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Abstract: Let R, be the set of all rational functions of the type 7(z) = p(z)/w(z), where p(z) is a polynomial
of degree at most n and w(z) = [[7_;(z — a;), |a;] > 1 for 1 < j < n. In this paper, we set up some results
for rational functions with fixed poles and restricted zeros. The obtained results bring forth generalizations
and refinements of some known inequalities for rational functions and in turn produce generalizations and
refinements of some polynomial inequalities as well.
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1. Introduction

Let P, denote the class of all complex polynomials of degree at most n. For a; € C,
7 =1,2,...,n, we write

w(z) = ﬁ(z —aj), B(z):= ﬁ (12__722)

J=1 J=1

and

z
%n = ?Rn(al,ag,...,an): {W7 pEPn}

Then R, is the set of all rational functions with poles a;,j = 1,2,...,n at most and with finite
limit at infinity. It is clear that B(z) € ®,, and |B(z)| = 1 for |z| = 1. Throughout this paper, we
shall assume that all the poles a;, j =1,2,...,n lie in |2] > 1.

If p € P,, then concerning the estimate of [p’(z)| on the unit disk |z| < 1, we have the following
famous result known as Bernstein’s inequality [3].
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Theorem 1 [3]. If p € P,, then

max [p'(z)] < nmax[p(z)]
|z|=1 |z|=1

with equality only for p(z) = Az™, A # 0 being a complex number.
For polynomials having all their zeros in |z| < 1, Turan [14] proved

Theorem 2 [14]. If p € P, and p(z) has all its zeros in |z| < 1, then

max |p/(2)] > 2max Ip(2)] (1.1)
|z|=1 2 |z|=1

with equality for those polynomials, which have all their zeros on |z| = 1.

In literature, there exists several generalizations and refinements of inequality (1.1) (see [10-12]).
V.K. Jain [6] in 1997 introduced a parameter 8 and proved the following result which is an
interesting generalization of inequality (1.1).

Theorem 3 [6]. If p € P, and p(z) has all its zeros in |z| < 1, then for |B] <1

(2) + 0 p()

max
|z]=1

> 5 {1+ Re(8)} max|p(z)] (12)

By involving the coefficients of polynomial p(z), Dubinin [4] refined inequality (1.1) and proved the
following result.

Theorem 4 [4]. Ifp(z) =37, ;2 is a polynomial of degree n having all its zeros in |z| < 1,

then an] — lol
, n 1/ |ay,| — |ag

max |p (2)| =2 = 1+—<7>}maxpz.

|z|=1‘ () 2{ n\ |an| + oo \z\:l‘ )|

As a generalization of Theorem 4, Rather et al. [9] proved the following result.

Theorem 5 [9]. Ifp(z) = Z?:o ;27 is a polynomial of degree n having all its zeros in |z| < k,
k <1, then for |z| =1

, n k (K" an| — |aol
max > 1+-( — m . 1.3
|2|=1 ()l 2 14+ k:{ + n <k"!anl + || |z|i)1( [p(2)] (13)

Li, Mohapatra and Rodriguez [7] extended the inequality (1.1) to the rational functions r € R,
with prescribed poles and replace z™ by Blaschke product B(z). Among other things they proved
the following result.

Theorem 6 [7] . Suppose r € R,,, where v has exactly n poles at ay,as,...,a, and all the zeros
of r lie in |z| <1, then for |z| =1

{IB@)] = (n=m)}ir), (1.4)

DO =

Ir'(2)] >
where m is the number of zeros of r.

As a generalization of inequality (1.4), Aziz and Shah [2] proved the following result.
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Theorem 7 [2]. Suppose r € R,,, where r has exactly n poles at ay,as,...,a, and all the zeros
of rliein |z| <k, k <1, then for |z| =1
1 2m —n(1
e 2 {1+ 2 ), (1.5

where m is the number of zeros of r.

Concerning the estimation of the lower bound of Re(zp/(2)/p(z)) on |z| = 1, Dubinin [4] proved
the following result.

Theorem 8 [4] . If p(z) = Z;‘L:o ;2 is a polynomial of degree n which has all its zeros in
|z| <1, then for all z on |z| =1 for which p(z) # 0

()22l s (e

Rather et al. [9] generalized Theorem 8 by proving the following result.

Theorem 9 [9]. If p(z) = Z;‘L:o ;27 is a polynomial of degree n and p(z) has all its zeros in
|z| < k,k <1, then for all z on |z| =1 for which p(z) # 0,

ro(2) 5 g (el ),

p(2) 1+k n \ k"|ay| + |ao|

Concerning the estimation of the lower bound of Re(27/(z)/r(z)) on |z| = 1, Dubinin [5] extended
Theorem 8 to the rational functions and proved the following result.

Theorem 10 [5]. Let r be a rational function of the form r(z) = p(z)/w(z), where
p(2) = 2™+ 12" gz ag, A0, m>n

and the poles ¢,, v =1,2,...,n of r are arbitrary with |c,| # 1 and let all the zeros of the function r
lie in the disk |z| < 1. Then, at points of the circle |z| = 1, other than the zeros of r, the following
inequality holds

U 2B el el t

For m = n inequality (1.6) reduces to

() )

2

2. Main results

In this section, we first present the following result, which in particular furnishes a compact
generalization of Theorem 10 for the case when all the poles of r lie outside the unit disk and as a
consequence of this result, we get various generalizations and refinements of the above mentioned
results. More precisely we prove.
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Theorem 11. Suppose r € R,,, where r has exactly n poles and all the zeros of
p(2) = amz™ + m12™ T F oz + o, am #0,
lie in |z| <k, k < 1. Then for all z on the circle |z| = 1, other than the zeros of r and || <1
2r'(2) Ié] ,
R ———|B
e{ r(2) +1—|—k (2)
S 1[{1+2Re(5) 2m —n(l+k) 2k {k: \am\—]aol}].

(2.1)

Z B’
— 2 1+k }’ (2)l+ (1+k) 1+ k k™| am| + |aol
The result is best possible in the case 8 = 0, and equality holds for

m 1_ n
7“(,2:):M and B(z):< az> , at z=1, a>1 and B=0.

(z —a)" z—a

Remark 1. Taking 8 = 0, and using the fact that

2B'(2)
B(z)

B(2)] =

on |z| = 1, inequality (2.1) reduces to the following inequality

RS TeN e e T e el I}

-2
One can easily note that for 8 = 0, Theorem 11 is an extension of Theorem 9 to the rational
functions. On the other hand if we take k£ = 1 and m = n in inequality (2.2), we shall obtain
inequality (1.7).

(2.2)

Remark 2. Now for the points on the circle |z| = 1, other than the zeros of r and || < 1, one
can easily prove that
w2 B
> R ——|B’ .
> re{ T4 LB )

In view of this, Theorem 11 reduces to the following result, which contributes a generalization and
refinement of inequality (1.5).

Corollary 1. Suppose r € R, where r has exactly n poles and all the zeros of r lie in |z| < k,
k <1, that is r(z) = p(z)/w(z) with

p(z) :amzm‘{'am—lzmil + -4+ az+ oy, am 750

Then for all z on |z| =1 other than the zeros of v and || <1

a'(z) B 1 [{1+ QRG('B)}]B/(z)] L2mon(ltk) 2k {kmlaml - |a0|H .

-~ B Z
r(z) +1—|—k“ () — 2 1+k (1+k) 1+ k Lk™|am| + |aol

The result is best possible in the case 8 = 0, and equality holds for

r(z) = Gl and B(z) = <1 — 9z

(z —a)"

n
) , at z=1, a>1 and B=0.
z—a



Inequalities Pertaining to Rational Functions 147

Remark 3. For k =1, Corollary 1 reduces to the following result, which yields a generalization
as well as refinement of inequality (1.4).

Corollary 2. Suppose r € R,,, where r has exactly n poles and all the zeros of r lie in |z| <1,
that is r(z) = p(z) /w(z) with

p(z) = amz™ + amo12™ ot arz+ g, am £ 0.

Then for all z on |z| = 1 other than the zeros of r and |5] < 1

2r'(2) | B 1 / |am| — Jao
~|B - {1+R B —(n— — - 2.3
T QB > 5 [+ Re(BB ()] = (0= m) + { S22 (2.9
Inequality (2.3) is sharp in the case 5 =0 and equality holds for
nHm 1-— "
r(z):(z;) and B(z) = 4z , at z=1, a>1 and [ =0.
(z —a)" z—a
Remark 4. Taking w(z) = (z — a)", |a| > 1, so that
1—az\"
B =
©=(7=%)
with m = n in Corollary 1, we get
/
p(z)  z-— 1 +k (2.4)
1 2Re (B) , (1 — k) 2k (k™| — |ao] '
>—|s1+——=}|B .
=3 H Tk }’ G % 1% fan)  Jao)

Letting |a| — oo in inequality (2.4) and noting that |B’(z)| — n|z|"~! = n for |z| = 1, we get the
following result.

Corollary 3. If p(z) = Z?:o ;27 is a polynomial of degree n, having all its zeros in |z| < k,
k <1, then for || <1 and |z| =1

)+ )| = g {1 re < £ (T b 29)

Since k" |ay,| > |agl, therefore Corollary 3 refines as well as generalizes the well known polynomial
inequality (1.2) due to Jain [6].

Remark 5. For =0, inequality (2.5) reduces to inequality (1.3).

Next, we prove the following refinement of Corollary 3.

Theorem 12. If p(z) =3 7, ;2 is a polynomial of degree n, having all its zeros in |z| < k,
kE <1, then for |8] <1 and |z| =1

k (k"an| —m* — |ag|
1
)+ )] = g {1 Re@) + 5 (et ) bt

nm k (K"an| —m* —|ag]
+1+k{‘1+Re(ﬂ)+ﬁ<knlan\+m + || ) ’ﬁ“}
)

where m* = min,_ [p(2)].
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Taking 5 = 0 in Theorem 12, we get the following result.

Corollary 4. If p(z) = Z?:o ;27 is a polynomial of degree n, having all its zeros in |z| < k,
k <1, then for |z| =1

/ n k (k"an| —m* — |ay nm’ k (E"an| —m” — o]
> 142 T+
()] = 1+k{ T (k"!an\er*Jr\ao! P+ TP h kP ag| +m* +|aol /)7

where m* = min,|—, [p(2)].

Remark 6. Since m* > 0, hence Corollary 4 is a refinement Theorem 5.

3. Lemmas

For the proof of our results, we need the following lemmas. The first lemma is due to A. Aziz
and B.A. Zargar [1].

Lemma 1 [1]. If |z| =1, then

R (20620) _n= 1B

w(z) 2 ’

where w(z) = [[7_; (2 — a;).
The following lemma is due to Rather et al. [9].

Lemma 2 [9]. If ((;)7; be a finite collection of real numbers such that 0 < (; < 1,
7=12...,m, then

g TG
= 1+¢ — 1+]I5 G
The next lemma is due to Mezerji et al. [13].

Lemma 3 [13]. If p(z) is a polynomial of degree n, having all its zeros in |z| < k, k < 1, then
for any B with |5] <1,

win |27/(:) + T (2)| >

1
+1+k"

where m* = min,_y [p(2)].
4. Proof of Theorem 11

Proof. Sincer € R, and all the zeros of r(z) lie in |z| < k, k < 1, that is r(z) = p(z)/w(z)
with

m
p(2) = ap, H(z —bj) = 2™+ apmo12™ T+ agz + ag,
j=1
am #0, |l <k<1, j=1,2,3,.,m.
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Then for || <1 and for all z on |z| = 1, where 7(z) # 0, we have

{1 2 ) -2} P
o E () | |BG)
‘R{mz) w<z>} T35 Rl

{7 w2

Using Lemma 1, we have for |3] <1 and for all z on |z| = 1, where r(z) # 0,

re {25 Lo} -neS{ - (T P

Snef gt 2 a

Now it can be easily verified that for |z| =1 and |b;| < k <1, we have

z 1
BN O N S
Re{z—ba‘}_{lﬂbﬂ}

Using this in inequality (4.1), we get for || < 1 and for all z on |z| = 1, where r(z) # 0,

Re{Z:;i)) +1+ik B'(z)|} Zi{%@'} -2+ % {1+M} B(2)]

1+k
R brer L{mm e

-3 {1+ TR e e e ()

2%{1+2Fi(i)}|3'(2)|+2m (1j(L1/<:+k 1+k2{z;=?;}

1S, 2Re(B)) ey, 20— n(l+E) L= byl
_5{1+1+7k}|3(2)|+ 2(1 + k) 1+kz{1+|b|/k} 2

Since |bj|/k < 1, therefore by invoking Lemma 2, we conclude from inequality (4.2) that for |5] <1
and for all z on |z| = 1, where r(z) # 0,

Re { Z:;S) + 1J’%k|3'(z)|}

2%{1+2Re(ﬁ)}’B,(Z)’+2m—n(1+k) k {1—H§“1clbjl/k}

21+ k) T+ k| T+ 110, bl/k

1 2Re(p) , 2m —n(l1+ k) k E™| o] — ||
=<1 B .
2{ TTTg }' Ol =055 Y158 Um0
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5. Proof of Theorem 12

Proof If p(z) has a zero on |z| = k, then the result follows from Corollary 3. We assume
that all the zeros of p(z) lie in |z| < k, k < 1, so that m* > 0 and we have m* < |p(z)| for |z| = k.
By Rouche’s theorem for every A with |A| < 1, the polynomial h(z) = p(z) — Am* has all its zeros
n |z| < k, k < 1. Applying Corollary 3 to the polynomial h(z), we get for A\, € C with || < 1,
6] < 1and |5 =1,

() + T (p(e) ~ A

n 2Re(B) 1—-k 2k k™ o) — |Am* — ag| i
>l Camtl,
‘2{ TorE TTrR T aaen (k"|an|+|)\m*—a0| p(z) = Am’|

or

V) + o) - e

n 2Re(B) 1—-k 2k E™ o — [Am* — |ag] .
> —q1 — Am™|.
- 2{ + 1+k +1+/<:+n(1+/<:) <k"\an\+!)\]m*+\a0! Ip(z) = dm

(5.1)

Now for every 8 € C with |3] <1 and k > 0,
kBl < |1+k+ 8.

or,

B
1+k _1+k

Using this in Lemma 3, we have for |z| =1, |f| <1 and k <1,
nf b s e 10

nm*
R >
() + )| 2 T+ k| = 11+k =

‘l—i— ——|p], for |B| <1 and k >0.

np

Rl

1+

for |A] < 1.

In view of this, choosing argument of A in left hand side of (5.1) such that

1+k 1+k 1+ 1+k

(2) + (2) + Alm”,

p(z) —

we obtain from inequality (5.1), for |3] <1 and |z| =1,

1+ 1+k

n 2Re(B) 1—k 2k E™ o — [Am* — |ayp]
> 591 — |Am*}.
- 2{ ToEE TTrE Tae e (kn|an| TN T Jag) ) § PG =AM

2p'(2) + | Alm*

or

np
()+1+—/<: p(z)

n 2Re(B) 1—k 2k (K"|aw| — [Alm* — |ag|
>y .2

[ 2|4] { 2Re(B) | 1-k 2k (k"IOénl — [Alm* — |a0|> H
1+ + + .
1+k 1+k 14k n(l+k) \E*ay| + [Am* + ool
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Again by inequality (5.1), we have for |A\| < 1, |8] <1 and |z| =1,

nB
() + Tl
n{ 2Re(B) 1—k 2k (ki"|06n| — [Alm* — |y
e

+
1+k  1+k  n(+k) \ k" an| + [Alm* + |ao]

np «
+ ‘—1 +k)\m

>

) anta+ iy,

np
()+1+—/<: p(z)

n 2Re(B) 1-—k 2k E™ o, | — [Am* — |ayg]
> =491 5.3
~ 2 { * 1+k +1—i—k+n(1—i—k) (k:”\an!—i-!)\]m*—i—]ao\ p(=) (5:3)

{1+2Re(ﬁ)+1—k+ 2k (k"|04n|—|>\|m*—|040|>_2|ﬁ|}
1+k  1+k n(l+k) \Ea,| + [Am* + |ao| 1+kJ°

Now from inequality (5.2) and inequality (5.3), we get for |5| <1 and |z| =1,

>E{1+2Re(ﬂ)+1_k+ 2k <kn’an’_‘)“m*_‘a0’>}| (Z)|
=3 1+k  1+k  n(+k) \Ean| + |Nm*+|ao| ) 7

{‘1+2Re(ﬁ)+1—k+ 2k (k"|04n|—|>\|m*—|040|>_2|ﬁ|}
1+k 14k n@d+k) \ k" ay| + |Am* + |aol 1+k|)

np
()+1+—/<: p(z)

Letting |[A\| — 1, we obtain for |z| =1,

o B " b (Kol = m ~ oo
)+ Lpla)| 2 i {1 et + £ (ol Hmw%,)}mw

nm* k (k" ay| — ||
1 L
1+k {' +Re(ﬁ)+n <k:”|ozn|—{—m*+|oz ~ 18]

which proves Theorem 12. O

6. A remark on a recent result concerning rational functions

Recently Idrees Qasim [8] claimed to have proved various results regarding Bernstein-type
inequalities for rational functions with prescribed poles and restricted zeros. Among other things
he claimed to have proved the following result.

Theorem 13 [8]. If 7(2) = p(2)/w(z) € Ry, where p(z) = Y0, a2, [bl.an| < |aol, r has
exactly n poles at ai,az,...,an, and r(z) # 0 in |z| > 1, then for |z| = 1,

r'(z 0 \/]a—o
\()\> |B'(2)] + ——— ol

2)+m™),
where m™ = min,_; |r(z)| and b = ajaz...a,.

Since it is assumed throughout the paper that all the poles (a1, a2, ..., a,) of rational function r lie
outside unit disk, therefore,

bl = |a; X ag X ... X ap| > 1. (6.1)
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On the other hand, it is also assumed that all the zeros (21, 22, ..., 2,) of r lie in the disc |z| < 1,
implies
lao| =z X 29 X ... X z,,| < 1. (6.2)
|an|

From (6.1) and (6.2), it follows that |b|.|ay,| > |agl, which is contrary to the hypothesis |b|.|a, | < ||
given in the statement of the Theorem 13. Hence the statement of the Theorem 13 is self-
contradicting, as such Theorem 13 and its consequences are never applicable.
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