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Abstract: In this paper, we introduce the concept of the Bn-classical orthogonal polynomials, where B, is
the raising operator By, := z2 -d/dx + (2(a -1z + I)I[, with nonzero complex number « and [ representing the

identity operator. We show that the Bessel polynomials Br(la) (z), n >0, where « # —m/2, m > —2, m € Z, are
the only Bn-classical orthogonal polynomials. As an application, we present some new formulas for polynomial
solution.
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1. Introduction

Let {Bﬁf‘)}nzo be the monic Bessel polynomial sequence. It satisfies the following explicit
expression [10, 23]

= 2" "I'(n+2a+v—1)
B@@) =% (" Voo 1.1
(@) VZZO <y> I'2n+2a —1) =, n2b (1.1)

for « # —m/2, m € N. To complete the definition, Bﬁba)(()) is set equal to

I'(n+2a—1)
(Oé) = n >
By (0) =2 T2n+2a—1)’ n > 0. (1.2)

It is well known that the monic Bessel polynomial sequence is classical and satisfies the following
relations [8, 10, 16, 23]:
—The Second-Order Differential Equation (SODE)

2*B@Y () + 2(az + l)BT(la)/(x) =n(n+2a—1)BY =), n>0. (1.3)
—The Lowering Relation (LR)

DB (z) =nB“ (), n>1, (1.4)

n—1
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where D := d/dx is the standard derivate operator.
After a simple calculation, the SODE can be written for n > 0 as follows

/

<x23£f‘)/(x))l + (2((a ~Da+1)B (m)) = (n+1)(n + 2o — 2)B@) (z). (1.5)

Using the LR (1.4), the equation (1.5) becomes for n > 0

/

(+2B (@) +2((a = Do+ 1)BE (@) = (n+20 - B (@),

Using the primitive of the last equation, we get

xQB,(f‘)l(x) + 2((a -1z + 1)B,(La) () = (n+2a — 2)Br(f_:__11)(x) + K,

with (aw # —m/2, m > =2, m € Z), and where, using (1.2), we have

K =2B(0) — (n+2a —2)B“ Y (0) = 0.
Then we finally obtain the following Raising Relation (RR) satisfied by the monic Bessel polyno-
mials

Bo B (z) = (n+2a — 2)BLV (2), (1.6)

where B, := 22D + 2((o — 1)z + 1)I is called the degree raising shift operator for the Bessel
polynomials with T representing the identity operator. For more details see also the degree raising
shift operator for the family of classical orthogonal polynomials [13].

In view of (1.6), we can say that {Bﬁla)}nzo is an B,-classical polynomial sequence, since it
satisfies the Hahn’s property with respect to the operators B, i.e., it is an orthogonal polynomial
sequence whose sequence of B,-derivatives is also orthogonal. Note that an orthogonal polynomial
sequence {py, }n>0 is called classical, if {p), },,>0 is also orthogonal (see [16-19]). This characterization
is essentially the Hahn—Sonine characterization (see [11, 21]) of the classical orthogonal polynomials.

In the same context, a natural question arises about the characterization of B,-classical or-
thogonal polynomials. The purpose of this paper is to introduce the concept of the B,-classical
polynomial sequence and to give a complete description of this family of orthogonal polynomials.
Note that many researches have been devoted to these topics where lowering, transfer and raising
operators have been used (see for example [1-7, 9, 11, 12, 20]).

The paper is organized as follows: Section 2 gives the basic notations and tools that will be
used throughout the paper. Section 3 deals with B,-classical orthogonal polynomial sequence. In
Section 4, we put in evidence some differential relations satisfied by the polynomials solution of our
problem. In Section 5, we give a conclusion.

2. Preliminaries

Let P be linear space of polynomials in one variable with complex coefficients and P’ be its
dual space, whose elements are linear functionals. We write (u,p) := u(p) (v € P, p € P). In
particular, we denote by (u), := (u,2™), n > 0, the moments of u. Let us define the following
operations on P’. For any linear functional u, any polynomial f and any (a,b) € C\{0} x C, let
Du =14, fu, hqu and Tyu be the linear functionals defined by the duality [15, 16]

(fu,p) == (u, fp), (u',p) :== —(u,p’),

(hau,p> = <u7 hap> = (u,p(am)>, <Tbu7p> = <u,7’,bp> = <u,p(m + b)>
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A linear functional w is called normalized if it satisfies (u)p = 1. We assume that the linear
functionals used in this paper are normalized.

Let {pn}n>0 be a sequence of monic polynomials with degp, = n, n > 0 (MPS in short) and
let {uy, }n>0 be its dual sequence, u,, € P’, defined by (upn,pm) = 0pm, n, m > 0. Notice that v is
said to be the canonical functional associated with the MPS {py, }»>0 (see [16-18]).

Let us recall the following result.

Lemma 1 [16, 17]. For any u € P' and any integer m > 1, the following statements are equiv-
alent:

(1) <u?pm*1> 75 O’ <u’pn> = Oa n 2 m,
m—1
(i) IN, €C, 0<v<m-—1, Ap_1#0 suchthat u= Z AUy

v=0
As a consequence, the dual sequence {ug]}nzo of {pg]}nzo where
phl() = (n+ 1) Dppyr(x), n>0,

is given by [16, 19] as
Dulll = —(n 4+ Dupyy, n>0.

Similarly, the dual sequence {y, },>0 of {pn }n>0, where
Pn(x) :=a "pyaz +b)
with (a,b) € C\{0} x C, is given by [16, 19]
Up = a" (hg-1 0 T_p)up, n>0.

A linear functional u is called regular if we can associate with it a MPS {py, },>0 such that [16, 19]
as
<uapnpm> = rn(sn,ma n,m=>0, m, 7é 0, n>0.

The sequence {py, }n>0 is then called a monic orthogonal polynomial sequence (MOPS in short)
with respect to u. Note that u = (u)pug = g, since u is normalized.

Proposition 1. [16]. Let {p,}n>0 be a MPS and let {uy}n>0 be its dual sequence. The follow-
ing statements are equivalent:

(1) {pn}n>0 is orthogonal with respect to uy,

(i) {pn}n>0 satisfies the linear recurrence relation of order two
{ po(z) =1, pi(x) =z = fo,
Prt2(r) = (& = Bnt1)Pnt1(®) — Yntapn(z), 1 >0,

where
B = (uo,zpp)(uo, pp) ", 1 >0,
and
Y1 = (g, poy)(uo, p2) 1 #0, n >0,

(iii) the dual sequence {uy}n>0 satisfies:

uy, = (g, p2) *ppug, n > 0.
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A MOPS {pp}n>0 is called D-classical, if {Dpy,},>0 is also orthogonal (Hermite, Laguerre,
Bessel or Jacobi) [19]. Moreover, if {p,}n>0 is orthogonal with respect to wug, then there exists a
monic polynomial ¢ with deg¢ < 2 and a polynomial ¢ with degt = 1 such that wug satisfies the
Pearson’s equation (PE) [19]

D(¢UQ) + T/JUO =0.

A second characterization of these polynomials is that they are the only polynomial solutions of
the SODE [8, 19],
O(@)ph11(2) = Y(@)Pp41(2) = Mapps1(z), n >0,

where

Ay = (n+ 1)<%¢”(0)n —() #£0, n>0.

Note that if p,(z) = By (x), n >0, (& # —n/2, n > 0) is the monic Bessel polynomial and
we write B(® for ug, then the regular form B(®) satisfies the following PE [16, 19]

D(2?B)) - 2(az +1)B®) =0, (2.1)

and B\ (x), n > 0 satisfies the SODE (1.3).
3. The B,-classical polynomials

Recall the operator
By:P — P,
fo— Bo(f)=2f +2((a— Dz +1)f,

with a # —m/2, m > =2, m € Z.
Clearly, the operator B, raises the degree of any polynomial. Such an operator is called raising
operator [14, 22].

Definition 1. We call a sequence {P,}n>0 of orthogonal polynomials B,-classical if
{Bo Py }n>0 is also orthogonal.

For any MPS {P, },>0 we define

1
or equivalently
(n+2a — 2)Qni1(z;a) == 2°P)(z) + 2((a — 1)z + 1)Py(z), n=>0, (3.1)

with initial value Qo(x;a) = 1.
Clearly, {Qn+1(;@)}n>0 is a MPS and

deg Qni1(z;0) =n+ 1.

In the sequel, we write

Qn(z) == Qn(z;a), n >0,
if there is no ambiguity. Our next goal is to describe all the B,-classical polynomial sequences.
Assume that {P,},>0 and {Qy, }n>0 are MOPS satisfying

Pryo(2) = (2 — @nt1) Pot1(2) = W1 Pa(2), n 20, (3.2)
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with initial values Py(x) =1, Pi(z) =  — wp, and

Qn+2($) = (1' - Hn—l—l)Qn-‘rl(x) - Cn+1Qn($)7 n >0, (33)

with initial values Qo(z) =1, Q1(z) = = — by.
Next, a first result will be deduced as a consequence of relations (3.1), (3.2) and (3.3).

Proposition 2. The sequences { P, }n>0 and {Qn}n>0 satisfy the following finite type relation
2Py (2) = Qni2() + $nQni1(2) + 1aQn(z), n >0,
where
Sp = (n+2a — 2)(wn — 9n+1), n >0,
thn = +2a—3)y, — (n+2a —2)(pt1, n>0,

with the convention vy = 0.

P r o o f. Differentiating (3.2), we obtain

rlz+2($) = (z— wn+1)P7/L+1($) — V1P, (2) + Ppya(z), n>0.

We multiply the last equation by 22 and the relation (3.2) by 2( (a—1)x+ 1), take the sum of the
two resulting equations, and substitute (3.1). Then, we get

(n 4 20)Qny3(x) = (n 4 200 = 1)(& — @n41)Qny2(x)
—(n+ 200 — 2 41Qni1(x) + 22 Poyi(z), n>0.

Using the relation (3.3), we get
2?Pry1(z) = Qnis(®) + (n 4 200 — 1) (@na1 — Onsa) Quia (@)
+((n+2a = 2)ynq1 — (N4 200 = 1)Cng2) Quya (z), n > 0.

In fact, this result is valid if n + 1 is replaced by n with the convention ~y = 0. Hence we got the
desired result. O

Note that, for n = 0, the Proposition 2 gives

2? = Qa(x) + (2 — 2)(w0 — 01)Q1(2) — (2a — 2)(1Qo(), (3.4)
and using the fact that
Ql(x):x—(%:x—i-m,
we obtain

Q2(z) = 2% + (200 — 2)(0; — wo)z + (200 — 2)C1 + 2(6; — wy).
It gives by comparing with (3.3) for n =0

=+ 2(a— 1wy 1 2(a—1)
b1 = 2 — 1 T le-D@a-1 " 2a-1
¢ _9091+2(W0—91) . -1
L 20 — 1 T (a-1%

Denote by ug and vy the regular forms (linear functionals) in P’ corresponding to { P, },>0 and
{@Qn}n>0 respectively. Then we can state the following result.
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Lemma 2. The following algebraic relation between the regular forms ug and vy holds

zuy = 2 U
P roof. According to Proposition 2, we obtain
(z%v9, Py(z)) =0, n>1. (3.5)

On the other hand, by (3.4) we have
(avo, Po(x)) = (vo, Q2(x)) + 2(a — 1)(zwo — 01){vo, Q1(x)) — 2(x — 1)¢1 (v, Qo(x))r

. 59

since {@p }n>0 is orthogonal with respect to the normalized form vy. According to Lemma 1 and
using (3.5) and (3.6), we obtain the desired result. O

Based on PE satisfied by the linear functional of B(®), we can state the following theorem.

Theorem 1. The sequence of Bessel polynomials {B,(La)}nzo, with o # —m/2, m > =2,
m € Z, 1is the only B,-classical orthogonal sequence. More precisely, P, (x) :B,Sa)(x) and
Qn(z) = B (@), n > 0.

Proof. If weapply vy in (3.1), we get for n >0
(vo, (n 4 200 — 2)Qp41(2)) = <vo, 2P (x) + 2((a— 1)z + 1)Pn(x)> = 0.
But the right hand side may be read as
< — D(z%vo) +2((a — 1)z + 1)@0,Pn(x)> =0, n>0.
Hence we have for all polynomials P, expanding P in the basis { P, },>0, the following relation
(= D(a?u0) +2((a = 1) + 1)vo, P(z) ) = 0.

In other words we have
(3321)0), —2((@— 1)z +1)vy = 0. (3.7)

This implies that vy is the Bessel functional B~

according to the corresponding PE (2.1), i.e.,
Qn(z) = B V(z), n>0,

with & # —m/2, m > =2, m € Z.
Multiplying (3.7) by z? and using Lemma 2, we obtain

(mzuo), —2(ax +1)up = 0. (3.8)

Essentially (3.8) corresponds to the PE of linear functional B of the sequence of Bessel
polynomials {Br(fé)}nzo. Hence, P,(z) = B (x), n>0. O

In conclusion, we give the following relation, which is satisfied by Bessel polynomials

2B () + 2((a— 1)z + 1)B,(f‘) () =(n+2a— 2)B7(Li_11)(x), n>0

with & # —m/2, m > =2, m € Z.
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4. Representations of Bessel polynomials in terms of the action of linear
differential operators

In this section, we prove some higher order differential relations between the Bessel polynomials
(solution of our problem). First, we need the following fundamental relation

(D + (n+a — DI) B2 (2) = (2n + a — 1)BLTD/2) (), (4.1)
which is obtained after a simple calculation from (1.1).

Theorem 2. The representation of Bessel polynomials Bn(aer)/Q)(x) in terms of action of

linear differential operators on the Bessel polynomials B,SQ/Q) (x) is given by

)

I2n+a—-1) < /m\ Tn+at+m-—1) ke
B(at+m)/2) — m—k pm—k g(a/2)
" (z) I’(2n—|—a+m—1)kzz: k I’(n—l—a—l—m—kz—l)x G

: (4.2)

n>0 m2>0.

P r oo f. We prove this by induction on m € N. For m = 0 this is obvious. Now, suppose (4.2)

holds and prove the same for m + 1 instead of m. Indeed, by differentiating both sides of (4.2) and
using (1.4), we get, for all n > 1,

atm I2n+a—-1) <(m\ Tntat+m—1)
platm+2)/2)
n—1 () I‘(Qn—i-a—i—m—l)];) kE)T(n+a+m—k—1)

x [(m _ k)xmfklemfkfl + xmkamfk] Bg(ffr2)/2) (), n>1.

Replacing o + 1 by a, n — 1 by n and using the identity (4.1) we obtain for all n > 0

Bllatmin/) gy - Tenta—1) z’”: (m) _ P(n+a+m—1)

P(Qn—i—a—l—m)kzo E)T(n+a+m—Fk—1)

x [(m — k)gmkotpmok-l :Umkamfk] (zD+ (n+a— 1)H)B,(f‘/2) (x), n>0.

Equivalently

F2n+a—1) « (m\ T(n+a+m—1)
((atm+1)/2)(py = 20T = )

B (z) F(2n+a+m)kz()(k‘)F(n—l—a%—m—k—l)
X [(m —k)(n+a+m—k—2)zm k- lpm-k-l

+(n+a+2m — 2k —1)zmkpmF 4 me_kDmH_k] B/ (), n>0.

After some calculations, we finally obtain for all n > 0

m—+1
Bllatmin/) gy - Tenta—1) 3 (m + 1) _ L(n+a+m)

 I(2n+a+m) =\ k (n+a+m—k)

Xxm+lkam+lka1(1a/2) (CC), m > 0.

Hence the desired result is proved. ]
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5. Conclusion

We have described the B,-classical orthogonal polynomials using the Pearson’s equation
that the corresponding linear functionals satisfy. More precisely, we have proved that the Bessel
polynomial sequence {Bﬁf‘) () }n>0, where av # —m/2, m > —2, m € Z, is the only B,-classical
sequence. As a consequence, some connection formulas between the corresponding polynomials

are deduced.
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Appendix

Table A. Bessel polynomials.

{Bn}nso L B(a)
O(r) =a*, ¥(z) = —2(az +1),
1 11—«
50:*57 Bni1 = CETCEr L n>0,
(n+1(n+2a-1)
(2n +2a —1)(n+ )2(2n 4 20 + 1)’ n >0,

?Byy 1 (x) + 2(az + 1)By, 4 (z) — (n 4 1)(n + 20) Bpyi () = 0,

Tn+1 = —

1
2Bl (z) = (n+1) |z - n+—a) Bry1(z) = (2n 4 2a + 1)ynt1Ba(2),

(Bla).f) = ) [ m x/( / o 52“62/55(€)d£>f(x)dx

—+00 t4
J(a) ::4/ 382/t sm(t)(/ ,7:20‘_26_2/%&0) dt,
0 0

0, z <0,

s(z) =
—a!/ sinx1/4, z > 0.
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