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Abstract: In this paper, we are introducing certain subfamilies of holomorphic functions and making an
attempt to obtain an upper bound (UB) to the second and third order Hankel determinants by applying certain
lemmas, Toeplitz determinants, for the normalized analytic functions belong to these classes, defined on the
open unit disc in the complex plane. For one of the inequality, we have obtained sharp bound.
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1. Introduction

Let A represent a family of mappings f of the type

o
flz)=z+ Zatzt
=2
in the open unit disc
U={zeC:1> 2|},

and S is the subfamily of A, possessing univalent (schlicht) mappings. Pommerenke [17] charac-
terized the r*"-Hankel determinant of order n, for f with r, n € N, namely

an an+1 **°  Gp4r-1
an+1 Apy2 Qp4r
Hen(f)=| . S : (a1 =1). (1.1)
n4r—1 Anigr - Aniy2r—2

The Fekete-Szegd functional [7] is obtained for 7 = 2 and n = 1 in (1.1), denoted by Haz1(f).
Further, sharp bounds to the functional |Hz2(f)|, obtained for r = 2 and n = 2 in (1.1), are called
as Hankel determinant of order two, given by

as as

= as2a4 — ag.
as

Hys(f) =
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In recent years, the estimation of an upper bound (UB) to |Hz2(f)| was studied by many authors.
The exact estimates of |Hao(f)| for the functions namely, bounded turning, starlike and convex
functions, each one is a subfamily of S, symbolized as R, S* and K respectively and fulfilling the

conditions (2) 0
Re f'(z) > 0, Re{ B }>O, Re {1+ ) }>0

in the unit disc U, were proved by Janteng et al. [9, 10] and the derived bounds are 4/9, 1 and 1/8
respectively. Choosing 7 =2 and n =p+ 1 in (1.1), we obtain Hankel determinant of second order
for the p-valent function (see [20]), given by

Ap+1  Gp+2
ap+2  dp+3

2
Hy (p1)(f) = = Gp410p4+3 — Ay

The case r = 3 seems to be much tough than » = 2. Few papers were devoted for the study of third
order Hankel determinant denoted as H3 1(f), with 7 =3 and n =1 in (1.1), namely

a1:1 as as

H3i(f)=| a2 a3 a4f.
as a4 a5

Calculating the determinant, we have
Hg,l(f) = al(a3a5 — ai) + ag(a3a4 — a2a5) + ag(a2a4 — a%) (12)

The concept of estimation of an upper bound for Hs(f) was firstly introduced and studied by
Babalola [3], who tried to estimate this functional in the classes R, S* and K, his results are as
follows

(i) f €St = |H3,1(f)| < 16;
(i) f ek = [Hy ()] < 0.714
(iii) fER=> |H371(f)| < 0.742.

As a result of the paper by Babalola [3], mach research associated with the Hankel determinant of
order 3 and 4, for specific subfamilies of holomorphic functions have been done (see [1-5, 11, 12,
15, 18, 19]). Motivated by the results obtained by the indicated authors, here we make an attempt
to derive an upper bound to |Ha 3(f)| = asas — a3, |Hs1(f)|, when f belongs to the following new
subfamilies of holomorphic functions.

Definition 1. A function f(z) € A is said to be in the class Ry(a), where b # 0 is a real
number with o (0 < a < 1), if it satisfies the condition

2 2
Re(l—g—i-gf'(z)) >, z€eU.

It is observed that for b = 2 and for the values b = 2, a = 0, we have R(«), the class consisting
of functions whose derivative has positive real part of order o (0 < o < 1) and R respectively.

Definition 2. A function f(z) € A is said to be in the class Sj (o), where b is a non-zero real
number with o (0 < « < 1), if it satisfies the condition

Re (1—%+%<ZJ{;S)>> >a, zel.
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For the values b = 2 and b = 2, o = 0, S;(a) reduces to S*(«a), class consisting of starlike
functions of order o (0 < o < 1) and S* respectively.

Definition 3. A function f(z) € A is said to be in the class Ky(a), where b # 0 is a real
number with o (0 < « < 1), if it satisfies the condition

Re <1—%+%<1+ Z;’Zi?)) >a, z€U.

In particular for b = 2 and for the values b = 2, a = 0, Kp(a) reduces to K(«), the class
consisting of convex functions of order o (0 < o < 1) and K respectively.

In proving our results, the following sharp estimates are needed, which are in the form of Lem-
mas hold good for functions possessing positive real part. Define the collection P of all functions g,
each one called as Carathéodory function [6] of the form

o
g(z) =1+ Z ¢z,
t=1

which is holomorphic in ¢/ and Reg(z) > 0 for z € U.

Lemma 1 [8]. If g € P, then the estimate |c; — pcjci—j| < 2 holds fori,j € N,with i > j and
w e 0,1].
Lemma 2 [14]. If g € P, then the estimate |¢; — cjci—j| < 2 holds fori,j € N, with i > j.

Lemma 3 [16]. If g € P, then |ct| < 2, for t € N, equality occurs for the function

_1—|—z
1=z

z€eU.

h(z)
Lemma 4 [21]. If g € P, then |cacy — 3| <4 —1/2|ea]® +1/4 - |e2]?.
In order to procure our results, we adopt the procedure framed through Libera and Zlotkiewicz [13].

2. Main results

Theorem 1. If
flz)=z+ Zanz" € Rp(a),

n=2

where b is any real number with 0 < b <1/(1 —a), for 0 < a <1 then

416 (1 — a)?
() < 00N
Proof. For -
fz)=2z+ Zanz" € Ry(a),
n=2
by virtue of Definition 1, we have
M=) 207 =1 oy oy —a) 4 2{f(2) — 1) =b(1 - a)g(z).  (2.1)

b(1 — «)
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Using the series representations for f’(z) and g(z) in (2.1), after simplifying, we get

tep—1
Qp = o

where t=0(1—-a), n>2. (2.2)

Putting the values of a;, for i € {2,3,4,5} from (2.2), in H31(f), given in (1.2), we have

cocCy tcg’ cg tC%C4 tcicocs
H. 2222 5 At T 2.3
31(/) [ 60 216 64 160 96 (23)
On grouping the terms in the expression (2.3), we obtain
tea(co — 2 c tcic tea(cs — 3
Hy(r) = 2|l ) _ o, _las)  lolt o)
160 64 2 216 (2.4)
—C—2<c B tclcg) n (189 — 94t)cocy )
192\ 2 8640 '
Applying the triangle inequality in (2.4), we get
‘H31(f)‘ < tleall(ca =)l | lesl 03—tclc2‘ tleallca —
’ 160 64 2 216 (2.5)
+@ o teies | (189 — 94t)|eal|ca| .
192174 2 8640
Upon using the Lemmas 1-3 in the inequality (2.5), we obtain
4142 416%(1 — «)?
H < = . 2.6
[Hs,1(f)] < 510 910 (2.6)
]

Remark 1. Choosing b = 2 and a = 0 in the inequality (2.6), it coincides with the result
obtained by Zaprawa [22].

Theorem 2. If
f(z)=z+ Zanz" € Rp(w),

n=2

where b is any real number with 0 < b < 1/(1 — ), for 0 < a < 1 then |Has(f)| < b%(1 — a)?/15.

P roof. Substituting the values of a3, a4, and a5 from (2.2) in Ho 3(f), we have

2 2
2 9 | C2C4 C3 o | C2C4 CoCy CoCy C3
H273(f) = asas — ay = t [— — | = — — =

60 64 60 64 64 64 (2.7)
9 .
9 [ C2€4 — C3 CoCy
= h - 1 - .
t [ ol 960} ,  where t=>0(1—-q)

Applying the triangle inequality in (2.7) and then using the Lemmas 3 and 4, after simplifying, we
get
b2 (1 — a)?

|Ha3(f)| = |asas — a3| < 5

(2.8)
O
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Remark 2. Choosing b = 2 and a = 0 in the inequality (2.8), it coincides with the result
obtained by Zaprawa [21]. At this stage, the inequality in (2.8) becomes sharp for the function

1+ 22

9(z) = 1_.2

Theorem 3. If
f(z)=2z+ Zanz" € Sy(a),

n=2
where b is any real number with 0 < b <1/(1 — ), for 0 < a <1 then

2
Haa(h) < |25 | o - )

Proof. For -
fz)=2z+ Zanz" € Sy (a),
n=2

from the Definition 2, we have

{b(1 —a) =2} f(2) +22/'(2) _
b(1 —a)f(z)

Replacing f(z), f/(2) and g(z) with their equivalent series expressions in (2.9) and applying the
same procedure as we carried in Theorem 1, we obtain

9(2) & {b(1 —a) = 2} f(2) + 22f'(2) = b(1 — ) f(2)g(z) (2.9)

as = 5 az = 3 (202 + tcl) , Q4 = = (803 + 6tcico +t cl)
" (2.10)
as = 334 (4804 + 32tcicg + 12t02 + 12t20102 +t ) where ¢t =10b(1 — a).

Substituting the values of ag, as, a4, and a5 from (2.10) in the functional given in (1.2), we get

£\2
Hsi(f) = (9—4> [— t1el + 6t3cleo 4+ 32t3c3 ez — 36t2cch — 144tcicy
(2.11)
1192tc; cacs — T2t} + 288cacy — 256c§].
On grouping the terms in (2.11), we have
t\2 tc? tc3 tel
o= () e~ e~ ) v 9
3,1(f) ol [ -7 )la-5)+8t{e-7F) +
: (2.12)

! t 8teica\ 2
128(cz - %) (ea - C;C3) — 256 (cs - fé@) ]

On applying the triangle inequality in (2.12), we obtain

t\2 tc 2 3
|Hs1(f)] < (9—4) [160‘ 2__H 4__2(+8t‘ ‘ +
/ teres |2
128y ——H ca = "%+ 256 3—8%62‘ ]
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Further, the above inequality simplifies to

2 2
|Hs1(f)] < <1t2> [B4+t] = [6(117;0‘)} (34 +b(1 — )] (2.13)

O

Remark 3. Choosing b = 2 and o = 0 in the inequality (2.13), we see that it coincides with
that of Zaprawa [22].

Theorem 4. If
f(z)=2z+ Zanz" € Kp(a),

n=2
where b is any real number with 0 <b <1/(1 —a), 0 < a <1 then
() < [0 s st~ )
—a)).
e DV

Proof. For -
f(z)=z+ Zanz" € Kp(a),
n=2
from Definition 3, we have

{b(1 —a) =2} f(2) +22/'(2) _
b(1 —a)f(z)

Applying the same procedure as we did in Theorem 1, we obtain

9(2) & {b(1 — a) = 2} f(2) + 22f'(2) =b(1 —a)f(2)g(2).

ag = ta a3z = (202 + tcl) a4 = (803 + Gtcieo +t 01)
4 24 192
t
05 = Joo0 (48c4 + B2tercy +12tc5 +12t%cfes + t°ch) . where ¢ =b(1 - a).

Further, we have
2
552960

Hsi(f) = [— #4681 1263k ey + 48123y — 841222 — 288tcP ey
1988t ey — 3263 + 115200¢4 — 9600%}.

On grouping the suitable terms in the above expression, we have

Hs1(f) r 64t( tc%) + 384 ( t2)+576 ( tg)
= cg— — calca — — calcs — —=
31 552960 2Ty 7 2\M T

ted t 2t 3t (214)
& cics3 €102 c
192(ex = 57) (e4 - 52) = 000 e - 252) a0t (- %) |
+192( ¢ 2 cq > 960c3 ( c3 5 + 19 t02 o 16
Applying the triangle inequality and then the Lemmas 1-3 in (2.14), we get
2 2
t b(1 — a)}
H < 33+ 8t] = |——1| [33 4+ 8b(1 — )] 2.15
Hualh) < |15 o] 38 = |2E 2 ko1 - o) 2.15)

Remark 4. Choosing b = 2 and a = 0 in the inequality (2.15), we see that it coincides with
the result obtained by Zaprawa [22].
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3. Conclusion

The upper bounds to the fourth order Hankel determinants for all the above defined subclasses
of analytic functions were derived.
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