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Abstract: We consider a family of equations with two free functional parameters containing the classical
Black—Scholes model, Schénbucher—Wilmott model, Sircar-Papanicolaou equation for option pricing as partial
cases. A five-dimensional group of equivalence transformations is calculated for that family. That group is
applied to a search for specifications’ parameters specifications corresponding to additional symmetries of the
equation. Seven pairs of specifications are found.
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Introduction

In the paper a nonlinear model

w(t, T)Ugy B
up + 2 (1~ zo(uy)uns)? + r(zugy —u) = 0. (0.1)

from the theory of financial markets is considered. In the case of v = 0 it is generalized Black—
Scholes equation [1], if, besides, w(t,z) = o?2? (0.1) is the classical Black—Scholes model [2].
For arbitrary v and w(t,z) = o222 (0.1) is the Sircar—Papanicolaou nonlinear feedback pricing
equation [1]. If v is arbitrary, w(t,z) = 0?22 and r = 0, it is the equilibrium pricing model or
Schonbucher—Wilmott nonlinear feedback pricing model [3-6]. The last two models take into
account a feedback effect of the presence of two types of traders. The programm traders are the
portfolio insurers and the reference traders are the Black—Scholes uploaders.

The aim of the paper is to obtain a group classification [7] of equation (0.1) with free parameters
v and w. The group of equivalence transformations [7,8] of equation (0.1) will be found. By means
of this group symmetries for the equation with all specifications will be calculated. Further these
results will be applied to the theory of financial markets, particularly, they will allow to calculate
various exact solutions of equation (0.1).

The groups of classical Black—Scholes model and their accordance to the groups of the heat
equation were found in [9]. Research of symmetries of Schénbucher—Wilmott model and of some
other nonlinear pricing models was made in [10-13].

IThe work is partially supported by Laboratory of Quantum Topology of Chelyabinsk State University
(Russian Federation government grant 14.7250.31.0020).
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1. Group of the equivalence transformations

Let us find the continuous group of equivalence transformations of equation (0.1) for the ap-
plying to the search of specifications of the functions v = v(u,), w = w(t, x) in the equation, that
corresponds to additional symmetries for the symmetries of the kernel of principal Lie group for
the equation. We rewrite equation (0.1) in the form

ut+%+r(a¢uz —u) =0, (1.1)
2 (1 — zvug,)
where v, w are the additional variables, depending on ¢, z, u, u; and u,. Generators of a continuous
group of equivalence transformations will be searched in the form Y = 79; + £, + 10y + p0y + 10y,
where the functions 7,&,n depend on t,x,u, and p v depend on t,x,u,us, Uy, v, w. For brevity
hereafter % = 0; and similar notations are used. We add to (1.1) the equations

ve=0, v,=0, v,=0, v, =0, (1.2)

wy =0, wy, =0, w,, =0, (1.3)

meaning that in the statement of the problem the function v depends only on u, and the function
w depends on ¢, x.

We consider the system of equations (1.1)—(1.3) as a manifold 9 in an expanded space of
corresponding variables. Let us act on the left-hand side of system (1.1)-(1.3) by the extended
operator

}7 =Y + Sptaut + SDa:xauzz + :utavt + /’anvz + :u’ua’Uu + MUt 8vut + yuawu + Z/Utawut + v au’uac’

we restrict a result of the action on 91 and we obtain the equations

o+ vwu?, & w(l + zvug, )™ UgzV n wru
(1 — zvug,) 2(1 — 2oy, 2(1 — zvtgy)? (1 — 20Ugy)?
+r(uz + 2" —n)| =0, (1.4)
N
Pl =0, pfln=0, p'ln=0, u"ln=0, (1.5)
I/u’m =0, I/ut|m =0, ,uux|m =0. (1.6)
From (1.2) and (1.3) it follows that
Dy = 0y + iy + witOuy + WipDy + o, Dy = 0y + WDy + WizOuy, + WezOugy + -

Dy =084, Dy =084, Duyp =0y + 0 (1) + 0" (1) (u) + - - -
1t = e+ wipny — V' (ua)@F = pir + Wt — V' (W) (Mt + Ualtu — WiTte — UlaTow — Uabtn — Uiftu);
1F = g+ Wty — V' (U2) 5 = o + Wt — V' (Ue) (Mo + U Nwus — Wi T — Ui T — Unor — Unbau),
1 = =V (U2) @l = pru — V' (tg) (Now + UaNuu — UtTow — Utlla Ty — Uobzu — Unluu),

ut __

w =y — U/(UI)@zt = Uy, + U/(UI)TI + va/(ux)Tu,

U Ut __ Uy /
VY= vy — Ty — Wby, VY =UVy, V7° —Vuz+v(u1)yv'

Therefore, equations (1.5) and (1.6) have the form

fhe + Wit — V' (W) (Mt + UM — WiTow — Uty Toy — Ul — U)ot = 0, (1.7)
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p + Wty — V' () (N + Ul — WiTg — Uil T, — Uiz — U)ot = 0,
pu, = V' () (M + U T, — Ut T — Ul T — U — Uau) ot = 0,
fa, + V' (Ug) To + ugt’ (ug) Ty = 0,
Vi — WiTy — Wiy = 0, vy, =0, vy, + V' (ug)vy, = 0.
By equality (1.1) equations (1.7)—(1.9) can be rewritten in the form
fit + Wepy — V' (Uz) (Utz + UnTu — Ugta — USEput
Wy Tz + Uz Tew)
2(1 — ZVUL,)?

+ (reug — ru) (T + umu)> =0,

Mo + Wy oy — UI(UJ:) (nxx + UgNzu — uxgaca: - u?gﬁxu+
Wlgy (Ta:m + umeu)
2 (1 — 20Uz )?

+ (reugy — ru) (T + umTw)> =0,

My — U/(ua?) (nxu + Uguu — Uz€ou — ui&m—i_
WUy (Tmu + umT’uu)
2 (1 — 20Ug,)?

+ (reuy — ru) (e, + UxTuu)> =0.

By means of the equality

T 2 2
P = Ngx + 2Ux77:0u + Uy Ny + Uz Ny — UtTex — 2UpUp Toy — 2Ute Ty — Ugly” Tuu—

— 2y Uga Ty — Upllae Ty — Uabze — 2Us Epu — 2ane — s Euu — FUalizaby
equation (1.4) is rewritten as
N + Uy — UpTe — utzTu — uz&r — wpugy + ;3 (QUwuixﬁ + 2xwu92mu +
2 (1 — zvuyy)
eV — UV + W(1 4 20U (Nee + 2Ualeu + e T + UzeTu—
Uy Ty — 2l Toy — 2UiaTe — Uy Ty — 2UgUpy Ty —
—UplUga Ty — Upaa — 2 Eay — 2Upae — Up"Euy — BUglizaln)) +
F 17U E 4+ T2 (Mg + Upy — UtTe — Ul Ty — Uply — UZEL) — Tl =

Wlgy (Tt - nu) w2u32017—u

=m+ ———7F + (reug —ru)(1e — M) — ———————
" 2 (1 — 20Uy, (rous (7 =) 4(1 — zvugy)t

Wy (TTUL — TU) Ty, .

—(reug, — T’u)ZTu + 3
(1 — xvugy)

WUz Uz Sy 2 2
——— + (rTUy, — TU)U + — (2vwu + 2zwu +
2(1— :cvum)z (rau, Jusbu 2(1— :zcvum)3 ( et walt

FUgzV — mu?y;pvy + ’LU(l + xvuzx) (nmx + Qu:cnzu + uz277uu + UpzNu+

WlUgx Trx WUz Ugx Tru
5+ (r2uy — ru)Tee + —————5 + 2(rTUuy — TU) UL Ty —

+—
2 (1 — zvuy,)

2
WU Ugz Ty

(1 — 2vugy
2
wu2, T,
= T L (P2 — TU)US Ty — Ul Ty + ———
2(1 — zvugy) (raua VU Tu v 2(1 —asvum)2

+(Txu$ - ru)uflixTu - uxézz - 2ux2£xu - 2uxx€z - stguu - 3uxuxx€u)) +
+ruz€ + m’(ﬁx + Upy — Uy — Uifu) —rn+

rEWUzy (T + UpTy)

— Ut Ty +

+ re(reug — ru)(Tp + ugty) = 0.

2 (1 — 20Ugy)?

(1.13)

(1.14)

(1.15)
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We differentiate the last equations with respect to ug and obtain w(l + zvug,) (T2 + upTy) = 0,

consequently, 7 = 7(t), if w # 0. Therefore, equations (1.11)—(1.15) have the form
pag =0, vy —waby =0, vy, =0, vy, +0'(g)ry =0,
i+ Wity — V' () (Mt + et — Usbte — u2Era) = 0,
[z + Weptw — V' (Ug) (Noz + Uslou — Uzbae — uaeu) =0,

Hu — 'U,(ux) (nxu + UgNuu — UeSeu — uifuu) =0,
Wig (' () — Nu)

e+ + (reug — ru)(7'(t) — nu) — ucbet
2 (1 — zvugy,)
wuxuxxgu 1 2 2
—————— — + (rauy — ru)uzyéy, + ——————— (2vwul £ + 2zwul i +
2(1- a:vum)2 (rzu Juabu 2(1- a:vum)?’ ( o o

et — 2u v+ w(1 4 T0Ug,) (nm + 2 ey + Uz Nuu + Uzl — Usan—

*2uz2§ru - 2“903651 - ux3§uu - 3uxuxm£u)) + Tux€+
+Tx(77z + Ugy — Uy — uigu) —rn=0.

We multiply by 2(1 — zvu.,)> the last equation, then

2(1 - mvumm)g(nt + (Txux - TU)(TI(t) — N + Uwfu)) + (1 - xvuzx)wua:x(T/(t) - nu)_

—2(1— xvum)3uz§t + (1 — 20Uz ) WUz UL &y + 2Uwuix§ + 23:wuix,u—|—
FUgaV — JJU?ME'UV + w(l + fEqu:Jc) (nxm + 2ug Mgy + ux27]uu + Uz — UgSzz—
_2ux2§:cu - 2uxx§x - ul‘gguu - 3uxuxx€u)+

+2(1 — xvum)S(rugc{ +re(ny + Uy — uple — Uiﬁu) —rn) =0.

Equation (1.20) for the case v # 0 has at u3, multiplier

N + TquT/(t) - Tu(Tl(t) — Ny + uxfu) — ug& + rug€ + r$(77x - Uxf:c) - rn,

after its splitting with respect to u;, we obtain two equations
N + rang + run, —rn —rut’ (t) =0,

rat (t) — & — ra&y — ruéy + 1€ = 0.

After the splitting with respect to u; of the multiplier at u,, in zero degree it follows that

¢ =A(t,x)u + B(t,x),

n= Am(tv x)u2 + C(ta x)u + D(ta J))
and by (1.21), (1.22)

20 — 2rut’ + 2rumy + 2ren, — 2rn + Wnye = Wy = 0,
2ret — 2ruéy, — 26 + 2ré — 2raéy — 2wy + AWNgy = —WEes + 2WN4y = 0.

The last equality implies that

A =0, A(t,z) = Ai()e+ Ao(t), C(t,x) = %Bz(t, ) + B(b),

€= A1 ()ru+ Ag(t)u+ B(t,z), n= Ai(t)u*+ %Bx(t, z)u + E(t)u + D(t, ).

_ =
_ =
[N |

—_  ~—  ~— =

(1.20)

(1.21)

(1.22)

(1.23)
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Then from (1.23) it follows that
Bywe =0, Dy =0, &= A(t)zu+ Ag(t)u+ Ba(t)x? + By(t)z + Bo(t),
1= A0 + Balt)eu + L Ba(tyu+ E(t)u+ Da(t)z + Do(t)
Now the equality (1.22) implies that A1(t) = Fe™", Ag(t) is a constant,
Bo(t) = Ge™™,  By(t)=r7r(t)+ H, Bo(t)=Je",
£ =Fe "zu+ Agu + Ge "'2? + rr(t)x + Hx + Je',
n=Fe "u?+ Ge "zu+ ;( 7(t) + H)u + E(t)u + Di(t)x + Do(t).
By (1.21) D; is a constant,
Do(t) = Ke™, E(t) = %7“7(75) + P,
n=Fe "u?+ Ge "xu + rr(t)u + Pu+ Dz + Ke™.

From (1.16) it follows that v = w,(Fe "'z + Ag)u + S(t, z, uz, v, w).
The coefficient at u,, in equation (1.20) is equated to zero and we obtain the equation

—6zvm; — 62v(rau,7 (t) — rut’ (t) + run, — ruugéy) + wr'(t)+
+6xvurls + wuzréy + v — 2wy — Jwuzéy, + 2xVWULN Ly + wiuinuu—
—zvwuglpr — 2wiu§§m — 6zv(rugg + ren, — reugéy —rn) = 0.

Let us substitute in it the expressions for £, n, v that were found before, and splitting with respect
to the variable u leads to the equations

—2Fe " + wy(Fe "a + Ag) =0, (1.24)
S =4Ge " rw — wr' + 2rwr + 2Hw + 2Fe " ruzw + 2Agugw
The last of them implies the equalities v, = S, = 0, consequently, by (1.16) we obtain
Vu, = Su, = 2Fe "zw + 2400w =0, Ag=F =0.
Thus,

¢=Ge " v rr(t)x + Ha + Je™,
n=Ge" xu—i—rT()u—l—Pu—i-Dlx—i-Ke”,
v =4Ge "zw — wr' + 2rwt + 2Hw.

Analogous calculations are made with the coefficient at u2
equation

» in equation (1.20), we obtain the

62%02 (1 + reugm — rur’ + runy) — zvw(r’ — ) — 6220 U és 4 20w + 2rwp — Tvv+

Fzvw(n, — 26,) + 62202 (rugé + ren, — reugé, —rn) =0,
that implies the equality p = v (H — P — Ze™ + 2Ge™"'z) . Therefore p1, = p,, = 0, and for the
case v’ # 0 obtain G = 0 from equation (1.19). Then equation (1.18) implies that p, = 0, hence
J = 0. From equation (1.17) it follows that u; = 0, it corresponds to the resulting formula
= (H — P)v. Thus, 7(t) is an arbitrary function,
¢ =Hx+rr(t)r, n=Ke™" + Dix+ Pu+rr(t)u,
=(H - P)v, v=2Hw+ (2rr(t) —7'(t))w.

Let us formulate the result in the form of theorem.
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Theorem 1. The Lie algebra of infinitesimal generators of the equivalency transformations
groups for equation (0.1), is generated by operators

Vi =20, Yo=¢"0,, Y3=1x0;+udy+ 2wy, Yi=xdy+ v+ 2wy,

Ys = 7(t)0; + r7(t) 20y + r7(t)udy + (2r7(t) — 7' (t))wdy,

when v', w are identically unequal to zero.

Remark 1. It is easy to check that the infinitely-dimensional part of the Lie algebra from
Theorem 1 consists of operators of the form Y5 only.
The extensions of the operators Y, k =1,2,3,4,5, are

Vi =20, 4 0y, Yo=c"0,, Y3=210,+ud,+ 2wd,,
_ _ (1.25)
Yy = 20; + 00y + 2w0y — uy0y,, Ys = TO + r7ads + r7udy + (2r7 — 7 )w0,.

Therefore, the kernel of the principal Lie algebras for equation (0.1) is one-dimensional with the
basis Ys, because the corresponding group only doesn’t transform the additional variables v, w and
their arguments ¢, x, u;.

Corollary 1. The kernel of the principal Lie algebras for equation (0.1) is spanned by the
operator X1 = €0, when v', w are identically unequal to zero.

2. Group classification

Consider Lie algebra of projections of operators (1.25) on the subspace of the variables ¢, x, u,
v, w, 1. e. the algebra generated by

Z = 8uza Zy = 'Uav - umau,ra
(2.1)
Z3 = x0; + 2wy, Zy=70 +r720; + (2rT — 7 )W0y.

It is the direct sum of subalgebras (Z1, Z2) and (Z3, Z,) that corresponds to two different functions
v and w and their different arguments. Therefore, the subalgebras can be considered separately.

Nonzero structure constants of (71, Zs) are ¢, = —1, c3; = 1. Therefore, the inner automor-
phisms are E : e = el —e2ay, By : &' = ele®. Here €', i = 1,2 are the coefficients at Z; respectively
in the basis decomposition of Z. If €2 # 0, then e' = 0 by the acting of E;. Therefore the optimal
system of one-dimensional subalgebras consists of subalgebras with bases Z; and Zs.

In the subalgebra (Z3, Z4) there are no nontrivial inner automorphisms, consequently, the op-
timal system of one-dimensional subalgebras has a form © = {(Z5), (bZ + Z4),b € R}.

For operators Z from optimal systems we calculate the expressions
Z(V(ug) —v)lp=y =0, Z(W(t,x) —w)|y=w = 0.

Note, that if Z contains Z; with a nonzero coefficient and doesn’t contain Zs, then v’ = 0. Such
case doesn’t correspond to the conditions of Theorem 1. If an operator Z has nonzero coefficients
at 71 and at Zs3, then by Ej the coefficient at Z; can be equated to zero for equivalent operator
to Z. Therefore, the operator Z; can be excluded from further considerations.
We have
ZQ(V(/U/I) - U)‘w:W =-V- uxvl =0, V= ﬁ/ux
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for arbitrary 5 € R. Further,
Z3(W(t,2) — w)|wew = aWy —2W =0, W = D(t)z>
for arbitrary function D(t). Finally,
(bZ3 + Zy(W (t,2) — w)|w=w = T()Ws + (r7(t) + b)aW,, — (2r7(t) — 7'(t) + 2b)W = 0,
G2t [ o)

W = Tg@(aze

—rt—b [ %)
for arbitrary functions ¢ # 0, 7 # 0.

Optimal system of two-dimensional subalgebras consists of (Za, Z3), (Z2,b0Z3 + Zy), (Z3,Z4).
In the first two cases we have the simultaneous specifications for v and w that are already known.
In the last one specification we have the form W = vx2/7(t).

For the Lie algebra (Zs, Z3, Z4) the specifications are V = B/u,, W = vyz? /7(t).

For every basis operator from the optimal systems calculate the projection of the corresponding
generator of the group of equivalency transformations on the space of the variables ¢, x, u. Then
Zy corresponds to pr(; ;) (Ya — Y3) = —udy, for the operator Z3 it will be pr( ;,,)Ys = 20, + udy,
and pr ) (bYs +Ys) = 7(t)0 + (r7(t) + )20y + (r7(t)u+b)9, corresponds to bZ3 + Zy. It implies
the next theorem.

Theorem 2. Let v/, w be identically unequal to zero i. Then next assertions are true.
1. The principal Lie algebra of the equation

t xrxr
ug + w(t,2)u 5+ r(zu, —u) =0, B#0,

P (1 - 5::;“”)
Uy

is generated by the operators X1 = €0y, Xo = ud,.

2. The principal Lie algebra of the equation

T () e2rt+2bT(t) —rt=bT (1),
ug + (t)e plze 5 Ju +r(zuy —u) =0, T'(t) #0, o(z)#0,
2 (1 - I'U(Ux)urm)

1
is generated by the operators X1 = €™, Xo = T’(t)at + (T’Zt) + b) x0; + (T’Qt) + b) w0y,

3. The principal Lie algebra of the equation

T (t) e2rt+20T'(¢) go(l:e_rt_bT(t) )

2
) (1 _ 5:,3%””)
Uy

1s generated by the operators

Ugy

up + +r(ruy, —u) =0, T'(t)#0, @(z)#0, B#0,

1 T T
Xy =e" , X2 =uldy, X3= z w
1= ¢€"0y, 5 = ud), 3 T’(t)at+<T’(t)+b>$a —|—<T,(t)+b>u8
4. The principal Lie algebra of the equation
D(t)z*uyy
ut + (Dzu 5 +r(zuy —u) =0, D(t)#0,

2 (1 — zv(ug)Uzy)
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1s generated by the operators

1 T T
X, =¢€"0, X9 =2x0 10) X3 = 10) 10) Oy
5. The principal Lie algebra of the equation
D(t)z?
up + (D2 iz 5 +r(vuy —u) =0, D(t) #0,
P (1 - m“”)
Ug
s generated by the operators
X =¢€"0 X9 =20, X3 = ud X—L(‘)—FLQTB +—ud
1= U 2 = T 3 — Uy 4*D(t) t D(t) T D(t) u-

Remark 2. Theorem 1 and Theorem 2 are valid for the case » = 0.

3. Conclusion

Further Theorem 2 will be applied to the search of exact solutions of the option pricing nonlinear

models. Specification W (t,7) = 0?22 as partial case of D(t)x? corresponds to the Scénbucher—
Wilmott model, if » = 0, and to Circar—Papanicolaou model for r # 0.

10.

11.

12.

13.
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