote by p a parameter chosen from
the condition

l/p—1/g=1-1/p; (2.1)
we have 1 < p < oo. It is known that if 6 € L, and € Ly, then 6 x z € L, and the Young
inequality holds (see, for example, [44, Ch. V, Sect. 1]):

165 zllg < [10]]pll]lp- (2.2)

This fact and inequality (2.2) imply the embedding

1 1 1
Ly C My, _:1_<___>
P b q

with the inequality ||6]as,, < ||0]|,, € € L,, for the norms of the elements.
Let us mention further known properties of the spaces M, , (see, for example, [32, Sect. 1.2],
[44, Ch. V, Sect. 1]). For two pairs of conjugate exponents (p,q) and (¢’,p’), the equality

Mpq = Mq’vp’

holds together with the equality of the norms of the elements: |0((rr,, = [0l[ar, . 6 € Mpg.
From this and the Riesz—Thorin interpolation theorem (see, for example, [21, Ch. VI, Sect. 10,
Theorem 11] or [44, Ch. V|, Sect. 1, Theorem 1.16]), it follows that if

1 1—1t t
=4

11—t t
a p qg B q P

= 4+, 0<t<1,

/

then we have the embedding
Mp,q C Mag

and the inequality
10130, < 1012z, 0 0 € Mpg.

A constructive description of multipliers is known only in several cases. The structure of the

spaces My o and M) o = M, is known; namely (see, for example, [32, Sect. 1.2] and [44, Ch. 1,
Sect. 3]), the following equalities are valid (together with the equalities of the norms of the elements):

M2,2 = Eoo = {é\ 0 c Loo}a
Mpo =My =Ly for 1<p<oo,

Moo,oo = Ml,l = V;

here, V= V(R) is the space of (complex) bounded Borel measures on R.
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2.1.2. The predual space of the space of (p,q)-multipliers

This section describes function spaces F), , constructed by the author in [14] and some of their
properties. These spaces are predual of the spaces of multipliers My, ;: F; , = M, ;. The spaces I},
are described in different terms compared to A, , in [23], although, in fact, they are isometrically
isomorphic [14, Theorem 3.2]. Here, as before, 1 < p < ¢ < co. Let v be a parameter defined by
the relation

1/y=1/p—1/q; (2.3)

for v = oo (i.e., for ¢ = p), we assume that L, = Cy. Comparing (2.3) with (2.1), we conclude that
v=r"
On the set .7, we define the functional

10llp.q = sup{[{6, 9)|: 6 € Mg, [0llar,, <1}, o€ (2.4)

Functional (2.4) on the set . is finite and is a norm [14, Lemma 2.1].

Let F,, = F,4(R) be the completion of the space . with respect to the norm (2.4). For all
1 < p < q < oo, the space F),, is a function space; moreover, it is embedded in the space L,
[14, Lemma 2.3]:

Fpg C Ly and |[flly < fll5e [ € Fpg (2.5)

Hereinafter, we use the notation || f||,, for the norms || f||s,, of functions f € F) .

For the convenience of reference, we formulate as a separate lemma the following statement
from [14, Lemma 2.5].

Lemma 1. For specific values of the parameters, the space F, 4 has the following properties.
(1) For q = o0,
Fpoo=F1py =1L, 1<p<o0,

(2.6)
Foo,oo = Fl,l = CO-

(2) Forq=p=2,

Poao=L={feCo: feL}, |flle=Ifl, f€ P (2.7)

Fpipr CFpops and || fllpaps < 1 fllprprs € Fpyprs (2.8)

i particular, for all 1 < p < oo,

Fpp CCo and ||fllpp > Ifllce, [ € Fpp,
Foo CFyp and ||flpp < fll22=Ifll, f€Fao.

The spaces F), , that are predual spaces of the spaces of (p,q)-multipliers will sometimes be
briefly called the predual spaces.
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2.2. Two extremal problems related to Stechkin’s problem (1.2)
in the spaces of multipliers and their predual spaces

Let r, s, p, and q be parameters satisfying the constraints 1 <r <s<oocand 1 <p<q < 0.

For integer n > 1, we define the space Wy, q

differentiable on the axis, their derivatives f("~1) of order n — 1 are locally absolutely continuous,
and ) ¢ Fpq- As a consequence of (2.5), we have the embedding Wy',., . C W1 | where
1/mi=1/r—1/sand 1/y9 =1/p—1/q.

In the space W},., ., consider the class

7S7p7q’
Q:Q?’,s;pq {fe rqu Hf(n Hpq }

On this class, consider a variant of Stechkin’s problem on the best approximation of the functional
F#)(0) by the ball M, 4(N) of radius N > 0 in the space of multipliers M,.g:

of functions f € F,. s that are n—1 times continuously

e(N) =eni(N) =enk(N;7,8D,q) = inf{u(@): 0e€ Mg, ||0]rs < N}, (2.9)

where
w(0) = uy 1 (0) = sup {| F*(0) — (0, /)| f € Qena}

is the deviation of a functional § € M, from the functional f%)(0) on the class Q.
Problem (2.9) is associated with a multiplicative inequality of Kolmogorov type, but in the
predual spaces:

1F®Ne < BugllFIElF ™ lng | €W e (2.10)
_ n—k+1/q—1/p Bo1—a= E+1/r—1/s .
n+1/q—1/p+1/r—1/s’ n+1/q—1/p+1/r—1/s’
we assume that here B,, j, = B, 1(r, s; p, q) is the best (the smallest possible) constant (independent
of the function f).

The following statement is contained in the author’s paper [8, Theorem 3|; however, this result
was preceded by several years of research by the author, see [4-6, 8] and [13, 14].

Theorem 1. If s >r > 1, q > p > 1, and conditions (1.4) hold, then the following equality
holds for any N > 0 for the values of problems (1.2) and (2.9) and the best constant B in (2.10):

Epi(N) = eni(N) = Ba®/P B N—a/5 (2.11)
In addition, there is an extremal multiplier in problem (2.9); the convolution with this multiplier is

an extremal operator of Stechkin’s problem (1.2).

3. Stechkin’s problem and related problems in the case s=1r, ¢g=p

In this section, we will discuss Stechkin’s problem (1.2) and the corresponding problems (2.9)
and (2.10) with the following relationship between the parameters:

1<s=r<oo, 1<g=p<oo. (3.1)

These restrictions and restrictions (1.4) imply that & > 0, so from now on 0 < k < n. Let us agree
further in all situations instead of the set of parameters r, r; p,p write r; p; so instead of Wy, , the
notation Wy, will be used.

In several cases when (3.1) holds, the exact solutions to all three problems are known; a review
of the corresponding results will be given here.
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For the convenience of further references, we repeat the definitions of the problem and of the
quantities in problem (1.2) under restrictions (3.1):

E(N) = En,k(N) = En,k(N;T;p) = inf {U(T) T e %(Na L, Lr)}’ (32)
U(T) =sup {|f% = Tflp: f € Q) (3.3)
In this case, inequality (2.10) has the form
1P le < BukllF IS A F N5, f € Wiy, (3.4)
a=""F s 1 4=k (3.5)
n n

here, By, = By, k(r;p) is the best (the least possible) constant (independent of the function f).
Note that indices (3.5) in inequality (3.4) are independent of the parameters r and p.

Restrictions (3.1) contain in particular the two sets of parameters s = r = ¢ = p = oo and
s =1 =¢q = p = 2, which the study of Stechkin’s problem (1.2) began with. As we will see
below, these two cases are, in a sense, “extreme” in set (3.1). These two cases are discussed in the
subsequent two sections.

3.1. The classical variant of Stechkin’s problem

Problem (1.2) was first studied by Stechkin in the uniform norm on the axis and semi-axis,
see [46] and an earlier paper [45].

We will denote by E, ;(N;C), along with E,, ;(IN;00;00), problem (1.2) and the value of this
problem in the uniform norm on the axis; more exactly, for

SZT:q:p:OO‘

As already noted above in Section 1.3 (see inequality (1.8)), Stechkin found out that the problem
E, 1(N;C) is related to the exact inequality

n—k)/n k/n n
1F®le < Cosl FISTIFIT, e WE (3.6)

between the norms of derivatives of differentiable functions. Namely, Stechkin showed [46] that the
smallest constant Cy, ;; in (3.6) gives an estimate from below of the value E,, 1(IN;C) (see (1.8)). It
turned out later that this estimate is in fact an equality:

Cn,k: n/k N —(n—k)/k
Eni(N;C) =k (T) <n ~ k> , N >0 (3.7)

This fact is a consequence of Domar’s result [20] and of a more general result by Gabushin [25] on
the best approximation of unbounded functionals by bounded ones.

Inequality (3.6) with a certain finite constant was obtained and used by Hardy and Littlewood in
1912 [30]. The exact inequality (3.6), i.e., the inequality with the best constant was first obtained
in 1914 by Hadamard [29] for n» = 2 and k = 1; and by Shilov in 1937 [18] for n = 3,4 for
all 1 < k < nand for n =5 and & = 2. In 1939, Kolmogorov found [35] the exact constant
in inequality (3.6) for all 1 <k < n using an elegant comparison theorem. Kolmogorov’s result
is very striking and important in this topic; in this regard, inequality (3.6) and more general
inequalities (1.6) on the axis and semi-axis are often called Kolmogorov inequalities.
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The Favard—Akhiezer—Krein function

4 N sin (26 + 1)t — nm/2

-2y 39
=0

is extremal in inequality (3.6) [35]. For the properties of this function, see, for example, [36, Ch. 5,

Sect. 5.4]. The uniform norm of function (3.8) has the following value:

o ( )Z(n+1)

= | fullc = —Z W

=

For all 1 < k < n, we have the relation fr(lk) = fn—k; In particular, f,S")(t) = fo(t) = sign sint. The
extremal function (3.8) in inequality (3.6) and its properties listed imply the following formula for
the best constant in (3.6):

Cn,k: = ank: (Kn)i(nik)ﬂa (39)

for this value, the estimates 1 < C,, , < 7/2 hold [35, (3)].

Stechkin proved [45, 46] that the following classical (difference) operators T} * are extremal in
the problem E,, (N;C) for n =2 and 3 and 1 <k <n:

@) = (@ e = IOy (3.10)

ft+h) =2f()+ f{t—h) 4
For n = 4 and 5, the solution to this case of problem (1.2) was found (1967) by Arestov [1], and
for an arbitrary n > 6 by Buslaev [19]. For n > 4, the extremal operators are infinite difference
operators with uniform nodes. More precisely, for example, for £k = 1, the extremal operator has
the form

T f(t) =h" 1Zaz Ft+ 20+ 1)h) — f(t = (20 + 1)h)).

The sequence {ay}/>¢ is the sum of several geometric progressions. To prove the results, we used
the lower estimate (3.7) and the exact Kolmogorov inequality (3.6).

According to the results of Stechkin [46], Arestov [1], and Buslaev [19], in the classical version
of Stechkin’s problem E,, (N;C), there is an extremal operator T = T;:,k(N ), which is a finite
difference operator for n = 2 and 3 and infinite difference with a uniform step for n > 4. The norm
of this operator in the space C' and the deviation value (3.3) have the following extremal values:

1T kllesc = Ni o Up (T}, 43 C) = En 1 (N5 C).
The operator T, is bounded linear in the spaces L, for all 1 <r < oo, and
HT;,]{)”LT_)LT S N.

Let us discuss the corresponding inequality (3.4). According to (2.6), the space

Wetioo = Woo 000,00 COnsists of functions f € Cp continuously differentiable n times on the axis,

for which f ) e . Inequality (3.4) in this case coincides with inequality (3.6) on a narrower space

W .0 inequality (3.6) with constant (3.9) remains exact on WZ,. .,
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3.2. Approximation of the differentiation operator in the space L,
and related problems

3.2.1. Approximation of the differentiation operator in the space L,

A version of the Stechkin problem on the best approximation of the differentiation operator in
the space Lo(—00,00) (i.e., problem (3.2) for s = r = ¢ = p = 2) was solved by Subbotin and
Taikov [47] back in 1968. They proved the following formula for the best approximation value
En,k(N; LQ):

k

Bk (Nyg(h); La) = Ehn_k’ Npi(h) =

n—k

'k h>o0. (3.11)

The extremal operator they constructed will be discussed below. The proof of (3.11) used Stechkin’s
lower estimate (1.8). The corresponding exact inequality (1.6) in this case has the form

n—k)/n n)nk/n n
1Oy < ISP b e wgy,  f#0. (3.12)

A proof of inequality (3.12) for n = 2 and k = 1 see in [31, Ch. VII, Theorem 261]; the general
case is proved similarly.

To prove (3.11), Subbotin and Taikov [47] constructed an extremal operator 7%, , h > 0. This
operator is a convolution: 7

Thf=XJ, felL?
in which the multiplier A = ), is defined by the formulas

1 <n) 1/(n—k)

21h \k

. k. ._ " . .
A(n) = i* ((27777)k— —h"E (2mn)"sign ’“) In| < ,
1 (n)l/(n—k)

21h \k

(3.13)

A1) =0
(n)=0, |n> ’

Note that function (3.13) differs from the multiplier of [47] by a change of a variable; this is because
the definition of the Fourier transform adopted here differs from that used in [47] by a factor of
—27 in the exponent.

3.2.2. The space Wy,

Before considering inequality (2.10) and problem (2.9) in the case s = r = ¢ = p = 2, we discuss
the properties of functions from the space W3,.

Lemma 2. The space Wy, consists of functions f € Co that can be represented in the form
£ =5(0) = [ (o), (314)

where the function x = f belongs to L and has the property

y(n) = (2mni)"z(n) € L. (3.15)
Moreover,

£ = 5t0) = [ e 2mni) o)
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Proof Thespace Wy, is formed by functions f € F3 2 such that ) e F5 5. The derivative

) is understood in the sense of the theory of generalized functions, see, for example, [42, 44].
Namely, for a pair of functions f,g € £ = Z(R), it is assumed that g = £ if the following
equality holds for all functions ¢ € .

[ oot = -1y [ 16 @ae. (3.16)

According to (2.7) and (1.1), a function f € Fy has the form (3.14). Tts derivative g = ™ has a
similar form:

g(t)= /e%tmy(n) dn, ye€ L. (3.17)
Substituting representations (3.14) and (3.17) into (3.16), we obtain
[ o) [ty anat = -1 [ 6e) [ vty dndt.

We may change the orders of integration on both sides of this relation:

/ y(n) / T (1) dt dy = (—1)" / £(n) / 27 () (1) di . (3.18)
Let us introduce the notation
o) = B(n) = / 27 (1) dt. (3.19)

Together with the function ¢, the function v also belongs to the space .. Relation (3.19) implies
that

o) = D) = [ e me)at. (3.20)
Differentiate relation (3.20) n times:
o™ (n) = / e~ 2T (_2mrti)"ap(t) d.

Hence, we conclude that
) = [ =g de = (~2mni) (o). (3.21)

Substituting (3.21) and (3.19) into (3.18), we obtain

/ y(nyp(n) dn = (~1)" / £(n)(—2mi)" () di

and

/(y(n) — (2mni)"x(n)) Y(n)dn =0, Y€ .7.

The Fourier transform, and therefore the inverse Fourier transform (3.19), is a bijection of .#” onto
itself, and therefore v in the last relation is an arbitrary function from .#. Hence,

y(n) — (2mmi)"x(n) =0, a.e. on the axis.

Property (3.15) is justified. Lemma 2 is proved. O
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Consider now the corresponding inequality (3.4). It is convenient to study it in terms of Fourier
transforms of functions f € Wg.,. Let us introduce the notation

Y" = @ —{z=f:f¢ Wya} ={x € L: (2nti)"z € L}.
In terms of functions from the space Y, inequality (3.4) takes the following form in this case:
~ —k . k
1# e < Bu l2lly ™" fl@mti) ]y, @y, (3:22)

Obviously, for every function x € Y, the function |z| also belongs to the space Y, and the function

#(e) = [ 2 a() dy
satisfies the relations
E® e < 1Tl e = T2 0)] = ll@rti)z] .
Therefore, inequality (3.22) is equivalent to the inequality
l@nti)*alls < Bug " |(@nti) ", e vm, (3.23)

(with the same value of the best constant B, j,).

3.2.3. Stechkin’s problem in the space of multipliers A/,
and the corresponding inequality in the predual space

Consider now the corresponding variant of Stechkin’s problem (2.9) on the best approximation of
the functional

#9(0) = [ (2mni)atndn
by the space of multipliers M3 2. The class Q5.9 C Wy, is correspond in Y™ to the class of functions
= Qy, ={zeL:(2nt) 'z e L, ||(2nt)"x|, <1}.
As a result, we have the problem
enk(N) = enk(N;2;2) = inf {u(d): 6 € Lo, ||0]|1.. < N}, (3.24)
where
w(A) = un k() = sup{‘ /(2ﬂni)’“w(n)dn - /A(n)w(n) dn( Pw e 95‘}-

The best upper estimate for value (3.24) is given by multiplier (3.13). The relevant properties
of this multiplier are summarized in the following lemma; all of them are available in [47].

Lemma 3. The following two statements are valid for function (3.13).
(1) Function (3.13) is continuous and bounded on the axis, and
n—=k

—

Ml (—o000) = [A(EQRTR) ) | = R7F (3.25)

(2) The function
(2mni)* — A(m)
A(n) = 3.26
o= (3.26)
belongs to the space Loo(—00,00), and

koo
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Proof. The continuity, boundedness, and property (3.25) for function (3.13) are rather
evident.
Let us now study function (3.26). For

o<l <o (2)7".
2rh \k
e have k bk (2mn)"signn™ k&
An) = zkg @) = Ehnfksign nkik,

In the case when

| > 1 <n)1/(n*k)
=270 \k !
we have ( v
27 1
A(n) = = v
(27ni) (27ni)
hence,
k 1 /n\1/(n=Fk)
A(n)| < =pF > (—) .
(A< Zh" Il = 5— (&
This implies property (3.27) of function (3.26). Lemma 3 is proved. O

The following statement is contained in equality (3.11), inequality (3.12), Lemma 2, and The-
orem 1. However, its proof will be given here. This proof largely repeats that of statement (3.11)
in [47].

Theorem 2. The following statements are valid for value (3.24) and the best constant By, i in
inequality (3.23) for 0 < k < n.

(1) For all h > 0,

k pn—k

engo(Nni(h)) = =h""% Ny (h) =h~ , h>0; (3.28)
n n
and functional (3.13) is extremal.
(2) The best constant in inequality (3.23) is one:
Bug = 1. (3.29)

Proof. (1) First, we obtain an upper estimate for the value e, ;(N). To do this, we use
multiplier (3.13). Relations (3.25) and (3.27) imply the following upper estimate for e, 1 (N):
k —k
en(Noi(h) < B N,o(h) =h* 222 hso. (3.30)
n

n

(2) Let us now obtain a lower estimate for the best constant B,, ; in inequality (3.23). We start
with the function

f(t) _ e27rti _ /627rtm'dlu(n);

here p is the measure on the axis, which can be written as du(n) = 6(n—1) dn, where § is the Dirac
d-function. For p > 0, we define a function x, on the axis by the relation

, ne[l,1+p];

1
m/)(77): P
0, n¢l,1+p].
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For this function, we have ||z,|r =1 and
|@mti)ex,|, — 2m)F,  ||(2nti)"z,|L — (27)"  as p — +0.
Substitute the function x, into inequality (3.23) and let p — 40. As a result,

(27ti) 1

— —k . k
|| (2mti)na, |5

n,

Thus, the following lower estimate holds for the best constant B, ;, in inequality (3.23):
B, > 1. (3.31)

(3) Statement (2.11) and estimates (3.30) and (3.31) imply equalities (3.28) and (3.29).
Theorem 2 is proved. O

Inequality (3.23) is an inequality of the Carlson type; the studies of V.I. Levin, F.I. Andrianov,
and others were devoted to such inequalities in the middle of the last century, see [38], [31, Levin V.I.,
Stechkin S.B. Additions to the Russian edition], [3], and the references therein. For statements like
Theorem 2 related to Carlson’s inequalities, see [3].

In the previous two Sections 3.1 and 3.2, Stechkin’s lower estimate (1.8) for the value of the best
approximation of the differentiation operator in terms of the best constant in the corresponding
Kolmogorov inequality was applied in the study of Stechkin’s problem. At the time of studying
Stechkin’s problem, the exact constant in the corresponding inequalities (3.6) and (3.12) was known;
moreover, inequality (1.8) gave an exact estimate for the value of the best approximation. In the
next two Sections 3.3 and 3.4, Stechkin’s problem will be discussed in situations where there is no
corresponding inequality (1.8). A lower estimate for the best approximation will be based on the
considerations of the translation invariance of Stechkin’s problem; more precisely, the statements
of Theorem 1 will be used.

3.3. Approximation in the uniform norm on the axis by operators bounded
in the space L,: the case 1 <s=7r<o00,p=¢q¢=00

Here, we discuss Stechkin’s problem (3.2) for values of the parameters
1<s=r<oo, p=q=o0. (3.32)

For real r, 1 < r < oo, and integer n > 1, the space W', consists of functions f € L, that

(n—1)

are n — 1 times continuously differentiable on the axis, their derivatives f of order n — 1 are

locally absolutely continuous, and f(™ € L.,. In the space W}l consider the class

Denote by B(L,) the set of all bounded linear operators in the space L,. Let B(N; L,) for N > 0
be the set of operators T € B(L,) with the norm ||T||z, -z, < N. In this section, for r = oo, we
mean by Lo, the space C' = C(—o0, 00).

We are interested in the best approximation (in the space C) of the differentiation operator
D¥ = d*/dtk on the class Q7 ~ by the set of bounded linear operators B(N; L;):

Eni(N) = E, 1 (N;r;00) = inf{U(T): T € B(N; L)}, N >0, (3.33)
U(T) = Up i (T;;00) = sup{[| f*) = Tfllc: f € Qo)

The problem is to calculate value (3.33) and an extremal operator on which the infimum in (3.33)
is attained.
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3.3.1. Casen>3, 1<r<o0

Recall that
4 & (_1)Z(n+1)

Kn = |falle = p g [P GE (3.34)

is the uniform norm of the Favard-Akhiezer—Krein function (3.8). Define

oo

— 4 1
K, = ; ZZ:% (2£+ 1)n+1 ’ (3.35)

This is, in a sense, the “norm” of the same function f, in the space F,2. Comparing (3.35)
with (3.34), we see that K,, < K,; more exactly,

K,=K, ifnisodd; K, < K, ifn is even.
The following two statements are valid [13] for the problem E, (N; L;).

Theorem 3. The following two-sided estimates for the value of problem (3.33) hold for all
n>2,1<k<n,and1<r <oc:

n/k = \ —(n—k)/k n/k —(n—k)/k
k (Kn_k> (NK"> < Enk(Nsrio0) <k (K"_k> (NK"> - (3:36)

n n—k n n—k

Theorem 4. The following statements hold in problem (3.33) for odd n > 3 and arbitrary k,
1<k<n.
(1) The following formula holds for value (3.33) independently of r, 1 < r < oo:

n n—=k

Ep(Niri00) = Bnk(N,C) = (

(2) An operator T, =T (N) that is extremal in the problem E,, (N,C) is also extremal in
the problem E,, (N, L) for allr, 1 <r < occ.

3.3.2. Casen=2,r=2

For even n > 2 and 1 < r < oo, the statements of Theorem 4, generally speaking, no longer hold.
The author’s paper [11] provides a solution to problem (3.33) for

n=2 (k=1); r=s=2, p=gq=oc. (3.37)
In this case, the first inequality in (3.36) is exact. More precisely, the following statement is true.
Theorem 5. The following formula holds for values of the parameters (3.37) for all h > 0:

™

wh 2 0 1 -1
EZ,l(NZ,l(h)§ 2; OO) = Za NZ,l(h) - % (42 m) . (3.38)
=0

An extremal operator in (3.38) is the singular convolution operator on the space Lo defined by the
formula

wh
(Onf)(t) = A(h) /O (F(t+u) — £t — )y (uh™) du,

where
o0

m™—U 9 1 !
y(u):4sinu’ uwe (0,m); A(h)=h" <4;m> .
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For comparison, consider the result of Stechkin [46] forn =2, k=1, and (¢ =p =)s =1 = oc:

7h

E 1(N2,1(h); 00500) = R Nyi(h) =h~".

An extremal operator is the difference operator (3.10):

J(t+h) = f(t—h)

(Tzhgf)(t) = 2

3.3.3. Inequalities for values of the parameters (3.32) in predual spaces

In the case 1 < s =7 < oo and p = ¢ = oo under consideration, inequality (2.10) has the form

179 < Burlrs s A (15 ) ™ € Wi (3.39)

For s = r = oo, this is the classical variant (3.6) of the inequality between the uniform norms of
derivatives studied by Kolmogorov. In the case s = r = 2, inequality (3.39) takes the form

~

1Pl < B k(2;00)|1 f

The following inequality holds [11, 13] for the best constants in (3.39) and, in particular,
in (3.40):

n—=k)/n n k/n n
R ) e W (3.40)

By k(r;00) < By (00;00) = Cpg, 1 <1 < 00; (3.41)

recall that C,, , was defined in (3.9). For odd n > 3, we have the equality By, ;(r;00) = By, 1(00),
1 <r < o0, and the Favard-Akhiezer-Krein function f,, (3.8) is extremal for all r.

For even n > 2, this is, generally speaking, no longer the case. At least for n =2 (k= 1) and
r = 2, the best constant in inequality (3.40) has the following value [11]:

T4 1 -1/2
By1(2;00) = 5 <; Z W) ; (3.42)
=0

and the Favard—Akhiezer—Krein function fy is extremal again. The following estimates hold for
constant (3.42):

\/g < By1(2;00) < V2 (3.43)

(see details in [11]). According to Hadamard’s result [29], the best constant in inequality (3.6)
forn = 2and k = 1is Cy1 = V2. Consequently, the second inequality (3.43) means that
Bs 1(2;00) < By 1(00;00) = Cy1, so that inequality (3.41) is strict in this case.

Inequalities of type (3.40) containing the norms of intermediate and highest derivatives and the
norm of the Fourier transform of functions, with norm parameters different from (3.40), also arose
in the studies by Magaril-II’yaev and Osipenko of extremal problems of recovering functions from
information about their spectrum [39, 40].

34. Case 1 <s=r<oo, p=q=2
Here we will discuss Stechkin’s problem (3.2) studied in [5, 7, 10] for the parameter values
1<s=r<o0, p=qg=2. (3.44)

For real 7, 1 <r < oo, and integer n > 1, the space W}, consists of functions f € L, that are
n—1 times continuously differentiable on the axis, their derivatives f("~1 of order n — 1 are locally
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absolutely continuous, and f( € Ly. Here, for r = 0o, we mean by Ls, the space C = C'(—00,00).
In the space W5, consider the class Q) = {f € Wy: £z, < 1}. As was said above, B(L,)
denotes the set of all bounded linear operators in the space L,, and B(N; L) for N > 0 is the set
of operators T' € B(L,) with the norm ||T||, -1, < N.

We are interested in the best approximation in the space Ly of the differentiation operator D*
on the class @'y by the set of bounded linear operators B(N; L, ):

Eyi(N) = E,,(N;r;2) = inf {U, x(T;r;2): T € B(N; L)}, N >0,
U(T) = Unp(T;7;2) = sup { | /) = Tf1,: f € Qpa}.
3.4.1. Casen>3,1<r<oo[5]
Theorem 6. Forn >3, 1<k<n,1<r<oo, and all h > 0,
k k

En,k(Nn,k(h);r; 2) = Ehn_ ) (345)

where

Nui(h) = hk. (3.46)

n

For r = 2, statement (3.45)+(3.46) is statement (3.11) of Subbotin and Taikov [47]. To justify
(3.45)4(3.46), the author used in [5] an operator that differs from the one in [47]; for more detailed
discussion see Section 3.4.3.

3.4.2. Casesn=2k=1,r=o00 [7,10], and r = 2 [47]

Theorem 7. For all h > 0,
1
E31(Nojy(h);r;2) = §h7

where
Noi(h) = =h™*
forr =2 and
16 «— 1
Noy(h) = —
21(0) = 73 ZZ; (20 +1)3
for r = o0.

3.4.3. Extremal operators

Case n > 3 and k = 1. Let us describe the construction of an extremal operator [5]. Let n be the
27m-periodic odd function defined on [0, 7] by the relations

n—1
n(t) = b= % <%> i, te [O’ 5} ’
n(m —t), te [g,w].

The Fourier series of this function has the form

> 4 /2
n(t) =Y esin@+1)t, ¢ =— / n(t) sin(20 + 1)tdt.
1=0 0

s
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The coefficients of this expansion for n > 3 have the following signs (see [5, proof of Theorem 4.1]):
(=Dl >0, 1>0. (3.47)

For a number h > 0, we set v = v(h) = wh/2 and define an operator T}, ; by the formula

(Toi f)(t) = %(h) S aff(t+ @+ D)) — f(t— 20+ D)}
=0

It is clear that Tj, 1 is a bounded linear operator in the space L, for all 1 < < oo and

ol =23l = 2y (Z) = 222
n,1 Lr—>LT—Vl_O Cl —V77 5) = Tnh

For this operator,

k
Un (Tn,15752) = —h" ", (3.48)

It is this operator that is extremal in (3.45) for n > 3, k =1, and all 1 <r < oo. It is different
from the operator constructed by Subbotin and Taikov [47] for r = 2.

Case n = 2, k = 1, and r = oo. For n = 2, the property of signs (3.47) is violated. More
precisely, we have

ic sin(2l + 1)t, ¢ 8 !
1 l__Qi
pre (204+1)3

The operator T defined by the formula

(o1 1)(0) = g o el (E+ @1+ Du(a) = (0= 21+ D)},
=0

where v = v(h) = 7h/2, is a bounded linear operator in C' and

Toslene =2 a=20%" 1 o
2,1 C—)C—Vl_ocl—ﬂ_gh _0 2l—|—1 2,1(N).

The norm of the operator 75 has a different expression in comparison with (3.46). The same
formula (3.48) holds for the value of the deviation.
Paper [47] by Subbotin and Taikov contains the case n = 2, k = 1, and r = 2 as a special case.

3.4.4. Inequalities for cases (3.44) in predual spaces
Let us discuss now inequality (2.10) for the set of parameters (3.44) in the space

o ={f€F, fMel}={feF,: f"=% 2eL}, (3.49)
and, in particular, in the space

o, ={feCo: fM e L} ={feCo: f™ =% zeL}. (3.50)
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Theorem 8 [5|. The following inequality holds for functions of space (3.49) for 1 < r < oo,
n>3, and1l < k<n:

17 ®lle < Bus(rsIFIG IO, F e W, (3.51)

with the smallest possible constant
By i(r;2) = 1. (3.52)

For alln >3 and 1 < k <n, an “ideal” extremal function is sin.

For n =2 (k = 1), inequality (3.51) with constant (3.52) holds for r = 2 (see Theorem 9 below)
and does not hold for r = co. The value of the constant By 1(r;2) for other values of r is currently
unknown. The following statement highlights the case r = 0o of Theorem 8 and adds information
about inequality (3.51) in the case n =2 and r = 2.

Theorem 9 [7|. The following inequality holds for functions of space (3.50) for n > 2,
1<k<n, and r = oo:

1FPlle < Byl I8 I f@)5", fewn,,

with the smallest possible constants

1/2
32 & 1
F )3} >1, 7’L:2, k:L

pors (20 +1

B271(OO; 2) = {

Bpip(00;2) =1, n>3, 1<k<n.

Forn > 3, an “ideal” extremal function is sin. For n = 2, it is the entire function

1 [™7—
fit) = —/ Y in 2ntu du.
0

2 sinu
4. Two-sided estimates for the value of Stechkin’s problem (3.2)

For parameters 1 < r,p < oo, define 7 = max{r,r’} and p = max{p,p'}. In statements of this
section, we assume the following condition on two pairs of parameters r,ry and p1, p2:

71 <T2, D < Do. (4.1)

Theorem 10. The following two statements hold for the value E,, ,(N;r;p) = Ep i (N;7r,7;p,p)
for1<r<oo,1<p<oo, and0<k<n.
(1) For all N > 0, the value E, 1(N;7;p) of Stechkin’s problem (3.2) does not decrease in the
parameters 7 and p; more exactly, if two pairs of parameters ri,ro and py,p2 satisfy condi-
tions (4.1), then the following inequality holds:

E, k(N;r1;p1) < Ep (N3 7235 p2).

(2) For all N > 0, the following (exact) two-sided estimates hold for the values of Stechkin’s
problems (3.2) and (2.9):

Ba®PN=P < By, 1 (N37;p) = en k(N7 p) < Ba®/P (Cp )P N7/,

where
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4.1. Auxiliary statement

Lemma 4. The following two statements hold for the best constant B, = By i(r;p) in in-
equality (3.4) for 1 <r <oo,1<p<oo, and 0 <k < n.

(1) If two pairs of parameters 1,79 and p1,pe satisfy conditions (4.1), then the following inequal-
ity holds for the best constant in inequality (3.4):

By, i(r1301) < By i(r2; p2). (4.2)

(2) The following (exact) two-sided estimates hold:

T
1< Bn,k(r;p) < Cn,k << 5) . (43)

P roof. The constant in inequality (3.4) can be represented in the form

1F®lo
L _feWD, [#£0). (4.4)
110 oy | 5 '

According to statement (2.8) of Lemma 1, under conditions (4.1), we have the embeddings

By, i (r;p) = sup {

Foyry CFryyp, and ||f||7’2,r2 < HfHTLTl’ J € Fm,

Fpipr C Fpyp,  and ”gHm,m < HQHPLPU 9 € Fpip,

and hence the embeddings

Witipr © Wrgipas (4.5)
moreover, the following inequalities hold on Wy :
1 Mraira < Wl 1P Npape S N Nprpns € WY (4.6)

Representation (4.4), embedding (4.5), and inequality (4.6) imply property (4.2).
In particular, we have the inequalities

Bn,k(Q; 2) < Bn,k(r;p) < Bn,k(oo; OO)

According to the result (3.29) of Lemma 2, B, ;(2;2) = 1. In the case 1 = p = oo, the
value B, j(00;00) coincides with the best constant (3.9) in the Kolmogorov inequality (3.6):
By, 1;(00;00) = Cy, . Thus, statement (4.3) is verified. Lemma 4 is proved.

4.2. The proof of Theorem 10

Both statements of Theorem 10 follow from the corresponding statement of Lemma 4 and
statement (2.11) of Theorem 1. Theorem 10 is proved.

5. Conclusions

As can be seen from the results described above, even in the case (3.1), the topics considered
here are far from exhausted. One of the main reasons for the difficulties in studying Stechkin’s
problem is that the description of (p,¢)-multipliers and the value of the norm of multipliers are
known only in several exceptional cases (see Section 2.1.1).
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For example, Stechkin’s problem and the corresponding inequalities between the norms of
derivatives in the case of equal exponents

1<s=r=q=p< o0

are of interest. Denote by E, (NN), Stechkin’s problem and its value for this case. This case is
embedded in the assumptions and conclusions of Theorem 10. According to Theorem 10, the value
E, k(N), does not decrease in the parameter p = {p,p’} and the following estimates hold:

En,k(N)Q S En,k(N)p S En,k(N)oo

The solution to Stechkin’s problem F,, ;(N), is known only in the cases p = oo, 2, and 1. Of
course, one of the reasons for this is that the description of the multipliers of the Lebesgue spaces
LP(—00,00) is known only for these values of the parameter p.
Let By, ;(p) be the best constant in the corresponding inequality
1F PNy < Bug@) LIS 1" F e Wy

7p,
between the p-norms of the derivatives. The following estimates are known for the best constant
in this inequality:

m

Bn,k(z) =1< Bn,k(p) < Bmk(oo) = ka < 3 (5.7)

The second inequality in (5.7) is Stein’s result [43]. To justify the first inequality, one should
substitute the (appropriately smoothed) function sin into (5.7). No results regarding monotonicity
of the value By, ;(p) in p are unknown to the author.
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