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Abstract: Let G = (V, E) be a graph with a vertex set V' and an edge set E. The graph G is said to be with a
local irregular vertex coloring if there is a function f called a local irregularity vertex coloring with the properties:
i) 1 : (V(G)) — {1,2,...,k} as a vertex irregular k-labeling and w : V(G) — N, for every wv € E(G),
w(u) # w(v) where w(u) = 37, ¢ n(y) 1(4) and (ii) opt(l) = min{max{l; : l; is a vertex irregular labeling}}. The
chromatic number of the local irregularity vertex coloring of G denoted by x;;5s(G), is the minimum cardinality
of the largest label over all such local irregularity vertex colorings. In this paper, we study a local irregular
vertex coloring of Py, (O G when G is a family of tree graphs, centipede Cj, double star graph (S2,,), Weed
graph (S3,,), and E graph (E3 ).

Keywords: Local irregularity, Corona product, Tree graph family.

1. Introduction

Let G(V,E) be a connected and simple graph with a vertex set V and an edge set E. In
this paper, we combine two concepts, namely the local antimagic vertex coloring and the distance
irregular labelling, with a local irregularity of vertex coloring. This concept firstly was introduced
by Kristiana [2, 3|, et. al. The latest research was conducted by Azzahra [4], who examined the
local irregularity vertex coloring of a grid graph family. In this paper we study the local irregularity
of vertex coloring of corona product graph of a tree graph family.

Definition 1. Suppose I : V(G) — {1,2,...,k} and w: V(G) — N, where

wlu) =Y 1v),
)

vEN (u

then l(v) is called the vertex irreqular k-labeling and w(u) is called the local irregularity of vertex
coloring if

(i) opt(l) = min{max{l;} : l; vertex irreqular labeling};

(i1) for every uv € E(G),w(u) # w(v).

Definition 2. The chromatic number of local irreqular graph G denoted by xys(G), is the
minimum of cardinality of the local irregularity of vertex coloring.
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In this paper, we will use the following lemma which gives a lower bound on the chromatic
number of local irregular vertex coloring:

Lemma 1 [2]. Let G be a simple and connected graph, then x1s(G) > x(G).

Proposition 1 [2]. Let G be a graph each two adjacent vertices of which have a different vertex
degree then opt(l) = 1.

Proposition 2 [2]. Let G be a graph each two adjacent vertices have the same vertex degree
then opt(l) > 2.

Definition 3 [1]. Let G and H be two connected graphs. Let o be a vertex of H. The corona
product of the combination of two graphs G and H is defined as the graph obtained by taking a
duplicate of graph G and |V(G)| a duplicate of graph H, namely H;; i = 1,2,3,..|V(G)| then
connects each vertex i in G to each vertex in H;. The corona product of the graphs G and H is

denoted by G H.

2. Result and discussion

In this paper, we analyze the new result of the chromatic number of local irregular vertex
coloring of corona product by family of tree graph (P,, () G) where G is centipede graph (C,,),
double star graph (Sz,,), and Weed graph (S3,,).

Theorem 1. Let G = P, () Cpy, be a corona product of a path graph of order m and a
centipede graph of order n for n,m > 2, then

5, for m=3 and n=2,3,
6, for m=2 and n=2,3 or for m=3 and n >4,
Xtis (P @Cp") ) 7, for m=2 and n>4 or for m>4 and n=2,3,
8, for m>4 and n >4,
with opt(l) defined as
1, for m=3 and n =3,
1,2, for m=2 and n= or
opt (1) (P QCP") - for m=3 and n=2 or
for m>3 and n > 4.

Proof. Vertex set is
V(PmQC’Pn):{xi;l§i§m}u{xij;1§i§m,1§j§n}U{yij;1§i§m,1§j§n}
and the edge set is

E(Pn () CPy) = {mimip1;1 <i <m— 1} U{agmij; 1 <i<m,1<j <n—1}
Uiy 1 <i<m, 1 < j <npU{zmwi;l <i<m,1 <j<n}U{zy;;l <i<m,1 <5 <n},

the order and size respectively are 2mn + m and 4mn — 1.

Case l: m#p, m>2, p>2 n>3.
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First step to prove this theorem is to find the lower bound of V' (P,, () CP,). Based on Lemma 1,
we have Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.

Assume xis(Pn, O Cppn) = 4, let xus(Pn O Cpp) = 4, if I(z1) = l(z3) = 1, I(z2) = 2,
l(zij) = U(yij) = 1 then w(z1) = w(zz), then there are 2 adjacent vertices that have the same
color, it contradicts the definition of vertex coloring. If

;) =1 = w(x;) # w(@iv1), w(xan) # (Ti2),

then xis(Pm O Cpr) > 5. Based on this, we have the lower bound xy;5(Pp, (&) Cpp) > 5.

After that, we will find the upper bound of x;s(P O Cpy). Furthermore, the upper bound
for the chromatic number of local irregular (P,, () Cpy,), we define | : V(P,, &) Cpy) — {1,2} with
the vertex irregular 2-labelling as follows:

l(mz) = 1, l(m,j) = 1,
Hys;) = 1, for 1<i¢<3andj=1,
V)= N2, for 1<i<3andj=2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
(1) 6, fori=1,3,
w(x;) =
‘ 8, fori=2,
3, forl<i<3andj=1,
w(wj) = . .
4, for1<i<3andj=2,
w(y;;) =2, forl1<i<3andj=1,2

The upper bound is true: xjis(Ppn () Cpr) < 5, and we have 5 < xis(Pr O Cpr) < 5, so
Xiis(Prmn O Cpyp) =5 for m = 3 and n = 2.

Case 2: m =n = 3.
Based on Proposition 1, opt(l) = 1. So the lower bound of (P,, () Cpy,) is

Xlis(Pm @ Cpn) > 5.

Hence opt(l) = 1 and the labelling provides the vertex-weight as follows:
() 7, fori=1,3,
w(z;) =
' 8, fori=2,
3, for1<i<3andj=1,3 (mod4),
w(yi;) = : ‘
4, for1<i<3andj=2,
w(x;j) =2, forl<i<3and1<j<3.

)

The upper bound is true: xis(Pn O Cpn) < 5. We have 5 < xus(Pn O Cpn) < 5, so
Xiis(Pm (&) Cpyp) =5 for m = 3 and n = 3.

Case 3: m=n = 2.
First step here is to find the lower bound of V(P,, &) CP,). Based on Lemma 1, we have
Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
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Assume x;is(Pn (O Cpp) =5, if l(x1) =1, l(x2) = 2, l(z45) = l(ys5) = 1, then w(z11) = w(z12)
and there are 2 adjacent vertices, that have the same color, it contradicts the definition of vertex
coloring. If

lz) =1, U x2)=2, Uzij)=1, UWya)=1, i=1,2, lyn)=2, i=1,2,

then w(x1) # w(xz), w(xy) # w(xe). Based on that we have the lower bound
Xtis(Pm O Cpy) = 6.

After that, we will find the upper bound of x;s(Pn O Cpp).

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

1, fori=1 1, fori=1,2and j=1
lxi - ’ ’ lﬂjz :1, l i) = ’ ’ ?
(e2) {2, for i = 2, (i) W) {2, for i = 1,2 and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

(1) 6, fori=2,
w(x;) =
7, fori=1,

3, fori=1and j=1
w(zij) =<4, fori=1andj=1, orfori=2and j=1,
5, fori=2and j=2,

(17) 2, fori=1andj=1,2,
wlues) =
vii 3, fori=2andj=1,2.

We have the following upper bound x;is(Pn ) Cpr) < 6. We have 6 < xy5(Pn &) Cpyp) < 6, so
Xiis(Prmn O Cpyp) = 6 for m =2 and n = 2.

Case 4: m =2 and n = 3.

First step here is to find the lower bound of V(P,, O CP,). Based on Lemma 1, we have
Xiis(Pm O Cpn) > x (P @ Cpn) = 3.

Assume yy5(P, O Cpp) =5, if

Uxg) =Uxig) =1, lyy) =1, Uyey) =1, j=1,2, l(yi) =2,

then w(xg) = w(xaes), so there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(xl) =1, l(xQ) =2, l(:l?l]) =1, l(yl]) =1,

then w(x) # w(z2), w(z;1) # w(z; 2). Based on that we have the lower bound x;;s(Py (O Cpy) > 6.
After that, we will find the upper bound of x;s(Pn (O Cpp).
Furthermore, we define I : V(P, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

1, fori=1
l i) = ’ ’ l ii) =1, i) = 1.
(@) {2’ iy @) =1 ul)
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=2
w(xi):{’ or ¢ ,

8, fori=1,

3, fori=1andj=1,3,
w(zi;) =<4, fori=1and j=2, or fori=2and j=1,3,
5, fori=2and j=2,

(1) 2, fori=1and 1< j <3,
W) —
Yis 3, fori=2and1<j<3.

The upper bound is true: Xis(Pmn O Cprn) < 6. So we have xiis(FPr O Cpp) = 6 for m = 2 and
n=3.

Case 5: m =3 and n > 4.

First step to prove this theorem in this case is to find the lower bound of V (P, (O CP,). Based
on Lemma 1, we have xs(Py, O Cpp) > x(Py O Cpy) = 3.

Assume xii5(Pp, O Cpp) = 5, if l(z1) = l(z3) = 1, l(z2) = 2, l(z45) = l(ys5) = 1, then w(zy) =
w(xwe) so there are 2 adjacent vertices with the have same color, it contradicts the definition of
vertex coloring. If

with the w(z;) # w(riy1), w(wy) = w(xijy1). Therefore we have the lower bound

Xlis(Pm @ Cpn) > 6.

After that, we will find the upper bound for x;s(Pp & Cpy).-

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

i) = 1, for1<i<3andj=1,n or forl<i<3and;j=0 (mod2),
Vi) =2, for1<i<3andj=1,3 (mod4), j£1,n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n+n/2, for i = 1,3 and n = 0 (mod 2),
2n+ [n/2], fori=1,3 and n = 1,3 (mod4),
3n+1-—n/2, for i =2 and n = 0 (mod 2),
3n+1—[n/2], fori=2andn=1,3 (mod4),
3, for1<i<3andj=1,n,
w(zij) =44, forl1<i<3andj=0 (mod2),
5, for1<i<3andj=1,3 (mod4), j#1,n,
w(yij) = 2.

The upper bound is true: Xis(Pm O Cpp) < 6. So Xiis(Prm O Cpyr) = 6 for m = 3 and n > 4.

Case 6: m =0 (mod2), m >4 and n = 2.
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First step here is to find the lower bound of V(P,, &) CP,). Based on Lemma 1, we have
Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume Xi5(Prn O Cpn) = 5, let x1i5(Prn O Cpy) = 5, if

l(z;) =1, i=1,3 (mod4), i=2 (mod4), I(z;)=2, i=0(mod4), I[(xiy)=1Iyy)=1

then w(z;;) = w(zij41), then there are 2 adjacent vertices that have same color, this contradicts
the definition of vertex coloring. If

l(z;) =1, i=1,3 (mod4), i=2 (modd), I(z;)=2,

then w(x;;) # w(xij1); w(wit1) # w(wit2). So we have the lower bound xyis(Pm (O Cppn) > 7.
After that, we will find the upper bound of x;s(Pn O Cpy)-
Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

I(a;) = {L for i = 1,3 (mod4) or for i = 2 (mod4),

2, for i =0 (mod4),

1, forl1<i<mandj=1,
2, forl1<i<mandj=2.

Wzig) =1, Uyij) = {

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=1,m,
w(x;) =47, fori=0 (mod2), i#m,
8, fori=1,3 (mod4), i#1,
3, fori=1,3 (mod4)and j=1 or fori=2 (mod4)and j=1,
4, fori=1,3 (mod4)and j=2 or fori=2 (mod4)and j=2or
for i =0 (mod4) and j =1,
5, fori=0 (mod4) and j = 2,

w(zi;) =

(i) 2, fori=1,3 (mod4) and j=1,2 or fori=2 (mod4)and j=1,2,
W \Yi;) =
Yii 3, fori=0 (mod4)andj=1,2.

We have the upper bound x;s(Pr O Cppn) < 7. So Xiis(Prn O Cpp) =7 for m > 4 and n = 2.

Case 7: m =0 (mod2), m >4 and n = 3.
First step to prove this theorem is to find the lower bound of V(P,, () CP,,). Based on Lemma 1,
we have Xiis(Pm O Cpn) > x(Pn O Cpn) = 3.

Assume yy;s(Pp, (O Cpy) = 5, in this case if
Uxi) =U(w5) =1, ly;)=1, 1<i<m, j=3, lyy)=2 1<i<m, j=12,

then w(z;) = w(z;11), then there are 2 adjacent vertices that have the same color, this contradicts
the definition of vertex coloring. If

l(z;) =1 i=1,3 (mod4), i=2(mod4), I(z;)=2, i=0 (mod2), I(yi;)=1Uzs)=1,
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then w(w;y1) # w(wite), w(wyn) # w(xe), w(xsn) # w(ye). Therefore we have the lower bound

Xiis(Pm O Cpn) > 7.
After that, we will find the upper bound of xy;s(Pp, ) Cpr).
Furthermore, we define | : V(P,,®© Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
i) 1, fori=1,3 (mod4) or for i = 2 (mod4),
€T;) =
2, for i =0 (mod4),
Wzi) =1, Uyy) =1.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=1,m,
w(z;) =18, fori=0 (mod?2), i #m,
9, fori=1,3 (mod4), i#1,
3, fori=1,3 (mod4) and j =1,3 or for i =2 (mod4) and j = 1,3,
4, fori=1,3 (mod4) and j =2 or for i = 2 (mod4) and j =2 or
for i =0 (mod4) and j = 1,3,
5, fori=0 (mod4) and j =2,

w(wiy) =4

(i) 2, fort=1,3 (mod4) and 1 < j<3orfori=2 (mod4)and 1 <j <3,
w Sa ) =
Y 3, fori=0 (mod4)and 1< j<3.

We have the upper bound x;;s(P, O Cpp) < 7. So Xiis(Pn O Cpp) =7 for m > 4 and n = 3.

Case 8: m =2 and n > 4.
First step here is to find the lower bound of V(P,, (&) CP,). Based on Lemma 1, we have

Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume Xlis(Pm @ Cpn) <7, let Xlis(Pm @ Cpn) =6, if

W) =1, Ux2) =2, Uzy) =Uyiy) =1,

then w(z;j41) = w(x;j42), then there are 2 adjacent vertices that have same color, it contradicts
the definition of vertex coloring. If

lz1) =1, l(x2) =2, Uxij)=1, Uyj)=1, j=0(mod2), j=1,n,
l(ylj) - 27 ] = 173 (m0d4)7 ] 7& 17 n— U)(I'l) 7é U)(I'Q), w(xij-f—l) 7é w(wij-i-Q)a
then we have the lower bound xys(Pp, (O Cpp) > 7.

After that, we will find the upper bound of xy;s(Pp, ) Cpy).
Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
1, fori=1
ai) = , fori ,
2, fori=2,

lzij) =1,
(i) = 1, fori=1,2and j=1,nor for i = 1,2 and j = 0 (mod 2),
Yig) = 2, fori=1,2 and j =1,3 (mod4), j # 1,n.
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

3n+1—-n/2, for i =1 and n =0 (mod 2),
3n+1—[n/2], fori=1andn=1,3 (mod4),
2n +n/2, for i =2 and n =0 (mod 2),
2n + [n/2], for i =2 and n=1,3 (mod4),

w(z;) =

fori=1and j=1,n,

fori=1and j =0 (mod2), j #nor fori=2and j=1,n,
fori=1and j =1,3 (mod4), j# 1,n or for i =2 and j =0 (mod 2), j # n,
fori=2and j =1,3 (mod4), j# 1,n,

w(zi;) =

S Ot W

(i) 2, fori=1and1<j<nmn,
wlv::) —
Y 3, fori=2and1<j<n.

The upper bound x;is(Pr (O Cpy) < 7 is true. So xus(Pn O Cpp) =7 for m =2 and n > 4.

Case 9: m=1,3 (mod4), m > 5 and n = 2.

First step to prove this theorem in this case is to find the lower bound of V' (P, (O CP,). Based
on Lemma 1, we have xs(Py, O Cpy) > x(Py O Cpy) = 3.

Assume xy;s(P, O Cpy) < 7, and let xys(Py, (O Cpy) = 6, if

l(z;) =1, i=1(mod4), =0 (mod2), I(z;)=2, i=3(mod4), Il(ziy)=1IUyy)=1,

then w(x;1) = w(x2), w(ri41) = w(x;ye2), then there are 2 adjacent vertices that have same color,
it contradicts the definition of vertex coloring. If

l(z;)=1, i=1(mod4), i=0(mod2), I(z;)=2, i=3(mod4),

then w(zit1) # w(wiy2), w(wijr1) # w(wijp2).  Therefore we have the lower bound
Xiis(Pm O Cpn) > 7.

After that, we will find the upper bound of x;s(Pmn (O Cpp).

Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

(i) 1, fori=1 (mod4) or for i =0 (mod2),
xT;) =
2, for ¢ =3 (mod4),
1, forl1<i<mandj=1,
w(ziy) =1 Uyij) = . :
2, forl1<i<mandj=2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

6, fori=1m,
w(z;) =17, fori=1,3 (mod4), i #1,
8, fori=0 (mod2), i #m,
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3, fori=1(mod4)and j=1orfori=0 (mod2)and j =1,
4, fori=1 (mod4) and j =2 or for i =0 (mod2) and j =2 or
for i =3 (mod4) and j =1,

5, fori=3 (mod4) and j =2,

w(zi;) =

(i) 2, fori=1(mod4) and j =1,2 or for i =0 (mod2) and j = 1,2,
W \Y;5) =
Yii 3, fori=3(mod4)and j =1,2.

The upper bound xiis(Pr O Cpr) < 7 is true. So Xxiis(Pm O Cpyr) = 7 for m = 1,3 (mod 4),
m >5and n = 2.

Case 10: m = 1,3 (mod4), m > 5 and n = 3.

First step here is to find the lower bound of V(P,, ) CP,). Based on Lemma 1, we have
Xlis(Pm Q Cpn) > X(Pm @ Cpn) =3.

Assume xis(Ppn O Cpr) < 7, let x1is(Pm O Cpy) = 6, if

ay) =Uwij) =1, Uyn) =1, Uyij) =2, Jj=2,3,

then w(z;+1) = w(x;42), then we have that there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

l(z;)=1, i=1(mod4), =0 (mod2), I(z;)=2, i=3(mod4), I(zi)=11l(y;;)=1,

then w(zir1) # w(xiye), w(wijy1) # w(xij+2). DBased on that we have the lower bound

Xlis(Pm @ Cpn) > 1.

After that, we will find the upper bound of x;s(Pn (O Cpp)-

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

(i) 1, fori=1 (mod4) or for i =0 (mod2),
€T;) =
2, for i =3 (mod4),

Uzij) =1, U(yy) = 1.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

7, fori=1,m,
w(z;) =48, fori=1,3 (mod4), i # 1,m,
9, fori=0 (mod?2),
3, fori=1 (mod4)and j =1,3 or for i =0 (mod2) and j = 1,3,
4, fori=1 (mod4) and j =2 or for i =0 (mod2) and j =2 or
for i =3 (mod4) and j = 1,3,
5, for i =3 (mod4) and j = 2,

’U)(CEZ]) =
3, fori=3(mod4)and 1<j<3.

(i7) {2, fori=1 (mod4) and 1 < j <3orfori=0 (mod2) and 1 <j <3,
wW\Yij) =

The upper bound is true: xus(Pn OCpy) < 7. So xis(Pn(®OCp,) = T for
m =1,3 (mod4), m >5 and n = 3.
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Case 11: m =0 (mod2) m >4 and n > 4.
First step to prove this theorem is to find the lower bound of V(P,, ) CP,). Based on Lemma 1,

we have Xlis(Pm @ Cpn) > X(Pm @ Cpn) =3.
Assume yyis(Pr, O Cpp) < 8, let x1is(Pre O Cpyp) = 7, if

l(z;) =1, i=1,3 (mod4), i=2(mod4), I(z;)=2, i=0(mod4), I(x;y)=1IUyy) =1,

then w(x;j+1) = w(ij42), so there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(z;) =1, i=1,3 (mod4), i=2(mod4), Il(z;)=2, i=0(mod4), I(x;) =1,
Wyij) =1, 1<i<m, j=1n, j=0(mod2), I(y;;)=2,

1<i<m, j=1,3(mod4), j#1,n,

then w(z;y1) # w(xit2), w(zij+1) # w(xijt12), w(wi;) # w(y;;). Based on that we have the lower
bound Xlis (Pm Q Cpn) > 8.

After that, we will find the upper bound of x;s(Pn (O Cpp).

Furthermore, we define | : V(P,, ©Cp,) — {1,2} with the vertex irregular 2-labelling as
follows:

l(xi):{ forzizl,3(mod4)andl;jgnorforiEQ(mod4)andlgjgn,
2, fori=0 (mod4) and 1 <j<n,
Uzi5) =1,
l(yij):{l, forlgzigmandjjzl,nor forléigmandjEO(mod2),
2, forl<i<mandj=1,3(mod4), j#1,m.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

(2n+n/2, for i =1,m and n = 0 (mod 2),

2n+ |n/2], fori=1,m and n = 1,3 (mod4),
3n+1—-n/2, for i =1,3 (mod4), i #1 and n =0 (mod 2),
3n+1—[n/2], fori=0 (mod2), i # m and n=1,3 (mod4),
3n+2-—n/2, for i = 1,3 (mod4), i # 1 and n =0 (mod 2),
3n+1—|n/2], fori=0 (mod2), i#m and n=1,3 (mod4),

w(z;) =

3, fori=1,3 (mod4) and j = 1,n or for i =2 (mod4) and j = 1,n,
4, fori=1,3 (mod4) and j =0 (mod?2), j #n or
for i =2 (mod4) and j =0 (mod 2), j #n or for i =0 (mod4) and j = 1,n,
w(x;) =<5, fori=1,3 (mod4) and j = 1,3 (mod4), 7 # 1,n or
for i =2 (mod4) and j = 1,3 (mod4), j # 1,n or
for i =0 (mod4) and j =0 (mod2), j #n,
6, fori=0 (mod4)and 7 =1,3 (mod4), j # 1,n,

(i) 2, fori=1,3 (mod4) and 1 <j<mnorfori=2 (mod4)and 1 <j<n,
W) —
Vi 3, fori=0 (mod4)and1<j<n.

The upper bound is true: xis(Pm O Cpr) < 8. So Xiis(Prn O Cpp) = 8 for m =0 (mod 4), m >4
and n > 4.
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Case 12: m=1,3 (mod4), m > 5 and n > 4.

First step to prove this theorem in this case is to find the lower bound of V (P, ) CP,). Based

on Lemma 1, we have xyis(Pm O Cpp) > x(Pr O Cpy) = 3.
Assume xis(Pn O Cpr) < 8, let x1is(Pr O Cpyp) =7, if

l(z;)=1, i=1(mod4), (=0 (mod2), I(z;)=2, i=3(mod4), I(zi)=1IUy;)=1,

then w(xij+1) = w(zij42), so there are 2 adjacent vertices that have same color, it contradicts the

definition of vertex coloring. If

l(z;)=1, i=1(mod4), ¢=0 (mod2), I(z;)=2, =3 (mod4), l(z;)=1, Uy;) =1,
<

1<i<m, j=1n, j=0(mod2), I(y;)=2, 1 <m, j=1,3 (mod4),

i
J#Ln = w@ip1) # w(@ite), w@ij+1) # w(@ijre),  w(zig) # w(yi),

therefore we have the lower bound x;;s(Py, (O Cpy) > 8.
After that, we will find the upper bound of xy;s(Pp, ) Cpy).

Furthermore, we define | : V(P,, O Cp,) — {1,2} with the vertex irregular 2-labelling as

follows:
Uzi) = :
2, fori=3 (mod4),
lzi;) =1,
I(ys)) = {1, for 1 < z <m andj: =1,nor for 1 S'i <m and j =0 (mod2),
2, forl1<i<mandj=13(mod4), j+#1,n.

{1, for i =1 (mod4) or for i = 0 (mod 2),

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

(2n+n/2, for i =1,m and n =0 (mod 2),
3n+2—-n/2, for i = 0 (mod 2) and n =0 (mod 2),

w(z:) = 3n+1-n/2, fori=1,3 (mod4) and n =0 (mod 2),

2n+ [n/2], fori =1,m and n = 1,3 (mod4),
3n—[n/2], for i =1,3 (mod4), i #1 and n = 1,3 (mod4),
3n+1—|n/2|, fori=0 (mod4) and n=1,3 (mod4),
3, fori=1 (mod4) and j =1,n or for i =0 (mod2) and j = 1,n,
4, fori=1 (mod4) and 7 =0 (mod2), j#nor
for i =0 (mod2) and j =0 (mod2), j # n or
for i =3 (mod4) and j = 1,n,
w(zij) =

5, fori=1 (mod4) and j =1,3 (mod4), j #1,n or
for i =0 (mod2) and j = 1,3 (mod4), j # 1,n or
for i =3 (mod4) and j =0 (mod 2), j # n,

6, for:=3 (mod4)and j =1,3 (mod4), j #1,n,

(i7) 2, fori=1(mod4)and 1 <j<norfori=0 (mod2)and1<j<n,
W \Yi;) =
Vi 3, fori=3(mod4)and 1< j<n.

The upper bound is true: Xis(Pm O Cpr) < 8. So Xiis(Prm O Cpyp) = 8 for m > 5 and n > 4.

0
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Theorem 2. Let G = P, () Sa,, for n,m > 2, then the chromatic number of local irregular G
18
5, form=3and n> 2,
Xtis(Pm @52,n) =<6, form=2andn>2,
7, form >4 and n > 2,
with opt(1)(Pm O Sen) = 1,2, for m > 2 andn > 2.
P roof. Vertex set is
V(Pn@Sg,n) ={zr;;1<i<m}U{a;;1 <i<m}U{bj;l<i<m}
Ufaij;1 <i<m, 1 <j<n}U{bj;1<i<m,1<j<n}
and the edge set is
E(P, @ng) ={ziziy1, 1 <i<m—1}U{a;b;;1 <i<m}U{z;a;;1 <i<m}
Uf{xibi; 1 <i <m}U{za:5;1 <i<m, 1 <j<n}pU{zby;1 <i<m,1<j<n}
Ufaiai;;1 <i<m,1 <j <npU{bby;1 <i<m,1<j<n}

The order and the size respectively are 2mn + 3m and 4mn + 4m — 1. This proof is divided into 4
cases as follows.

Case 1: m =3 and n > 2.

First step to prove this theorem is to find the lower bound of V (P, () S2,,). Based on Lemma 1,
we have Xis(Pm O S2,n) 2> X (P O S2.n) = 3.

Assume Xjis(Pn () So,0) =4, if l(a;) = U(bi) = 1, I(x;) = I(ai;) = 1(bij) = 1 then w(a;) = w(b;),
then there are 2 adjacent vertices that have same color, it contradicts the definition of vertex
coloring. If

l(.%'l) = l(a,) = l(bz) = l(aij) = l(bw) = 1, 1 S] S n — 1, l(bm) = 2,
then
w(a;) # w(bi), w(zr)=w(xs) # w(ws),
therefore we have the lower bound x;is(Pr ) S2.5) > 5.
After that, we will find the upper bound of xy;s(Pp (O S2,n)-
Furthermore, we define I : V(P,, (D S2,) — {1,2} with the vertex irregular 2-labelling as
follows:
x)) =1, Ua;)=1, Ub)=1, Ilay)=1,
1bi) = 1, forl<i<3andl1<j<n-1,
R 2, for1<i<3andj=n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n+4, fori=1,3,
w(z;) = .
2n+5, for i =2,
w(a;)) =n+2, forl<i<3,
w(b;)) =n+3, forl<i<3,
w(al-j) = 2, ’U)(sz) = 2.
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The upper bound xi;s(Pr () S2,n) < 5 is true. So Xiis(Prm (O S2,n) =5 for m =3 and n > 2.

Case 2: m=2and n > 2.
First step here is to find the lower bound of V(P,, () S2,). Based on Lemma 1, we have

Xlis(Pm @ SQ,n) > X(Pm @ S2,n) = 3.
Assume xjis(Pp O S2,n) = 5, if

Uwi) = Ua;) = U(b;) = laij) =1(boy) =1, l(by;) =1, 1<j<n—1, I(bn) =2,

and then w(ag) = w(bs), and there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

l(mz) = l(al) = l(bl) = l(aij) = 1,
l(blvj) = 17 l(bLn) = 27 l(bQ,]) - 27 ] = 17”7 l(b2j) == 17 2 S] S n — 17
then w(a;) # w(b;), w(x1) # w(zz). Based on that we have the lower bound x;;s(Pm ) S2,n) > 6.
After that, we will find the upper bound of x;is(Pp, (D S2.n)-

Furthermore, we define I : V(P,, (D S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

Uxi) =1, Ua;))=1, I(b;)=1, Ila;)=1,
1(bi) = fori=1land1<j<n—lorfori=2and2<j<n-1,
o 2, fori=1and j=norfori=2andj=1,n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

() 2n+4, fori=1,
w(z;) =
‘ 2n+5, for i =2,

w(a;)) =n+2, fori=1,2,
n+3, fori=1,
w(bi) = .
n+4, fori=2,
w(a;j) =2, w(by;) =2.
The upper bound is true: xzis(Pm O S2.n) < 6. So Xiis(Pr O S2,,) = 6 for m =2 and n > 2.

Case 3: m =0 (mod4), m >4 and n > 2.

First step to prove this theorem in this case is to find the lower bound of V' (P,, () S2,,). Based
on Lemma 1, we have xis(Pr O S2.n) > X (P O S2.0) = 3.

Assume xis(Pp, (O S2.) = 6, if

;) = U(a;) =U(b;) =l(as;) =1, U(bj)=1, i=1,3 (mod4), i=2 (mod4),
l(bij) =1, i=0(mod4), j#1,n, Il(bj) =2, i=0(modd), j=1,n,

then w(a;) = w(b;), so there are 2 adjacent vertices that have same color, it contradicts the definition
of vertex coloring. If

;) =U(a;) =Ub;) =l(azj) =1, U(bj) =1, i=1,3 (mod4), i=m, 1<j<n-1,
' n—1, l(by;)=2, i=1,3(mod4),
(mod?2), i#m, j=1,n,
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then w(a;) # w(b;), w(z;) # w(xiy1). Based on that we have the lower bound xyis(Pm () S2,n) > 7.
After that, we will find the upper bound of X;is(Pp O S2,5)
Furthermore, we define I : V(P,, (O S2,n) — {1,2} with the vertex irregular 2-labelling as
follows:
Uzy) =1, la;)) =1, Ub)=1, I a;) =1,
1, fori=1,3 (mod4)and 1<j<n-—1or
fori=0 (mod2), i#mand2<j<n-—1or
fori=m, and 1 <j<n-—1,
2, fori=1,3 (mod4) and j =n or
for i =0 (mod2), i #m and j = 1,n or

for i =m, and j = n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
2n+4, fori=1,m,
w(z;) =< 2n+5, fori=0 (mod2), i#m,
2n+6, fori=1,3 (mod4), i #1,
w(a;)) =n+2, forl<i<m,
n+3, fori=1,3 (mod4), i =m,
w(by) = =13 (modd)
n+4, fori=0 (mod2), i #m,
w(a;j) =2, w(by;) =2.

The upper bound is true: Xjis(Ppm O S2.n) < 7. So X1is(Pm (O S2,n) = 7 for m = 0 (mod 2),
m >4 and n > 2.

Case 4: m=1,3 (mod4), m > 5 and n > 2.
First step here is to find the lower bound of V (P, () S2,). Based on Lemma 1, we have

Xtis(Pm () S2.n) = X(Pon () S2.n) = 3.
Assume x;is(P (O S2,n) = 6, if
Uz;) = l(a;) =U(b;) =laij) =1, l(byj) =1, i=1(mod4), i=0 (mod?2),
l(bij) =1, i=3(mod4), j#mn, lby)=2, i=3(mod4d), j=n,
then w(a;) = w(b;), and there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If
Uzy) =U(a;) =Ub;)) =1, las5) =1, Ubj)=1, i=1,3 (mod4), 1<j<n-1,

i=0(mod2), 2<j<n-—1, I(bj;)=2, i=1,3(mod4), j=n, i=0(mod2), j=1,n,
then w(a;) # w(b;), w(x;) # w(z;y1). Based on that we have the lower bound xjis(Pp (O S2,n) > 7.

After that, we will find the upper bound of x;is(Pp, (D S2.n).

Furthermore, we define I : V(P,, () S2,) — {1,2} with the vertex irregular 2-labelling as
follows:

Uzi) =1, Ua;)) =1, Ub)=1, Iaij)=1,
by = 1, fori=1,3 (mod4)and 1<j<n-—1lorfori=0(mod2), and2<j<n-—1,

Y772, fori=1,3 (mod4) and j = n or for i =0 (mod2) and j = 1,n.
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Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

2n +4, fori=1,m,
w(z;) =4 2n+5, fori=1,3 (mod4),
2n 46, for i =0 (mod?2),
w(a;)) =n+2, forl<i<m,
n+3, fori=1,3 (mod4),
w(b) = = L tmodd)
n+4, fori=0 (mod?2),
w(al-j) = 2, ’U)(sz) = 2.

The upper bound is true: xis(Pm O S2.n) < 7. S0 Xiis(Pm O S2,n) = 7 for m = 1,3 (mod4),
m >5and n > 2. O

Theorem 3. Let G = P,, () S35, for n,m > 2, then the chromatic number of local irreqular G
18
5, form=3and n>2,
Xlis(Pm @S?),n) = 6, for m =2 and n > 2,
7, form >4 and n > 3,
with

1, for m =3 and n = 3,
opt(l)(PmQng) =41,2, form=2andn=2or form=3andn=2or
for m >4 and n > 2.

Proof The vertex set is

V(PmQS&n):{xi;l§i§m}U{ai;1§i§m}U{bi;1Sigm}u{q;lgigm}
Ufaij;1 <i<m,1 <j<n}U{bjj;1<i<m,1<j<n}U{g;;1<i<m,1<j<n}

and the edge set is

V(PmQng):{xixiﬂ;lgigm—l}u{xiyi;lSigm}u{xiai;lgigm}
Ulzibi;; 1 <i <m}U{mic;;1 <i <m}U{yia;;1 <i <m}U{yib;1 <i <m}
U{yici; 1 <i <m}U{za;;1 <1 <m;1 <j<npU{x;bj;1<i<m;1<j<n}
Uf{zicij; 1 <i<m;1 <j <n}U{aa5;1 <i<m;1 <j<n}
U{bibij;1 <i<m;1 <j<n}U{ccy;1 <i<m;l <j<n}

The order and size respectively are 3mn + 5m and 6mn + 8n — 1. This proof can be divided into
8 following cases.

Case 1: m =3 and n = 2.

First step to prove this theorem is to find the lower bound of V (P, (O S3,). Based on Lemma 1,
we have X1is(Prm O S3.5) > X(Prn O S3.) = 3.

Assume xjis(Pp (O S3.) = 4, if

Uai) = U(bi) = U(c;) = U(yi) = Uaij) = Ubij) = Ueiz) = 1,
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then w(a;) = w(b;) = w(c;) = w(y;), and there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

Wai) =U(bi) =1(c;) =1, (aij) = U(bij) = U(cij) =1, U(y:) =2,

then (w(a;) = w(b;) = w(e)) # w(yi), w(x1) # w(zz). Therefore we have the lower bound

Xlis(Pm Q SB,n) > 5.
After that, we will find the upper bound of xy;s(Pp (O S3.5)-
Furthermore, we define [ : V(P,, (O S3,) — {1,2} with vertex irregular 2-labelling as follows:

l(mz) = 1, l(y,) = 2, l(a,) = 1, l(bz) = 1, l(cl) = 1, l(aij) = 1, l(b”) = 1, l(Cij) =1.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

() 12, fori=1,3,
w\r;) =
’ 13, fori=2,

wy) =4, w(a) =5, wb;)=5 wle)=>5 wla;) =2 w(by)=2 w(c;)=2
The upper bound is true: xzis(Pm ) S3.5) < 5. S0 Xiis(Pr () S3,,) =5 for m =3 and n = 2.

Case 2: m =3 and n = 3.
Based on Proposition 1, we have opt(l) = 1. So the lower bound (P, () S3,) is

Xlis(Pm @ SB,n) >5
Since opt(l) = 1, the labelling provides the vertex-weight as follows:

3n+5, fori=1,3,
w(w;) = .
3n+6, fori=2,
w(a;) =n+1 forl<i<3,
w(b;)) =n+1 forl<i<3,
w(e)=n+1 forl<i<3,
w(aij) = 2, w(bij) = 2, w(cij) = 2.

The upper bound is true: xzis(Prm () S3.5) < 5. S0 Xiis(Pmn (O S3,,) =5 for m = 3 and n > 2.

Case 3: m =2 and n =2.
First step to prove this theorem is to find the lower bound of V (P, (O S35,). Based on Lemma 1,

we have s (P O S3.n) > X (P O S3.0) = 3.
Assume xis(Pp (O S3.,) = 5, if

Wai) = U(bi) = l(c;) = l(aij) = U(bij) = U(cij) =1, U(y1) =1, U(y2) =2,

then w(az) = w(by) = w(ez) = w(y2) and there are 2 adjacent vertices that have same color, it
contradicts the definition of vertex coloring. If

lz;) = la;) = 1(bi) = U(c;) = U(bij) =1, Uys) =2, lcyy) =1, Illcz1) =1, Il(c22) =2,

then w(zy) # w(z2), w(y;) # ((w(a;) = w(b;) = w(e;)). Based on that we have the lower bound

Xlis(Pm Q S3,n) > 6.
After that, we will find the upper bound of xy;s(Pp (O S3.n)-
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Furthermore, we define I : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:
W) =1, ) =2, Ua)=1, Ub)=1, Ue;))=1, IUaiz) =1, U(b;;)=1,
(o) = {1, fOI‘Z::1 andj::LQ or for i =2 and j =1,
2, fori=2and j=2.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
() = {12, for z =1,
13, fori =2,
w(y) =4, w(a;) =5, w(b;) =5,
@0 s
w(aij) =2, wby) =2, w(cy)=2.
The upper bound is true: xiis(Pm O S2.n) < 6. S0 Xiis(Pr O S2,,) = 6 for m =2 and n = 2.

Case 4: m =2 and n > 3.
First step here is to find the lower bound of V(P,, (O S3,). Based on Lemma 1, we have

Xlis(Pm @ S3,n) > X(Pm @ S3,n) =3.
Assume xis(Pp, (O S3.,) = 5, if

Uai) =Ubi) =U(c;)) =U(y:) =1, Uaij) =Ubi) =1, Ueyy)=1, i=12 1<j<n-1
l(CZ'j) == 2, 1= 1,2, j =n,

then w(z1) = w(x2), then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

Wzi) = Uaig) = 1U(bij) =1, ep)=1, i=1 1<j<n, i=2 1<j<n-—1,
l(CZ‘j) :2, i:2, j:’I’L,
then w(z1) # w(z2),w(y;) # (w(a;) = w(b;)) = w(c;)). Therefore we have the lower bound

Xlis(Pm Q SB,n) > 6.
After that, we will find the upper bound of xy;s(Pp (O S3.)-
Furthermore, we define [ : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:

l(xl) = 1, l(yz) = 1, l(al) = 1, l(bz) = 1, l(CZ) = 1, l(ai]’) = 1, l(sz) = 1,
ler) 1, fori=1land1<j<norfori=2and1<j<n-—1,

Cii) =

! 2, fori=2andj=n.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

3n+5, fori=1,

w(z;) = .
3n+6, fori=2,

w(a;)) =n+1, fori=1,2,

w(b;) =n+1, fori=1,2,
n+1, fori=1,

w(c;) = .
n+2, fori=2,

w(aij) =2, w(sz) =2, ’U)(Cz‘j) = 2.
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The upper bound is true: xis(Pm ) S3.5) < 6. So Xiis(Prm () S3,,) =6 for m =2 and n > 3.

Case 5: m =0 (mod2) m >4 and n = 2.

First step to prove this theorem in this case is to find the lower bound of V (P, (9 S3.,). Based
on Lemma 1, we have xis(Ppm (O S3.n) > X (P ) S3.5) = 3.

Assume xjis(Pp O S3.,) = 6, if

lai) = Ubi) = U(ei) = Uyi) = 1, Uayy) = Ubij) =1, l(eiy) =1, i=1,3 (mod4),
j=12, i=0(mod4), j=1,2, Il(cg;)=1 i=2 (mod4),
j=1, llcj)=2, i=2(mod4), j=2,

then w(y;) = w(a;). Then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If

Wai) =1, Uai) =Ub) =Uei) =1, Uyi) =2, Uaig) =1U(b) =1, Iey) =1,
i=0 (mod2), j=1, z;ém i=1,3 (mod4), j=1,2, l(cl-j):2,
i=0 (mod2), i#m, j=2,
then w(z;y1) # w(zip2; w(y;) # w(a;). Therefore we have the lower bound x;is(Pm (O S3.,) > 7.

After that, we will find the upper bound of xy;s(Pp (O S3.n)-
Furthermore, we define [ : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:

l(mz) = 1, l(yl) = 2, l(a,) = 1, l(bl) = 1, l(Cz) = 1, l(aij) = 1, l(b”) = 1,
1, fori=1,3 (mod4) and j =1,2 or fori =m and j = 1,2 or
lcij) = for i =0 (mod2), i #m and j =1,

2, fori=0 (mod2), i #m and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

12, fori=1,m,
w(z;) = 913, fori=1,3 (mod4), i #1,
14, for i =0 (mod?2), i # m,
=4, w(a) =5, wb) =5,
{ for i = 1,3 (mod4),
for i =0 (mod?2), i #m,
w(a;j) = w(bij) =2, w(cy) =2,

The upper bound is true: Xjis(Pp (O S3,0) < 7. S0 X1is (P (O S3.,) = 7 for m =0 (mod 2); m > 4
and n = 2.

Case 6: m=1,3 (mod4), m >5 and n = 2.
First step here is to find the lower bound of V(P,, () S3,). Based on Lemma 1, we have

Xlis(Pm @ S3,n) > X(Pm @ SB,n) = 3.
Assume x;i5(Pp, (O S3.,) = 6, if
Wag) = Ubi) = Uci) =Uyi) =1, Uay) =Uby) =1, Uciy) =
i=1(mod4), j=1,2, i=0(mod2), j=12, I(cj)=
i=3(mod4), j=1, Ilcj) =2, i=3(mod4d), j=2,



112 A. 1. Kristiana et al.

then w(y;) = w(a;), then there are 2 adjacent vertices that have same color, it contradicts to
definition of vertex coloring. If

) =1, U ai) =1U(bsj) =1, (CU) 1, i=1,3 (mod4),
j=12, i=0(mod2), j=1, I(cj) =2, =0 (mod2), j=2, I(y;)=2,

then
w(Tit1) # w(Tive, w(y) #wla), w(y)#wbi), wy)#w(c)

We have the lower bound x;is(Pm ) S3.n) > 7.
After that, we will find the upper bound of xy;s(Pp (O S3.5)-
Furthermore, we define [ : V(P,, () S3.,) — {1,2} with vertex irregular 2-labelling as follows:

1, fori=1,3 (mod4)and j =1,2 or
l(cij) = for i =0 (mod?2), i #m and j =1,
2, fori=0 (mod2), i #m and j = 2.

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:

12, fori=1,m
w(z;) = 13, fori=1,3 (mod4), i # 1,m,
, fori=0 (mod 2),
(yi) =4, w(a;) =5, w(b;) =5,
_J5, fori=1,3 (mod4), i=1,m,
wle) = {6, for i = 0 (mod 2),
) =

w(ag; w(bij) =2, w(cy) =2.

The upper bound is true: xus(Pn (O S3n) < T. So Xiis(Pn (O Ss,) = 7 for
m=1,3 (mod4); m >5and n =2.

Case 7: m =0 (mod2) m >4 and n > 3.
First step to prove this theorem is to find the lower bound of V (P, (O S35,). Based on Lemma 1,
we have s (P O S3.n) > X (P O S3.0) = 3.

Assume x5 (P, (O S3.,) = 6, it is true if
o) = 1(0) = Ue) = 1) = Uaw) =1(0) =1, U(e) =1 1<i<m,
then w(z;41) = w(z;+2), then there are 2 adjacent vertices that have same color, it contradicts the
definition of vertex coloring. If
Wzi) =1, Uagy) =U(biy) =Uy) =1, Iley)=1, i=1,3 (mod4), 1<j<n,
i=0(mod2), i#m, 1<j<n-1, i=m, 1<j<n, I(c;)=2, i=0 (mod2),
i 7& m, 1 7& m, J=n, ’U)(,Ilqu) 7& w(xi+2)’

we have the lower bound of xjis(Pp (D S3,) > 7. After that, we will find the upper bound
Xlis(Pm @ S3,n)-
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Furthermore, we define I : V(P,, (O S3.,) — {1, 2} with vertex irregular 2-labelling as follows:
1, fori=1,3 (mod4) and 1 <j <nor

fori=0 (mod2), i#m, and1 <j<n-—1or

fori=m, and 1 <j <mn,
2, fori=0 (mod2), i #m and j =n.

Ueiy) =

Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1,m,
w(z;) =4 3n+6, fori=1,3 (mod4), i#1,
3n+7, fori=0 (mod2), i #m,
w(y;) = 4,
w(a;)) =n+2, forl<i<m,
w(b))=n+2, forl<i<m,

n+3, fori=0 (mod2), i#m,
w(ag) =2, wby) =2, wlc;)=2,

The upper bound xiis(Prm ) S3,n) < 7. S0 x1is(Pn (O S3.,) = 7 for m =0 (mod 2); m > 4 and
n > 3.

{n +2, fori=m, or fori=1,3 (mod4),
w(ci) =

Case 8: m =1,3 (mod4), m > 5 and n > 3.

First step to prove the theorem in this case is to find the lower bound of V' (P, () S3,,). Based
on Lemma 1, we have xis(Prm O S3.5) > X (P O S3.5) = 3.

Assume x;is(Pp (O S3.,) = 6, if

Wzi) = Wyi) = Uay) = Ubig) = Ucij) =1, Uai) =1(b:i) =1, Uc;) =2,

then w(z;41) = w(wis2). Then there are 2 adjacent vertices that have same color, it contradicts
the definition of vertex coloring. If

Wai) = 1(a;) = U(bi) =1(c;) =1, (aiz) =U(bij) =1(yi) =1, Ueyj) =1, i=1,3 (mod4),

1<j<n, i=0(mod2), 1<j<n-1, I(¢;)=2, i=0(mod2), j=n,

then w(zit1) # w(zi12). Based on that we have the lower bound x;is(Pp (O S3.,) > 7.

After that, we will find the upper bound of xy;s(Pp (O S3.n)-
Furthermore, we define [ : V(P,, (O S3,) — {1,2} with vertex irregular 2-labelling as follows:

1, fori=1,3 (mod4), and 1 <j <nor
leij) = fori =0 (mod2), and 1 <j<n-—1,
2, fori=0 (mod2), and j = n.
Hence, opt(l) = 2 and the labelling provides the vertex-weight as follows:
3n+5, fori=1m,
w(z;) =< 3n+6, fori=1,3(mod4), i+#1,m,
3n+7, fori=0 (mod?2),
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w(a;)) =n+2, for 1 <i<m,
w(b;)) =n+2, for 1 <i<m,

() n+2, fori=1,3 (mod4),
wlc;) =

n+3, fori=0 (mod?2),
w(aij) =2, w(bm) =2, ’U)(Cz‘j) = 2.

The upper bound is true: x;is(Pp () S35) < 7. So Xiis(Prn () S3,n) = 7 for m = 1,3 (mod4),
m >5and n > 3. O

3. Conclusion

In this paper, we have studied the coloring of the vertices of the local irregular corona product by
the graph of the family tree. We determined the exact value of the local irregular chromatic number
of the corona product from the graph of the family tree, namely X;is(Pm O Cpn), Xiis(Pm © S2.n)
and Xlis(Pm @ SS,n)-
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