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Abstract: Let P(G,z) be a chromatic polynomial of a graph G. Two graphs G and H are called chromat-
ically equivalent iff P(G,z) = H(G,x). A graph G is called chromatically unique if G ~ H for every H chro-
matically equivalent to G. In this paper, the chromatic uniqueness of complete tripartite graphs K (ni,n2,n3)
is proved for n1 > n2 > n3 > 2 and n; —n3 < 5.
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1. Introduction

All graphs in this paper are finite and simple, i.e., they do not contain loops and multiple edges.
Basic terminology is used according to [1].

Let G = (V,E) be a graph with a vertex set V and an edge set E. A coloring of the graph
G with z colors is a map ¢: V — {1,2,...,z} such that ¢(u) # ¢(v) for any two adjacent
vertices u and v of the graph G. We will call the numbers 1,2, ...,z the colors. A graph is called
x-colorable if there exists its coloring with x colors. The smallest integer x for which G is z-colorable
is called the chromatic number of G and is denoted by x(G). The number of colorings of a graph
G with x colors is denoted by P(G,z). It is well known (see, for example, [1]) that the function
P(G,z) is a polynomial in variable . Two graphs G and H are called chromatically equivalent if
P(G,x) = P(H,x). A graph G is called chromatically unique if, for any graph H, the graphs G and
H are chromatically equivalent iff they are isomorphic. Much attention of researches was drawn to
the problem of chromatic uniqueness of complete multipartite graphs K (ni,ng,...,n;). Here are
some results, a more complete list can be found in the survey [16] and the monograph [6].

(1) A graph K(ni,ns), where ny > ng > 2, is chromatically unique (see [11]).
(2) A graph K(ny,ng,...,n¢_1,1) is chromatically unique iff n; < 2 foralli =1,2,...t—1 (see [14]).

(3) A graph K(ni,na,...,n), where ny > ng > ... = ny > 2, is chromatically unique if n; —n; < 4
(see [2, 4, 12, 13, 15]).

The main result of this paper is the following theorem.

Theorem 1. A complete tripartite graph K(nq,ne,ns) is chromatically unique if ny > ng >
ng = 2 and np —ng < 5.

The chromatic uniqueness of a graph K (ny,ng,n3) with ny = ngy > n3 > 2 and ny —ng < 4 was
proved in [2, 12, 13]. The chromatic uniqueness of a graph K (nj,ng,n3) with n; > ng > ng > 2,
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ny —ng = 5, and n; + ng + ng # 2 (mod 3) was proved in [9]. The main aim of this paper is to
prove the theorem in the case ny —ng =5 and n; + ny +n3 =2 (mod 3).

One of the most important tools for studying chromatic equivalence and chromatic uniqueness
is chromatic invariants. Assume that a number is assigned to every graph. This number is called
a chromatic invariant if it is the same for all chromatically equivalent graphs. For a chromatic
invariant a(G) and two arbitrary graphs G; and Ga, let Aa(Ga,G1) = a(G2) — a(G1). Tt is well
known (see, for example, [1] or [7]) that the number of vertices, the number of edges, the number
of connected components, and the number of triangles are chromatic invariants.

According to Zykov’s theorem (see, for example, [1]), the chromatic polynomial can be written
as

P(G,z) =Y pt(G, i)z,
i=X

where pt(G, 1) is the number of partitions of the vertex set of the graph G into ¢ independent sets,
and 20 is the falling factorial of z, i.e., () = z(z —1)...(z — i+ 1). Tt follows from Zykov’s
theorem that the numbers pt(G,i),i = x,...,n, are chromatic invariants. We are most interested
in pt(G, x + 1), which we will write simply as pt(G).

The rest of the paper is structured as follows. Section 2 describes a connection between integer
partitions and chromatic uniqueness of complete multipartite graphs and presents a schema of the
proof. Also, some properties of chromatic invariants are discussed in this section. In Sections 3, 4,
and 5, upper bounds of the invariant pt are proved. Section 6 contains the proof of the main
theorem.

2. Integer partition lattice and chromatic invariants

Let n be a positive integer. A partition of n is a sequence of nonnegative integers
uw= (ui,ug,...,) such that uy > ug > ... and n = > .72, u;. The length of a partition u is a
number [ such that u; > 0 and u;1 1 = ujpe = ... = 0. Writing a partition, we will often omit its
zero elements.

Let u = (uy,ug,...) and v = (v1,ve,...) be two partitions of a number n. Define v < u if

v1 < uy,

v1 +v2 < up + ug,

vtuvet+...Fvg <uptur .t u,

where t is the largest of the lengths of u and v. The relation < is called the dominance order. It
was shown in [5] that all partitions of a number n form a lattice with respect to <.

As was proved in [3], all partitions of a number n with fixed length form a lattice with respect
to <. Also, Baranskii and Sen’chonok introduced [3] a notion of elementary transformation. A par-
tition v = (v1,vg,...v;) is aresult of an elementary transformation of a partition u = (uy, ug, ..., ut)
if there exist indices ¢ and j such that
(1) 1<i<j<t
(2) u; —1 > w1 and Uj—1 = uj + 1;

(3) uj—uj=62>2;
(4) vi=u; —1, vj=u;+1, up=wv, forall k=1,2,...,t, k#1i,5j.

It was proved in [3] that v < u holds if and only if the partition v can be obtained from the
partition u by a with finite number of elementary transformations.
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Every complete t-partite graph with n vertices can be identified with a partition of length ¢ of
the number n. Let u = (uy,u2,...,u:) be a partition of length ¢ of the number n. We will write
K (u) instead of K(uq,us,...,u;) and denote parts of the graph K (u) by V;, where |V;| = u; for all
1=1,2,...,t.

Let u be a partition of length ¢ of a number n. We present the following schema for proving the
chromatic uniqueness of the graph K (u). By contradiction, we assume that the graph K (u) is not
chromatically unique. This means that there exists a graph H nonisomorphic to the graph K (u),
and the graphs H and K(u) are chromatically equivalent. It is clear that the chromatic number
of the graph H is t; thus, the graph H can be obtained from a complete t-partite graph K(v) by
removing a set of edges E. It was shown in [17] that different complete multipartite graphs are not
chromatically equivalent; hence, F must be non-empty. Denote by E;; the set of all edges e € E
such that one end of e is in V; and the other is in V; and define e;; = |E;;|. For an arbitrary set of
edges E from K (v), denote by (E) the subgraph edge-induced by E.

The following lemma was proved in [8].

Lemma 1 [8, Lemma 1]. Let u = (u1,..., U, ..., uj,...u) > v = (...,u; —1,...u; +1,...)
be an elementary transformation of a partition u, where uy > 2. Then the graphs K(u) and H are
not chromatically equivalent.

It is clear that every complete ¢-partite graph is t-colorable, but is not (¢ — 1)-colorable; in other
words, the chromatic number of a complete ¢-partite graph is equal to ¢t. Let us compute pt(K (u))
for a complete multipartite graph K (uj,us,...,us). It is easy to show that any partition of the
vertex set of the graph K (u) into t+ 1 parts can be obtained by splitting exactly one part into two
nonempty subsets; so pt(K (u)) = > 1, 241 —¢.

It was investigated in [4] how the invariant pt changes from the graph K (v) to the graph H.
Let us introduce all necessary definitions and auxiliary statements.

A complete multipartite subgraph Gy of a graph K (v) is called an E-subgraph if each part of
the graph G is contained in some part of the graph K(v), and the edge set of the graph G is
contained in the set F. An arbitrary disjoint set of E-subgraphs is called a garland. We will say
that a garland G’ destroys a part V; if every vertex of V; is contained in some E-subgraph of the
garland G’. A garland of cardinality p which destroys exactly p — 1 parts is called interesting. The
set of all edges of all E-subgraphs of a garland is called the edge aggregate and is denoted by E(G).
The set of all vertices of all E-subgraphs of a garland is called the vertex aggregate and is denoted
by V(G). A garland is called k-edge if its edge aggregate contains exactly k edges. The following
properties were proved in [4].

(1) If the chromatic number of a graph H is equal to ¢ and pt(H) = 1, then every garland of
cardinality p destroys at most p — 1 parts.

(2) Every garland is uniquely defined by its edge aggregate.

(3) Apt(H, K (v)) is equal to the number of all interesting garlands.

The next lemma, follows from these properties.

Lemma 2 [4, Corollary 2|. If a graph H is obtained from a graph K(v) by remov-
ing some set of edges E and the graphs K(u) and H are chromatically equivalent, then
|E| < Apt(H, K (v)) < 21171,

An improvement of this estimate was obtained in [10]. A subgraph H' of a graph (F) is called
a coordinated subgraph of type K(s,1) if H' ~ K(s,1) and all s vertices of degree 1 are in the same
part of K (v). A part V; of a graph K (v) is called active if there exist a vertex x € V; and an edge
e € F such that x and e are incident.



On Chromatic Uniqueness of Some Complete Tripartite Graphs 41

Lemma 3 [10, Theorem|. Let every active part of a graph K(v) contain at least three vertices.
If E induces a coordinated subgraph of type K(|E|,1), then Apt(G, K (v)) = 21| — 1; otherwise,
Apt(G, K (v)) < 21E1-1 41,

Let G' = {G},GY,...,G,} be a garland. We will say that the garland G’ is of type
H\UH,U...UH,, where {Hy, Ha,... Hy} is a set of graphs, if G, ~ H; for all i« = 1,2,...,p.
We will say that an edge set F' C E induces a garland (an interesting garland) if there exists a
garland (an interesting garland, respectively) G such that F' = E(G). A set F C F is called con-
tinuable if there exists a garland G such that F' C E(G). A set F C E' C E is called continuable
outside E' if there exists a garland G such that E(G) N E' = F. We will say that an edge e is in
the garland G if e € E(G).

Let e be an arbitrary edge from E. Denote by & (e) the number of triangles of the graph K (v)
containing the edge e. Let §1 =)z &i(e).

Consider a triangle in a graph GG that contains exactly two edges from E. Denote them by eg
and ey. We will call a subgraph induced by {ej,es} a Eg-subgraph. Denote by & the number of
such subgraphs and by &3 the number of triangles in (E).

Denote by I3(G) the number of triangles in the graph G. In [2], the following equality was
established:

Al(K(v),H) = & — & — 2&3.

Note that, the removal of an edge cannot produce a new triangle; so AI3(K (v), H) is equal to the
number of triangles in K (v) destroyed by removing an edge set E from K (v).

3. Upper bound for the invariant pt in the case where (E) contains a triangle

The main goal of this section is, in the case where (F) contains a triangle, to obtain an upper
bound for the number of interesting garlands better than the bound in Lemma 3. Denote by A the
edge set of this triangle. One the way to achieve this is to count number of garlands whose edge
aggregates contain an edge from A and an edge that is not in the triangle. The following lemma
was proved in [10].

Lemma 4 [10, Lemma 3]. If a set of edges {e1,ea2,e3} = Ey C E induces a triangle, then there
is mo nonempty set E C E \ Ey such that the sets {e;}\UE| induce interesting garlands for all
i=1,2,3.

We can deduce the following statement from this lemma.

Corollary 1. If A induces a triangle, A C E, and F is an arbitrary nonempty subset of E'\ A,
then there exist at most three nonempty subsets F' C A such that F'U F’ induces an interesting
garland.

Proof. Let us fix some FF C E\ A and consider all possible nonempty subsets F' C A.
Define A = {e1, ez, e3}. Assume that F U F’ induces an interesting garland G’.

Assume that |F’'| = 2 and, without loss of generality, let F’ = {e1,es}. Define e; = zy and
ea = yz. Note that the vertices  and z are in different parts of K(v). Since F U F’ induces a
garland and the edges e; and es are adjacent, they are in the same FE-subgraph of G’. Denote
this E-subgraph by H;. Since Hj is a complete multipartite graph and the vertices x and z are in
different parts, the edge xz is in the edge aggregate of G'. However, zz € F' and zz € A; therefore,
xz € F. Consequently, xz is not in the edge aggregate of G, a contradiction. Hence, |F’| # 2.
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Thus, there are four choices for F’: three one-element subsets and A. Using Lemma 4, one
can deduce that at most two of the sets F U {e1}, F' U{e2}, and F’ U {e3} induce an interesting
garland. Thus, there are at most three choices for F/ and the corollary is proved. O

The following lemma describes all sets F' C E'\ A such that there exist exactly three subsets
F’ C {e1,e2,e3} such that F'U F’ induces an interesting garland.

Lemma 5. Assume that each part of K(v) contains at least three wvertices and edges
e1,ea,es € E induce a triangle. Let FC E \ {e1,eq,e3}. If there are exactly three nonempty subsets
F' C{e1,ea,e3} such that F U F' induces an interesting garland, then F induces an interesting
garland, |F| > 1, and there is no edge f € F such that f is adjacent to any of ey, e, and es.

Proof. Define A = {e1,e9,e3}. Fix some FF C E\ A and assume that there exist three
different subsets F/ C A such that F'U F’ induces an interesting garland. Denote this subsets by
FEy, Es, and FE3. Using Corollary 1, one can deduce that two of Ey, Fo, and F3 are one-element sets
and the third one is equal to A. Without loss of generality, let Fy = {e1}, F2 = {e2}, and E5 = A.

Let the set F; U F induce an interesting garland Gy, the set E5 U F' induce an interesting
garland G, and the set F5 U F' induce an interesting garland Ga. Denote the vertices of the
triangle by x, y, and z.

Let us prove that an arbitrary edge f € F'is not adjacent to any of the edges e1, e2, and e3. By
contradiction, assume that f is incident to some vertex from the triangle, without loss of generality,
assume that f is incident to x. Denote the second end of f by w. Note that w and y or w and
z are in different parts of K (v). Without loss of generality, assume that w and y are in different
parts of K (v). Since the edges zy and f = zw are adjacent and are in the same F-subgraph of the
garland G, and w and y are in different parts of K (v), the edge wy is in F. Therefore, since wz
and wy are adjacent edges, they are in the same FE-subgraph of the garland G;. So, the edge zy
is in the same E-subgraph. Thus, xy is in the edge aggregate of the garland G;. By analogy, the
edge zy is in the aggregate of the garland Gs. But this is impossible since xy € A and the edge
aggregates of the garlands GG; and G cannot contain a common edge from A.

Since any edge from F' is not adjacent to any edge from A, the set {e;} induces a E-subgraph of
the garland Gp. Therefore, the graph (F') consists of E-subgraphs, so F' induces a garland. Denote
this garland by Gf.

Note that all the garlands G1,Gs and Ga have the same cardinality. Denote this cardinality
by p. Since all this garlands are interesting, each of them destroys exactly p — 1 parts of K (v).
Note also that |Gp| =p— 1.

Let x € V;, y € Vj, z € Vi, e1 = xy, and ex = yz. Note that V(Ga) = V(G1) U V(G2).
This means that if Gy or Go destroy some part, then Ga also destroys this part. Note also that
if one of the garlands G1,G2, and Ga destroys some part V' other than V;,V;, and Vi, then Gp
also destroys V. Since no edge from F(G;) is incident to z, the garland G; cannot destroy V.
If Go destroys Vi, then Ga also destroys Vi and thus Ga destroys more parts than G does, a
contradiction. Therefore, Go does not destroy Vi. If G2 does not destroy Vj, then G destroys
p— 1 parts and |Gr| = p— 1, a contradiction. So Gy destroys V;. Since no edge from F' is incident
to y, the garland G cannot destroy Vj, thus G destroys one part less than G does. Therefore,
GF destroys p — 1 parts, and G is an interesting garland.

It remains to prove that |F| > 1. If |F| = 1, then G is a garland of type K(1,1,1)UK(1,1).
Note that such a garland cannot destroy any part, since each active part contains at least three
vertices. U

Now we are ready to prove a better upper bound in the case where (E) contains a triangle.
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Lemma 6. Assume that each part of K(v) contains at least three vertices. If (E) contains a
triangle, then the number of interesting garland does not exceed 21F1=2 4 21BI1=3 _ 3|E| + 13.

Proof. Denote edges of the triangle by ej,e2, and e3, and let A = {ej,ez,e3}. Define
E' =FE\A.

Case 1. Assume that E’ induces a coordinated subgraph of type K (|E| —3,1). Then all edges
of E are located in one of the ways shown in Fig. 1.

(R (I
(Fa ) (e

Figure 1. Triangle and a coordinated subgraph of type K (|E| — 3,1).

In the first case, there are 2 4+ 1 4 21#1=2 — 1 = 21E1=2 1 2 interesting garlands.

In the second case, there are 4 + 21173 — 1 = 2lZ1=3 4 3 interesting garlands.

In the third case, there are at most 4 + 2/£1=3 — 1 4+ 3 = 21¥1-3 1 6 interesting garlands.

In the fourth case, there are 4 + 21Z1=3 — 1 = 2lE1=3 4 3 interesting garlands.

In the fifth case, there are at most 4 + 2/%1=3 — 1 4 1 = 2/Z1-3 4 4 interesting garlands.

In the sixth case, there are at most 217173 4 6 < 2|F1=2 4 2lEI=3 _ 3| F| 4 13 interesting garlands.
In all the cases, the number of interesting garlands does not exceed 2!E1=3 4+ 6 < 2E1-2 4 9lE|=3 _
3|E| + 13.

Case 2. Now consider the case where E’ does not induce a coordinated subgraph of type
K(|E| —3,1).

There are four interesting garlands G such that E(G) C A. By Lemma 3, there exist at most
21P1=4 1 1 interesting garlands G such that E(G) C E'.

Estimate the number of interesting garlands whose edge aggregates contain some edge from E’
and some edge from A. Define F = E(G),FA = FNA, and F' = FN E’. By Lemma 5, if for F’
there exist three F’ such that F'U F”’ induces an interesting garland, then F’ induce an interesting

garland, |F’| > 1, and any edge from F” is not adjacent to any edge from A. Denote the number
of such F' by X.

Case 2.1. Assume that any edge from E’ is not adjacent to any edge from A. Using Lemma 3
and the fact that |F| > 1, one can deduce that

X <2F- 41— (|E|-3) =2F~ — |E| + 4.

For any other F' C E'||F’| > 1, there are at most two subsets Fa C A such that F/ U Fa induces
an interesting garland. If F' C E' and |F’| = 1, there exist no Fao C A such that F’ U Fa induces
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an interesting garland. Therefore, the number of interesting garlands does not exceed

3X +202F18 1 X —(|E|=3) + 24 1 14+4=
=3X+2F2_92_9ox —2E|+6+ 2t f144=
—92lFI=2 L X —2|B| 4+ 2FI* 1 9 <
< 2BI=2 L olBI7 B 4 — 2|E| + 2/EIt g = 2l EI=2 L olEI=3 _ 31| 413
Case 2.2. Now consider the case when there are exactly k > 1 edges from E’ such that each
of them is adjacent to some edge from A. Denote the set of this edges by H.

If for a set F/ C E’ there exists exactly three sets FA C A such that F/ U Fa induces an
interesting garland, then F' C E'\ H and |F’| > 1, so

X <2B=3F _(|E|-3-k) —1.

For any other F/ C F’ |F’| > 1, there are at most two such sets Fa. If |F’| = 1, then if F/ C H,
then there is at most one such Fa and if F/ ¢ H, then such Fa does not exist. Therefore, the
number of interesting garland does not exceed
3X 420213 1 X — (|B|-3) +k+2F4 41 44=
3X +2F172 9 _ox —2E|+6+2F 1444k =
=22 L X —9E| + 27 194k <
<272 g 4 2FImt 94 o FISk (B -3 —k)—14k=
= 2PI=2 L olBI=4 _ 3| B| 4+ 11 + 21F1=3-F 4 o

It remains to prove that
21EI=2 L olBl=4 _31E| 4 11 + 21BI=3=F o < 2lPI=2 4 9lBI=3 _31p| 113,

It is sufficient to prove that
NBI=3=k 4 op < 2lBI-3 o
Let m = |E| — 3. Consider the function f(z) = 2""" + 2z defined on the closed interval from

1 to m. Calculate the first and second derivatives:

fl(z)=-2"""1n2+ 2;

() =2"""1In?2 > 0.
Therefore, f is a convex function, so it takes its maximum value at the end point of the interval.
So it suffices to verify the inequality for ¥ = 1 and k = m = |E| — 3. For k = 1, the inequality

takes the form
2lFI=3 4 9 < olFI=3 4 9

and is valid. Consider the case k = m = |E| — 3. In this case, we need to prove that 2m < 2™ + 2.
Dividing both sides by 2, one can obtain m — 1 < 2™~!. By Bernulli’s inequality,

2"l =14+ )" > 14m—1=m>m-—1,

and the lemma is proved. O

In some cases, we can use a better upper bound than Lemma 3 gives. In such cases, the following
lemma is useful.
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Lemma 7. Assume that each part of K(v) contains at least three wvertices and edges
e1,62,e3 € FE induce a triangle. Let E' = E \ {e1,ea,e3}. If there are X interesting garlands
G such that E(G) C E', Y nonempty subsets of E' continuable outside E', k edges h € E' for
each of which there exists an edge h' € A such that h and h' induce a coordinated subgraph of type
K(2,1), then the number of interesting garlands doest not exceed 2X +2Y — 5|E| + 19 + k.

P r o o f. Consider an arbitrary subset ' C E’ and estimate the number of interesting garlands
G such that F' C E(G) and E(F)N{e1,e2,e3} # &. Let H = E(F)N{e1,e2,e3}. Note that F'is a
nonempty subset of E’ continuable outside E’.

Case 1. |F| =1. Let F = {f}. If f does not induce a coordinated subgraph of type K(2,1)
with any of edges from {ej,es,e3}, then H must be an E-subgraph. This means that either H
is a one-element set or H = {ej,ea,e3}. In both cases, FFU H does not induce an interesting
garland. Therefore, f must induce a coordinated subgraph of type K(2,1) with some edge from
{e1,e2,e3}. By the lemma hypothesis, there are k such edges. Note that, in this case, H must be
a one-element set and it is uniquely defined by the edge f. So, in this case, there are at most k
interesting garlands.

Case 2. |F| > 1 and F does not induce interesting garlands. By Lemma 5, there are at most
two subsets H. Note that F' can be chosen in

Y-X—-(F|-3)=Y—-X—|E|+3
ways; so, in this case, the number of interesting garlands does not exceed

2Y — X — |E|+3) =2Y — 2X — 2|E| +6.

Case 3. |F| > 1 and F induces interesting garlands. In this case, by Lemma 7, there are at
most three sets H, so the number of interesting garlands does not exceed

3(X — (|E| - 3)) = 3X — 3|E| +9.

There are X interesting garlands whose edge aggregates are in the set £’ and four interesting
garlands whose edge aggregates are in the set {ej,es,e3}. Therefore, the number of interesting
garlands does not exceed

2Y —2X —2|E|+6+4+3X —3|E|+94+k+ X +4=2Y +2X — 5|E| + 19,
and the lemma is proved. O

Lemma 8. Assume that each active part of K(v) contains at least three vertices. If (E) con-
tains two triangles that do not have a common edge, then the number of interesting garlands does
not exceed 2/F1=2 — 12| E| + 58.

P roof. Denote by A the edge set of one triangle, and let E' = E'\ A. Let X be the number
of interesting garlands G such that E(G) C E’, and let Y be the number of nonempty subsets of
E’ continuable outside F'.

By Lemma 6,

X < 2P0 4 olBI=6 _3(|B| —3) +13 =3 2/F1=6 _3|E| + 22.

Denote by A’ the edge set of the other triangle. To estimate the number of nonempty subsets
of E’ continuable outside E’, consider an arbitrary F C E’'\ A’ and estimate the number of sets
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F’ C A’ such that F'U F’ is a continuable set. Note that if F'U F’ is a continuable set, then F” is
either empty, or a one-element set, or A’. Since F' can be chosen in ol E|—6
5 - 21E1=6 continuable sets; thus, there are at most 5 - 21716 nonempty continuable sets.

Using Lemma 7 and assuming k& < |E| — 3, one can conclude that the number of interesting
garlands does not exceed

ways, there are at most

2. (321176 _3|E| +22) +2-(5-21F1=6 —1) —5|E| + 19+ |E| - 3 =
= 16-21E1=6 _19|F| + 55 = 2/¥172 _12|B| 4 58.

4. Upper bound for the invariant pt
in the case where (F) contains a =;-subgraph

The main goal of this section is, in the case where (E) contains a Zp-subgraph, to obtain a
better upper bound for the number of interesting garlands. Recall that a pair of edges e, f € E
induces a Za-subgraph if it induces a triangle in K (v) whose third edge is not in E.

Lemma 9. If edges f and g induce a Zo-subgraph, then there is no a garland G such that
f.9 € E(G).

Proof. Define f = zy and ¢ = yz and note that the vertices x and z are in different parts
of K(v).

By contradiction, assume that there is a garland G such that f,g € E(G). The edges f and ¢
are adjacent, so they are in the same E-subgraph H' of the garland G. Since the vertices y and z
are in different parts of K (v), the edge yz must be in the subgraph H’, so yz € E, a contradiction. [J

Now we are ready to prove a better upper bound.

Lemma 10. Let |E| > 4 and each active part of K(v) contains at least three vertices. If (E)
contains a ZEo-subgraph, then the number of interesting garlands does not exceed 2111,

Proof Letedges f and g induce a Zo-subgraph. Consider the cases.

Case 1. Assume that (E) contains a coordinated subgraph of type K (|E|—1,1). Without loss
of generality, assume that f is not in the coordinated subgraph of type K(|E| —1,1). Then there
are two possible configurations for F, they are shown in Fig. 2.

S

Figure 2. Es-subgraph and coordinated subgraph of type K(|E| —1,1).

In both cases, the edge f is in exactly one interesting garland. There are exactly 2/F1-1 — 1
interesting garlands that do not contain the edge f. Thus, there are exactly

oIt _ 1 41 = olFI-1
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interesting garlands.

Case 2. Now consider the case where (E) does not contain a coordinated subgraph of type
K(|E| —1,1). By Lemma 9, the edge aggregate of any garland is in the set £\ {f} or in the set
E\ {e}. By Lemma 3, there are at most 2lE1=2 4 1 interesting garlands whose edge aggregates are
in the set E \ {f} and at most 2lE1=2 1 1 interesting garlands whose edge aggregates are in the
set E'\ {e}. Note that |E| — 2 interesting one-edge garlands were counted twice, so the number of
interesting garlands does not exceed

2 (F1-31) - (|B| - 2) = 2P - |B| + 4 < 2P,

and the lemma is proved. O

In the case where (F) does not contain a coordinated subgraph of type K(|E| — 1,1), we can
obtain a better upper bound.

Lemma 11. Let |E| > 5, and let each part of K(v) contain at least three vertices. If (E)
does not contain a coordinated subgraph of type K (|E| —1,1) and contains a Zo-subgraph, then the
number of interesting garlands does not exceed 2171-1 — |E| + 1.

Proof. By Lemma 6, it is sufficient to consider the case where (E) does not contain a
triangle.

Let edges e and g induce a Eg-subgraph. Note that, by Lemma 9, the edge aggregate of any
garland cannot contain both the edges e and g.

Case 1. Assume that the edge ¢ is in two different Zo-subgraphs. Define E, = E'\ {¢g} and note
that if e € F(G), then E(G) C E.. By the lemma hypothesis, E. does not induce a coordinated
subgraph of type K(|E| — 1,1), so, by Lemma 3, there are at most 21E1=2 4 1 interesting garlands
whose edge aggregates are subsets of E.. In this case, it remains to estimate the number of
interesting garlands whose edge aggregates contain the edge g.

Let f # e be an edge such that the edges f and g induce a Zp-subgraph. Define £, = E'\ {f, e}
and note that if the edge ¢ is in G, then E(G) C E,.

Case 1.1. Assume that F,; induces a coordinated subgraph of type K (|Egy|,1). Then there are
exactly 2/F1=2 — 1 interesting garlands whose edge aggregates are subsets of E,. Recall that there
are at most 21”172 4 1 interesting garlands whose edge aggregates are subsets of E,. Note also that
there are 2/¥1=3 interesting garlands whose edge aggregates are subsets of E \ {e, g} (which are
21P1=3 _ 1 interesting garlands of type K(s,1) whose edge aggregates are subsets of E \ {e, g, f}
and a one-edge garland induced by f). All these garlands were counted twice, so the number of
interesting garlands does not exceed

olEI=2 _ 1 4 olBI=2 1 _ 9olE|=3 _ 9lE|-1 _ 9|E|=3
It remains to prove that
olBI=1 _9lEl=3 < 9lEI-1 1Bl 4 1.

To do this, it suffices to prove that the inequality n — 1 < 2773 holds for all integer n > 5. Let us
prove this by induction on n.

The base case. If n =5, then 5 — 1 = 4 = 22 and the inequality is verified.

The induction step. Assume that the inequality is proved for n and prove it for n + 1. We
need to prove 22 > n. By the induction hypothesis,

2n72:2.2n*322.(n_1):n+n—22n+3>7%
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and the inequality is proved.

Case 1.2. Now consider the case where E; does not induce a coordinated subgraph of type
K(|E4|,1). In this case, by Lemma 3, there are at most 2lE1=3 11 interesting garlands whose edge
aggregates are subsets of F;. Note also that there are |E| — 3 interesting one-edge garlands induced
by edges from E \ {e, g}. So, the number of interesting garlands does not exceed

olFI=3 L1 4 olFI=2 11— (|E| - 3) =3-2FI73 ¢ 5,

It remains to prove that
3-2P178 B +5 <27 — B 4 1.

It suffices to check that
3.20E173 L g < olFI-1 = g ol B3

olE|-3

which is equivalent to 4 < , which is true because |E| > 5.

Case 2. Now consider the case where the edges f and g are in only one Zs-subgraph. Define
E, = E\{e} and E, = E\ {e}. Note that, by Lemma 3, there are at most 2/”I=1 4+ 1 interesting
garlands whose edge aggregates are subsets of E, and at most 2E1=1 1 1 interesting garlands whose
edge aggregates are subsets of F..

Assume that there exist at least |F|+ 1 interesting garlands whose edge aggregates are subsets
of E'\ {e, g}. In this case, there are at most

22+ 1) —(E|+1) =2F 2 |E|—1=2F — |E| +1

interesting garlands. Therefore, it suffices to prove the lemma in the case when there are at most
|E| garlands whose edge aggregates are subsets of F \ {e, g}.

Note that, in any case, there are |E| — 2 interesting one-edge garlands induced by edges from
E\ {e,g}. Consequently, there are at most two interesting garlands whose edge aggregates are
subsets of F \ {e, g} and contain at least two edges.

Note that it suffices to prove that the edge f is in at most — |E| interesting garlands.
Indeed, in this case, since there are at most 2/#/=1 4+ 1 interesting garland whose edge aggregates
are subsets of E;, the total number of interesting garlands does not exceed

9lE|-2

ol BI=2 B 4 2lFI72 1 = olFI-L B 41

By analogy, it suffices to prove that the edge ¢ is in at most 2/F1-2 — |E| interesting garlands.

To prove this, we build either |E| subsets F' C E \ {e, f} such that FFU{f} does not induce an
interesting garland or |E| subsets F' C E \ {e, f} such that F'U{g} does not induce an interesting
garland.

Case 2.1. Assume that the edge e is in three different coordinated subgraphs of type K(2,1).
In this case, either F \ {e, g} contains a coordinated subgraph of type K(3,1) and so contains at
least three interesting garlands with more than one edge or ¢ is in two different =Zs-subgraphs. Both
cases are impossible.

Case 2.2. Assume that the edge e is in two different coordinated subgraphs of type K(2,1).
Let edges h; and hg be such that the pairs of edges {e, h1} and {e, ho} induce Eg-subgraphs. Note
that, in this case, the edge e is in the coordinated subgraph of type K (3, 1) because, otherwise, the
edge ¢ is in two =9-subgraphs.

Consider an arbitrary edge h € E \ {e,g,h1,h2}. Note that the set {e, ﬁ} does not induce a
coordinated subgraph of type K(2,1); the set {e,hl,iL} does not induce an interesting garland,
since an interesting three-edge garland must be of type K (3,1), a triangle, or K(2,1)UK(1,1), and
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all cases are impossible. By analogy, the set {e, ho, ﬁ} does not induce an interesting garland. So,
we have built

3-(IE] —4) =3|E| - 12 = |E| + 2(|E[ - 6)

necessary subsets. If |E| > 6, then the lemma is proved.

Consider the case |E| = 5. Denote by ¢’ a single edge from E\ {e, g, h1, ho}. Note, that the sets
{g,h1},{g,h2},{g,h1,h2},{9,9', h1}, and {g, ¢, ha} do not induce interesting garlands (see Fig. 3)
and, in this case, the lemma is proved.

<7
N

Figure 3. Cordinated subgraph of type K(3,1) and Eg-subgraph.

Case 2.3. Assume that the edge e is in exactly one coordinated subgraph of type K(2,1).
Denote the second edge of this subgraph by h.

Case 2.3.1. Assume that the edge ¢ is not in any coordinated subgraph of type K(2,1).
Consider an arbitrary edge f € E \ {e,g}. Note that the pair of edges {g, f} does not induce a
coordinated subgraph of type K(2,1). Note also that, for an arbitrary edge f € E \ {e, g, h}, the
triple of edges {g, h, f} does not induce an interesting garland. Therefore, we have built

Bl —2+|E| -3 =2E| 5 > |E|

necessary subsets for the edge g.

Case 2.3.2. Assume that the edge g is in the coordinated subgraph of type K(2,1). By the
previous cases, it suffices to consider the case where g is in exactly one coordinated subgraph of
type K(2,1). Denote the second edge of this subgraph by h’. Note that the edges e, g, h, and b’
form one of the two configurations shown in Fig. 4.

Figure 4. Es-subgraph and two coordinated subgraphs of type K(2,1).

Consider an arbitrary edge f € E\{e, g,h'}. Note that the pair of edges {g, f} does not induce
a coordinated subgraph of type K(2,1). Note also that, for an arbitrary edge f € E \ {e,g,h,h’},
the triple of edges {g, h, f} does not induce an interesting garland. Thus, we have built

|B| -3+ |B| —4=2/E|—7

necessary subsets for the edge g. By analogy, we can build 2| E|—7 necessary subsets for the edge f.
Let h be an arbitrary edge from E\{e, g, h,h'}. Consider the set {h, ', h}. If the set {e, h, h', h}
induces an interesting garland, this garland must be of type K(2,1)UK(2,1); the same is true for
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the set {g, h, h/,h}. Since both the sets {h,h} and {h, '} cannot induce a coordinated subgraph
of type K(2,1), at least one of the sets {e, h, I/, iL} and {g,h, 1/, iL} does not induce an interesting
garland. Therefore, we have built 2| E| — 6 necessary subsets for the edge e or for the edge g, and
the lemma is proved if |E| > 6.

In the case where the edges e, g, h, and A’ form the first configuration shown in Fig. 4, the sets
{e,h, '} and {g,h,h'} do not induce interesting garlands; consequently, we have built 2|E| — 5
necessary subsets for the edge e or for the edge g.

It remains to prove the lemma in the case where |E| =5 and the edges €, g, h, and A’ form the
second configuration shown in Fig. 4. Note that there are at most eight interesting garlands whose
edge aggregates are subsets of {g, f, ', h}: four one-edge garlands, two garlands of type K(2,1),
and possibly two garlands of type K(2,1)UK(1,1). So it suffies to prove that there are at most
five interesting garlands that contain the edge h.

Case 2.3.2.1. Assume that the edge h is incident neither to the vertex z nor the vertex y. In
this case, the edge h is not in any coordinated subgraph of type K (2,1) because, otherwise, either
the edge e is in two coordinated subgraphs of type K(2,1) or the edge e is in two coordinated
subgraphs of type K(2,1), both the cases lead to a contradiction. Therefore, the edge h is not in
any two-edge garland. Moreover, since (E) does not contain a triangle, the edge h is not in any
one-element garland except for the one-edge garland.

Assume that the edge h is in some garland G of cardinality more than one. In this case,
the garland G must destroy some part. The vertex aggregate V(G) has at most two common
vertices with any part V' # V;. Thus, V; is the only part that can be destroyed by G. Note
also that the edge h is not incident to the vertex z because, otherwise, the edge e or g is in two
Eg-subgraphs. Therefore, either e € E(G) or g € E(G). Note also that this two edges cannot be in
E(G) simultaneously; thus, the edge h is in at most two garlands with cardinality more than one.
Therefore, in this case, the edge h is in at most three garlands, and the lemma is proved in this
case.

Case 2.3.2.2. Now assume that the edge h is incident either to the vertex z or the vertex 1.
Without loss of generahty, assume that  is incident to z. Note that, in this case, the edge aggregate
that contains the edge h can be one of the following four sets: {h}, {h, h},{h, g, h'}, and {h, h, g, '},
and the lemma is proved in this case.

Case 2.4. It remains to consider the case where neither the edge e nor the edge g are in any
coordinated subgraph of type K(2,1). In this case, neither the set {e, f} nor the set {g, f} induce
an interesting garland for any edge f € E \ {e, g}, so we have built |E| — 2 necessary subsets for
the edges e and g.

Since |E'\ {e, g}| > 3, consider three arbitrary edges from this set and denote them by hi, ho
and hs. Define H = {hy, ho, h3}. Note that there exist exactly three two-element subsets H' C H.
If, for any two-element subset H' C H, the set H' U {e} does not induce an interesting garland,
then we have built | F|+ 1 necessary subsets for the edge e. So it suffices to consider the case where,
for some two-element subset H' C H, the set H' U {e} induces an interesting garland. Without
loss of generality, H' = {hy,hs}. Since (E) does not contain a triangle and the edge e is not
in any coordinated subgraph of type K(2,1)S, an interesting three-edge garland must be of type
K(2,1)UK(1,1) or K(1,1,1).

Case 2.4.1. The set H' U {e} induces an interesting garland of type K(1,1,1). Note that, in
this case, the set {g, hi,ho} does not induce an interesting garland. Note also that at least one of
the sets {g, h3, h1} and {g, h3, ho} does not induce an interesting garland. Therefore, we have built
|E| necessary subsets for the edge g, and, in this case, the lemma is proved.

Case 2.4.2. The set H' U {e} induces an interesting garland of type K(2,1)UK(1,1). Note
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that, in this case, sets {g, hs, h1} and {g, h3, ho} does not induce interesting garlands. Therefore,
we have built |E| necessary subsets for the edge ¢ and the lemma is proved. O

Lemma 12. Assume that each active part of K(v) contains at least three vertices. If an edge
e € E isin k < |E| — 2 different Ey-subgraphs, then

(1) the edge e is in at most 2/F1=F=1 interesting garlands;

(2) if (E) does not contain a coordinated subgraph of type K(|E| —k,1), then the edge e is in at
most 21F1=F=1 _|E| + k + 2 interesting garlands.

Proof. Letedges hi,hs,...,h; besuch that the pair of edges {h;, e} induces a E9-subgraph
foralli =1,2,...,k. Define E' = E\ {hy,ha,..., hi}.

Let F' be an edge aggregate of some interesting garland, and let e € F'. Note that h; € F for
all t =1,2,...,k. Therefore, F C F'.

If E' does not induce a coordinated subgraph of type K(|E| — k, 1), then, by Lemma 3, there
exist at most 2/Z1=%~1 interesting garlands whose edge aggregates are subsets of E’. Note that
among them there are |E| — k — 1 one-edge garlands that do not contain the edge e. Consequently,
the edge e is in at most

oEI=k=1 41 —(|E|—k—1)=2FI7F1 _|E| + k+2
interesting garland, and the lemma is proved. O

Lemma 13. Assume that |E| > 6 and the subgraph (E) contains at least two Za-subgraphs and
does not contain a coordinated subgraph of type K(|E| — 2).

(1) If there exists an edge, which is in two Zq-subgraphs, then the number of interesting garlands
does not exceed 21F1=2 4 21FI1=3 _ |E| + 5.

(2) If there exist two Zg-subgraphs without common edges, then the number of interesting garlands
does not exceed 21F1=1 — 3|E| + 6.

P r o o f. Prove the first statement of the lemma. Assume that an edge e is in two Z5-subgraphs.
Since (F) does not contain a coordinated subgraph of type K(|E| — 2), by Lemma 12, the edge
e is in at most 2/E1-3 — |E| + 4 interesting garlands. By Lemma 3, there are at most 20E1=2 4 q
interesting garlands whose edge aggregates are subsets of E'\ {e}. Consequently, there are at most

B3 B 44+ 2F172 11 = 9lFI72 L olFI=3 _ Bl 45

interesting garlands.

Now prove the second statement of the lemma. Assume that there are two Z9-subgraphs without
common edges. Let edges e; and es induce a Zs-subgraph. By Lemma 9, the edge aggregate of
any garland is a subset of E'\ {e1} or E'\ {e2}. By Lemma 11, there are at most

2BI=2 _(|E|-1)+1=2F"2_|E| +2

interesting garlands whose edge aggregates are subsets of F \ {e1} and there are at most 2lEI=2 _
|E| + 2 interesting garlands whose edge aggregates are subsets of F \ {e2}. Note that |E| — 2
one-edge garlands were counted twice, so the number of interesting garlands does not exceed

202P1=2 — |E| + 2) — (|E| — 2) = 2/FI=1 — 3|E| + 6,

and the lemma is proved. O
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Lemma 14. Assume that each active part of K(v) contains at least three vertices and (E)
contains a triangle. If an edge e is in the triangle from (E) and is in k different Eq-subgraphs, then
e is in at most 21F17F=2 _ |E| 4+ k + 3 interesting garlands.

Proof. Let A be the edge set of a triangle from (F) that contains the edge e, and let edges
hi,ha, ..., h; be such that the pairs of edges {e, h;} induce Zg-subgraphs for all i = 1,2,...k.
Define ' = E\ (A @] {hl, ho, ... ,hk})

Let G be an arbitrary garland such that e € E(G), and let F' = E(G). Note that h; ¢ F for all
i=1,2,...,k. Define F/ = F N E’. Note also that either FNA = {e} or FNA = A.

If FNA = {e}, then F’ can be chosen in 2/F17F=3 ways. If FNA = A, then |F’| > 1 and,
consequently, I’ can be chosen in

oBI=k=3 _ (|E| — k — 3)

ways.
Thus, the edge e is in at most

olBl=k=3 L olEI=k=3 _ (|p| —k —3) =2FI7*2 _|E| + k+3

interesting garlands. O

Lemma 15. Assume that each part of K(v) contains at least three vertices and (E) contains
two triangles with a common edge e. If the edge e is in k different Zo-subgraphs, then the edge e is
in at most 21P1=F=3 _ 3| E| 4 3k + 15 interesting garlands.

Proof. Let A; and Ag be the edge sets of triangles from (F) that contain the edge e. Let
edges hy, ha, ..., hi be such that the pair of edges {e, h;} induces a E9-subgraph foralli =1,2,... k.
Define E' = E\ (Al UAs U {hl,hg, .. ,hk}) and Fan = A1 = As.

Let G be an arbitrary garland such that e € E(G). Define F' = E(G) and note that h; ¢ F
for all i = 1,2,...,k. Define F/ = FNE" and FA = F'N Ea. Note also that either Fa = {e}, or
Fa = Aq, or FA = Ay, or FA = A.

Consider an arbitrary F/ C E’ and count the number of interesting garlands G such that
e € E(G) and F' C E(G). To do this, we estimate the number of ways to choose a subset Fa C A
such that F' U Fa induces an interesting garland. If |F’| # 1, then Fa can be chosen if four
ways; if |[F’| = 1, then FA # Ay and FA # A,. Let f € F'. Note that if the set {f,e} induces
an interesting garland G’, then G’ is of type K(2,1) and {f} U A does not induce an interesting
garland. Therefore, if |[F’| = 1, then Fa can be chosen in at most one way.

Thus, the edge e is in at most

4-2FI=F5 _(|E| =k —5))+ (|E| —k—5) =2/FI7F=3 _3|E| + 3k + 15

interesting garlands. O]

5. Upper bound for the invariant pt when |E| is small

The main goal of this section is to prove some upper bounds for the number of interesting
garlands in the case where F contains relatively small number of elements.
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Lemma 16. Assume that each active part of K(v) contains at least three vertices, (E) contains
a triangle, does not contain a coordinated subgraph of type K(4,1), and |E| = 8. Denote the edge set
of the triangle by A. If (E'\ A) contains at least two ZEq-subgraphs, then the number of interesting
garlands does not exceed 46.

P roof. Let X bethe number of interesting garlands whose edge aggregates are subsets of £,
and let Y be the number of nonempty subsets of E’ continuable outside E’. Let k be the number of
edges h € E'\ A for which there exists an edge b’ such that h and b’ induce a coordinated subgraph
of type K(2,1).

Case 1. Assume that there exist three edges e, f1, fo € E \ A such that the pairs of edges
{e, f1} and {e, fo} induce Zp-subgraphs.
In this case, any continuable set can contain neither the set {e, f1} nor {e, fo}. Consequently,

V<22 -1-2-22422=32-1-16+4=1.

By Lemma 3, there are at most 23 + 1 = 9 interesting garlands whose edge aggregates are
subsets of '\ {e}.

Case 1.1. Assume that E'\ {f1, fo} induces a coordinated subgraph of type K(3,1). Denote
this subgraph by H. In this case, the edge e is in exactly four interesting garlands whose edge
aggregates are subsets of E/. Consequently, X <9+ 4 = 13.

If there exists an edge from the triangle adjacent to all edges from H, then either (E) contains
a coordinated subgraph of type K (4, 1), which contradicts the lemma hypothesis, or any edge from
H does not induce a coordinated subgraph of type K(2,1) with any edge from the triangle. Thus,
k < 2. By Lemma 7, the number of interesting garlands does not exceed

2:1342-19-5-84+194+2<264+38-40+19+ 2 =45.

Case 1.2. Define E” = E'\ {f1, fo} and assume that E” does not induce a coordinated
subgraph of type K(3,1). In this case, there exist at most 5 interesting garlands whose edge
aggregates are subsets of E”, and the edge e is not in two (one-edge) of them. Consequently, the
edge e is in at most three interesting garlands whose edge aggregates are subsets of E’. Therefore,
X <943 =12, k < 5, and, using Lemma 7, one can deduce that the number of interesting
garlands does not exceed

2:1242-19-5-84+1945 =24 + 38 — 40 + 24 = 46.

Case 2. Now consider the case where (F) contains two Eg-subgraph without common edges.
Let the pairs of edges {e1,e2} and {g1, g2} induce Zy-subgraphs.

Estimate the number of nonempty continuable sets. Let ' C E’ be a nonempty continuable set,
F. = Fn{e1,e2}, Fy = FN{g1,92}, and let F' = F'\ {e1,e2,91,92}. Note that FF = F,UF,UF’. To
obtain an upper bound, it suffices to count the number of ways to choose the sets Fe, Fy, and F’.
Note that F' C E'\ {e1,e2,91,92} and then it can be chosen in

Q\E/\{e1,62791792}| _ 954 _ 9

ways. The set F, can be either empty or one-element because, by Lemma 9, the edges e; and es
cannot be in the edge aggregate of any garland; so F, can be chosen in three ways. By analogy,
the set Fy can also be chosen in three ways. Excluding the empty set, one can conclude that
Y <2-3-3—-1=17.



54 Pavel A. Gein

Note that the set E' \ {e1} contains a Zp-subgraph and by Lemma 10, there are at most

2‘El\{61}|—1 — 24—1 — 8

interesting garlands whose edge aggregates are subsets of E' \ {e1}. Note that three one-edge of
them do not contain the edge es; consequently, es is in at most 5 interesting garlands whose edge
aggregates are subsets of E’. By analogy, there are at most 8 interesting garlands whose edge
aggregates are subsets of '\ {es}. Therefore, X <8+ 5 = 13.

Thus, by Lemma 7, the number of interesting garlands does not exceed

2:-1342-17-5-84+194+5=26+34—-404+19+5 = 44,

and the lemma is proved. O

Lemma 17. Assume that each part of K(v) contains at least three vertices and (E) does
not contain a coordinated subgraph of type K(5,1). If |E| = 7 and (E) contains at least three
Ho-subgraphs, then the number of interesting garlands does not exceed 41.

P r oo f. Assume that there exists an edge e € F that is in three Zs-subgraphs. By Lemma 3,
there exist at most 2° + 1 = 33 interesting garlands whose edge aggregates are subsets of E \ {e}.
By Lemma 12, one can deduce that e is in at most 27~* = 8 interesting garlands. Therefore, there
exist at most 33 + 8 = 41 interesting garlands.

Now assume that there exists an edge e € F that is in exactly two Eg-subgraphs. Since (FE)
does not contain a coordinated subgraph of type K (5,1), by Lemma 12, one can deduce that e is
in at most 2773 — 742 + 2 = 13 interesting garlands. The graph (E \ {e}) contains a Z3-subgraph
and does not contain a coordinated subgraph of type K (5,1). Thus, by Lemma 13, there exist at
most 2° — 6 + 1 = 28 interesting garlands whose edge aggregates are subsets of E \ {e}. Therefore,
there exist at most 13 + 28 = 41 interesting garlands.

It remains to consider the case when every edge is in at most one Zs-subgraph. Let pairs of
edges {e1,ea},{f1, f2}, and {g1, 92} induce three different Z-subgraphs. Denote the single left
edge by h. By Lemma 13, there exist at most 2° — 3 -6 4+ 6 = 20 interesting garlands whose edge
aggregates are subsets of F \ {e1}.

Estimate the number of interesting garlands that contain the edge e;. Let H be the edge
aggregate of such a garland. Define H' = HN{h}, Hf = HN{f1, f2}, and H; = H N {g1,92} and
note that H = {e} UH' U Hy U Hg. Note also that H' is empty or equal to {h}. The set Hy can
be chosen in three ways (because the edges fi and fo cannot be in the same garland). By analogy,
the set H, can be chosen in three ways. Therefore, the set H can be chosen in at most 2-3-3 = 18
ways. Therefore, e is in at most 18 interesting garlands, the total number of interesting garlands
does not exceed 20 + 16 = 36, and the lemma is proved. ]

Lemma 18. Assume that each part of K(v) contains at least three vertices, |E| = 7, and
(E) does not contain a coordinated subgraph of type K(4,1). If every edge is in at most three
Eg-subgraphs and (E) contains at least four Eo-subgraphs, then the number of interesting garlands
does not exceed 34.

P roof. Assume that any edge is not in two Zo-subgraphs. Then

E 7
§2<%:§<47

a contradiction. Consequently, there exists an edge that is in at least two Z9-subgraphs.
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Case 1. Assume that there exist an edge e that is in three Zy-subgraphs. By Lemma 12, there
exist at most 267371 4+ 1 — 3 = 6 interesting garlands such that e is in them. Also, by Lemma 11,
there are at most 28 interesting garlands whose edge aggregates are subsets of E'\ {e}. Therefore,
there exist at most 28 + 6 = 34 interesting garlands.

Case 2. Assume that every edge is in at most two Zo-subgraphs. Consider an edge e that is in
exactly two Za-subgraphs. Let edges fi; and f be such that the pairs of edges {e, f1} and {e, f2}
induce Za-subgraphs.

Case 2.1. Assume that E\{f1, fo} contains a Z3-subgraph. By Lemma 11, there exists at most
24 — 541 = 12 interesting garlands whose edge aggregates are subsets of E \ {f1, fo}. Note that
four one-edge garlands from them do not contain the edge e. Therefore, e is at most in 12 —4 =8
interesting garlands. The set E'\ {e} contains at least two Zg-subgraphs and, by Lemma 13, there
exist at most

max(2072 + 2073 — 6 45,2671 — 3.6 4 6) = max(2* + 2% — 1,2° — 18 + 6) = max(23,20) = 23

interesting garlands whose edge aggregates are subsets of E \ {e}.

Case 2.2. Assume that E \ {f1, fo} does not contain a Eg-subgraph. By Lemma 12, the edge
e is in at most 13 interesting garlands.

Case 2.2.1. Assume that F \ {e} contains two Zg-subgraphs without common edges. In this
case, by Lemma 13, there exist at most 261 — 3.6 + 6 = 20 interesting garlands whose edge
aggregates are subsets of E'\ {e}. Therefore, there exists at most 20+ 13 = 33 interesting garlands.

Case 2.2.2. It remains to consider the case when there exists an edge h € E \ {e} that is in
two Zg-subgraphs. Since every Zs-subgraph contains f; or fo (otherwise, E \ {f1, fo} contains a
Eg-subgraph), the pairs of edges {e, f1}, {e, f2}, {h, f1}, and {h, fo} induce Eg-subgraphs. This
means that the edge aggregate of any garland is a subset of E \ {f1, fo} or E'\ {e,h}. Applying
Lemma 3 to each of them, one can conclude that there exist at most 17 interesting garlands whose
edge aggregates are subsets of each of them. Since three one-edge garlands were counted twice,
the total number of interesting garlands does not exceed 174+17—3 = 31, and the lemma is proved. []

6. Proof of Theorem 1

The main goal of this section is to prove that a graph K (nj,ng,n3) is chromatically unique if
np=ng>n3=>2 ny—ng=>5 and ny+ny+ng=2 (mod 3).

The bottom levels of the lattice NPL(n,3) in the case n = 2 (mod 3) are shown in Fig. 5. The
label above the covering relation shows how the number of edges changes, and the label under the
covering relation shows how the invariant pt changes. To prove the theorem, it suffices to verify that
the graph K(q+3,q+1,q—2) is chromatically unique for ¢ > 4 and the graph K(q+4,q—1,¢q—1)
is chromatically unique for ¢ > 3.

Proposition 1. The graph K(q+ 3,9+ 1,q — 2) is chromatically unique for g > 4.
Proof. By contradiction, assume that the graph K(u) = K(¢ + 3,9 + 1, — 2) is not

chromatically unique. This means that there exists a graph H such that the graphs K (u) and H
are chromatically equivalent. Let H be a graph obtained from the graph K (v) by removing some
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bg =(¢g+3,9q+1,q—2) by =(qg+4,9g—1,9q—-1)

bg =(q+2,9+2,9—2) by = (¢ +3,9,9—1)

by =(¢+1,9+1,9)

Figure 5. The bottom levels of the lattice NPL(n,3) in the case n =2 (mod 3)

set of edges E. Consider the graph K(v). Note that the cases K(v) = K(q¢ + 2,q + 2,q — 2),
K(v)=K(q+3,9,q—1), and K(v) = K(q¢+ 2,9+ 1,q — 1) are impossible by Lemma 1.

Case 1. Assume that K(v) = K(q+2,q,q) and note that, in this case, |E| = 5. Calculate the
difference of the invariant pt:

Apt(H, K (v)) = A(K (u), K(v)) =29 472973 42072 = 17. 2073,
By Lemma 2, one can deduce that
17-2973 < 2° — 1 =31,
which implies ¢ < 3, a contradiction.

Case 2. Assume that K(v) = K(¢+1,¢+1,¢q). Note that, in this case, |E| = 6. Calculate the
difference of the invariant pt:

Apt(H, K(v)) = A(K (u), K (v)) =29 4 7-2973 42072 4 2971 — 912473,
By Lemma 2, one can deduce that
212973 <25 — 1 =63,

which implies ¢ < 4; so it suffices to check the case ¢ = 4. In this case, K(v) = K(5,5,4) and
Apt(H, K(v)) = 42. Note that, in this case, E does not induce a coordinated subgraph of type
K (5,1) because such a subgraph is a one-element garland that destroys one part, a contradiction.
Thus, by Lemma 3, one can obtain that there are at most 2% 4+ 1 = 33 interesting garlands, which
contradicts Apt(H, K (v)) = 42, and the proposition is proved. O

To prove the chromatic uniqueness of the graph K (¢ + 4,9 —1,q — 1), we need the following
two statements.
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Lemma 19. Let E be a subset of edges of some complete tripartite graph K(v). If any two
triangles from (E) have a common edge, then there exists an edge that is in all triangles from (E).

Before proving this lemma, note that the condition on the graph K(v) to be tripartite is
necessary. Four triangles, any two of which have a common edge but no edge is common for all of
them, are shown in Fig. 6.

Figure 6. Four triangles, any two of which have a common edge but no edge is common for all of them.

Proof. Let A; and Ag be two triangles from (E) that have a common edge. Let x,y;, and z
be vertices of the triangle A; and let x,y2, and z be vertices of the triangle As. Let us prove that
if a triangle A from (F) have a common edge with the triangles Ay and Ag, then xz € A.

By contradiction, assume that xz ¢ A. The triangles Ay and A have a common edge, without
loss of generality, let it be the edge y12. Denote by 2’ the third vertex of A; and note that the
vertices x and 2’ are in the same part of K(v) because K (v) is a tripartite graph. Note that, in
this case, the edge set of Ay is {z'y1,2'21,y122} and it has an empty intersection with the edge set
of Ay (see Fig. 7). O

Figure 7. Three triangles in the tripartite graph that do not have a common edge

Proposition 2. If a graph H is obtained by removing the edge set E from the graph K (4,4,3),
then the graphs H and K(7,2,2) are not chromatically equivalent.

Proof. Thegraph K(7,2,2) has 7-2+7-24 2.2 = 32 edges and the graph K (4,4, 3) has
4-4+4-3+4+4-3 =40 edges; consequently, |E| =40 — 32 = 8.
Calculate the difference of the invariant I3:

I3(K(7,2,2) =7-2-2 =28,

(
I3(K(4,4,3)) =4-4-3 =48,
20 = AI3(K(4,4,3), K(7,2,2)) = Al3(K(4,4,3), H) = & — & — 26s,

&1 = 3e1a + 4eys + degs = 4|E| — eqa,
20 =32 —ejp2 — & — 2&3,
&o + 283 +e1p = 12.

Note that every edge is in at most four =9-subgraphs.
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The inequality e < 8 implies &3 + 23 > 4. Note that £ € E;; for all nonequal ¢ and j from
1 to 3 because, otherwise, £, = & = 0, a contradiction. Assume that e;; = |E| — 1 for some i
and j. In this case, {3 = 0 and & > 5. Denote the single edge from E \ E;; by f. Note that all
Ho-subgraphs must contain f; therefore, & < 4, a contradiction.

Calculate the difference of the invariant pt:

pt(K(7,2,2)) =20 + 2" + 2! — 3 =65,
pt(K(4,4,3)) =23 +23 +22 —3=17,
Apt(H, K (4,4,3)) = Apt(K(7,2,2), K (4,4,3)) = 65 — 17 = 48.

Note that (E) does not contain a coordinated subgraph of type K(4,1) because, otherwise,
such a subgraph forms a one-element garland that destroys one part, a contradiction.

Case 1. Assume that &3 = 0.

Case 1.1. Assume that ejo = 6. In this case, & = 6.

Let edges f and g be not in F15. Without loss of generality, assume that f € Fos.

Note that any edge from E except for f and g is not adjacent to any vertex from the part V3.
Since |V3| = 3, there exists a vertex in V3 not incident to any edge from E. Consequently, any
garland cannot destroy the part V.

By Lemma 3, there exist at most 2° + 1 = 33 interesting garlands whose edge aggregates are
subsets of Fjs; so it suffices to prove that the number of interesting garlands G such that f € E(G)
or g € E(G) does not exceed 12 because, in this case, the total number of interesting garlands does
not exceed 33 + 12 = 45 < 48.

Case 1.1.1. Assume that edges f and g induce a Zs-subgraph. Then there exist no garland G
such that f € E(G) and g € E(G). Note also that, since every edge is in at most four Zp-subgraphs
and every =o-subgraph contains f or g, each of the edges f and g is in at least three =Zs-subgraphs.

Note that if f is in a garland G such that |[E(G)| > 1, then |G| > 1; hence, G must destroy
some part. It cannot destroy the part Vi, so it must destroy V; or Va; in both cases, |E(G)| > 4.
Note that there exist at least two edges from Fpo such that f induces a Zs-subgraph with each of
them. This means that there exist at most four edges h € FEjs such that f and h can be in the
edge aggregate of G. Note also that E(G) must contain at least three edges from Ej9, and these
three edges can be chosen in (g) = 4 ways. Therefore, f is in at most five interesting garlands. By
analogy, g is in at most five interesting garlands, and the proof is complete in this case.

Case 1.1.2. Assume that edges f and g induce a coordinated subgraph of type K(2,1). Note
that, in this case, each of the edges f and g is in exactly three different =9-subgraphs. Note that
if fis in a garland G that contains more than one element, then G must destroy some part. Since
it cannot destroy V3, it must destroy V; or Va; in both cases |E(G)| > 4.

Let F' C F15. Note that the following three statements are equivalent for the set F'.

(1) The set F'U{f} induces an interesting garland.
(2) The set F'U{g} induces an interesting garland.
(3) The set F'U{f, g} induces an interesting garland.

The equivalence of these three statements follows from the following two observations. First, if
f is in some garland G, then {f} forms an E-subgraph from G; and the same statement holds for
{g} and {g, f}. Therefore, the sets FU{f}, FU{g}, and FU{f, g} induce a garland simultaneously.
Second, denote by V; the vertex set of (F'U {f}), by V; the vertex set of (F'U {g}), and by V;
the vertex set of (F'U {g, f}). Note that Vy N (Vi UV,) =V, N (V1 UVa) = V,p N (Vi UVa). This
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means that the sets F U {f}, FU{g}, and F U {f,g} destroy the parts V; or V5 simultaneously.
Consequently, all of them induce interesting garlands or none of them does.

Note also that F' is chosen from a three-element set formed by edges h € Ei5 such that the
edges h and f do not induce a Zs-subgraph. Consequently, the set F' can be chosen in at most
one way. Therefore, there exist at most 3 - 1 = 3 interesting garlands G such that f € E(G) or
g € E(G), and the prove is complete in this case.

Case 1.1.3. Assume that edges f and g do not induce a coordinated subgraph of type K(2,1)
and do not induce a =9-subgraph.

Note that, in this case, each of the edges f and g is in exactly three Zo-subgraphs. Note that if
f is in a one-element garland G, then G is a one-edge garland. Note also that if f is in a garland
G that has more than one element, then G must destroy V; or Vs, and then |E(G)| > 4. Since f is
in three Eg-subgraphs, the set E(G)\ {f} is chosen from a five-element set of edges. Consequently,

f is in at most
4 4
=4+1=5
(o) + () =+

interesting garlands that contain more than one element. Therefore, f is in at most six interesting
garlands. By analogy, the edge ¢ is in at most six interesting garlands. Therefore, the number of
interesting garlands whose edge aggregates contain f or g does not exceed 12, and the lemma is
proved in Case 1.1.

Case 1.2. Assume that ejo < 5. In this case, & < 5.

Case 1.2.1. Assume that there exists an edge f € F that is in four Zo-subgraphs. Thus, by
Lemma 12, it is in at most 287471 — 8 4- 6 = 6 interesting garlands. Note that the set £\ {f}
contains at least three Zs-subgraphs and then, by Lemma 17, there exist at most 41 interesting
garlands whose edge aggregates are subsets of E'\ {f}. Consequently, there are at most 6+41 = 47
interesting garlands, a contradiction with Apt(H, K (v)) = 48.

Case 1.2.2. Assume that there exists an edge f € F which is in exactly three Zs-subgraphs.
Thus, by Lemma 12, it is in at most 287371 — 8 + 5 = 13 interesting garlands. Note that E \ {f}
contains at least four Zo-subgraphs; so, by Lemma 18, there exist at most 34 interesting garlands
whose edge aggregates are subsets of E'\ {f}. Therefore, there exist at most 13+34 = 47 interesting
garlands, a contradiction with Apt(H, K (v)) = 48.

Case 1.2.3. It remains to consider the case when every edge from F is in at most two
Zo-subgraphs. Note that, since every Zs-subgraph contains two edges, & < 8. If ejo = 5, then
every Zg-subgraph must contain at least one of three edges from E’ = E'\ Eq5. Consequently, some
edge from E’ must be in three Zo-subgraphs, a contradiction. Therefore, e;o < 5 and then & > 8.
Thus, & = 8 and ej2. Note that, in this case, every edge is in exactly two Zs-subgraphs. Since
e12 = 4 and Zo-subgraph cannot contain both edges from Fio, every Ea-subgraph contain an edge
from FE1s.

Let F' be the edge aggregate of some garland. Note that F' does not contain edges of any
Eg-subgraph. Consequently, every Zp-subgraph contains at least one edge from E \ F'. Since every
edge is in at most two Ea-subgraphs, 8 = & < 2|E\ F|, which implies |E'\ F'| > 4, and then |F| < 4.

Assume that there exists a four-edge garland. Denote its edge aggregate by F' and define
F' = E\ F. Since |F'| = 4, there exists at most one four-edge garland whose edge aggregate is
a subset of F’. Note that every Zs-subgraph contains one edge from F and one edge from F’.
Estimate the number of four-edge garlands whose edge aggregates contain an edge from F and
an edge from F’. Assume that such a garland exists. Denote its edge aggregate by F. Define
F = {f1, f2, f3, fa} and F' = {fl, 5, f5, fi}. Let fi € F and f]| € F. Without loss of generality,
assume that the pairs of edges {f1, f3}, {f1, f4}. {f1, fo}, and {f], f3} induce ZEs-subgraphs. Then
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f1 € F. This means that every edge from F is in at most one such four-edge garland and each such
garland must contain exactly two edges from F'; so the number of such garlands does not exceed
|F|/2 = 2. Therefore, the number of four-edge garlands does not exceed 4.

Since (F) does not contain a triangle, an interesting three-edge garland must be of type K (3,1)
or K(2,1)UK(1,1). Since e;2 = 4, the inequality e;; < 4 holds for all ¢ and j. Note that all three
edges of a garland of type K(3,1) must be in F;; for some i and j. Since () does not contain a
coordinated subgraph of type K (4, 1), any two garlands of type K (3,1) cannot contain more than
one common edge. Therefore, there exist at most two such garlands.

An interesting garland of type K (2,1)UK(1,1) must destroy some part of K (v). Since it can
destroy only a part that contains three vertices, it must destroy V3. Consequently, each vertex
of V3 must be incident to some edge from this garland. Therefore, its edge aggregate must be a
three-element subset of '\ E1a. Since |E \ Ej2| = 4, such a subset can be chosen in (g) = 4 ways;
so the number of such garlands does not exceed 4.

Thus, there exist 8 one-edge garlands, at most

(-

interesting two-edge garlands, at most 4 + 2 = 6 interesting garlands, and at most 4 four-edge
interesting garlands. Therefore, there exist at most

8+28+6+4 =46 <48

interesting garlands. The proof is complete in Case 1.
Case 2. Assume that &5 = 1.

Case 2.1. Assume that ej3 = 6. Then & = 4 and |Ea3| = |F13] = 1. Denote the single edge
from Fs3 by e and the single edge from Fi3 by f. Note that every Zs-subgraph contains the edge
e or f. If e is in three Zy-subgraphs, then (E) contains a coordinated subgraph of type K(4,1), a
contradiction. By analogy, f is in at most two Z3-subgraphs. This means that 7 edges from |E)|
form a configuration shown in Fig. 8.

Figure 8. The case e12 =6 and &3 =1

Note that any garland cannot destroy the part Vs.

Assume that e and f are in some garland G that contains more than one element. Note
that ¢ € E(G) and hy, ho, hs, hy ¢ E(G) because, otherwise, (E) contains at least two triangles.
Consequently, |[E(G)| < 4 and |[V(G) NV;| < 2 for all i = 1,2,3. Therefore, G cannot destroy any
part, a contradiction. Thus, if e and f are in a garland G, then |G| = 1. Note that there exists
only one such garland, which is a triangle.

Note that e is not in any coordinated subgraph of type K(2,1). This means that there are
only two one-element garlands whose edge aggregates contain e: a triangle and a one-edge garland.
Assume that e is in some garland G that contains more than one element and f ¢ E(G). Since
G must destroy some part and cannot destroy Vs, it destroys Vi or Va; hence, |E(G)| > 4. Note
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that f,g,h1,he € E(G), which implies E(G) = E \ {f,g,h1,h2}. Therefore, e is in at most one
interesting garland that contains more than one element and does not contain f. By analogy, f
is in at most one interesting garland that contains more than one element and does not contain e.
Therefore, there exist at most 5 interesting garlands that contain e or f.

By Lemma 3, there exist at most 33 interesting garlands whose edge aggregates are sub-

sets of Fqo. Therefore, there exist at most 33 + 5 = 38 interesting garlands, which contradicts
Apt(H, K(v)) = 48.

Case 2.2. Assume that e;2 < 5. In this case, & > 5. Note that any edge from the triangle
cannot be in more than three Z-subgraphs.

Assume that some edge e from the triangle is in three Z,-subgraphs. By Lemma 14, one can
deduce that e is in at most 287273 — 8 + 3 + 3 = 6 interesting garlands. Since (F \ {e}) contains
at least three =9-subgraphs, by Lemma 17, there exist at most 41 interesting garlands whose edge
aggregates are subsets of E'\ {e}. Therefore, there exist at most 41 + 6 = 47 interesting garlands,
a contradiction.

Assume that some edge e from the triangle is in two Za-subgraphs. By Lemma 14, one can
deduce that e is in at most 287272 — 8 4+ 2 + 3 = 13 interesting garlands. Since (E \ {e}) contains
at least three =9-subgraphs, by Lemma 18, there exist at most 34 interesting garlands whose edge
aggregates are subsets of E'\ {e}. Therefore, there exist at most 13 + 34 = 47 interesting garlands,
a contradiction.

By Lemma 16, there exists at most one =Zs-subgraph such that both its edges are not in the
triangle. Taking into account that each edge of the triangle is in at most one =Z9-subgraph, one can
deduce that &, < 34+ 1 =4 < 5, a contradiction.

Case 3. Consider the case £3 > 2.

If (F) contains two triangles without common edges, then, by Lemma 8, the number of inter-
esting garlands does not exceed 26 — 12 -8 4+ 58 = 26 < 48, a contradiction. Consequently, any two
triangles from (F) have a common edge and, by Lemma 19, there exists an edge e that is in all
triangles. This implies {3 < 3. Define E' = E'\ {e}.

Note that there exist at most two Zs-subgraph that do not contain the edge e. Indeed, any
such Zs-subgraph does not contain any edge from any triangle. Therefore, if there are at least three
such subgraphs, then some two of them do not contain edges from the same triangle and, in this
case, by Lemma 16, the number of interesting garlands does not exceed 46.

Let e be in k different =Z9-subgraphs. Note that k < 2. Since e is in &3 triangles, there exist &3
pairs of edges {h, f} such that h and f induce a Z-subgraph in (E’) (such pairs can be generated
by removing the edge e from a triangle from (F)). Therefore, (E’) contains at least

So+&—k=12—e13—-25+&—2=12—k—e12— & =&

different =9-subgraphs. Note that if ejo = 5, then &3 < 2; if ejo < 4, then &3 < 3. In both cases,
e12 + &3 < 7 and this implies & > 12—k —-7=5 — k.

Case 3.1. Assume that k = 2. By Lemma 15, the edge e is in at most 227> —3-84+6+15=15
interesting garlands. The graph (E’) contains at least 3 different Z5-subgraphs, therefore, by
Lemma 17, there exist at most 41 interesting garlands whose edge aggregates are subsets of F’.
Thus, there exist at most 41 + 5 = 46 < 48 interesting garlands, a contradiction.

Case 3.2. Assume that k = 1. By Lemma 15, the edge e is in at most 2874 — 3.8+ 3 4+ 15 = 10
interesting garlands. The subgraph (E’) contains at least four Zs-subgraphs, therefore, by
Lemma 18, there exist at most 34 interesting garlands whose edge aggregates are subsets of F’.
Thus, the number of interesting garlands does not exceed 10 + 34 = 44 < 48, a contradiction.
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Case 3.3. It remains to consider the case when the edge e is not in any Zs-subgraph. Note
that, in this case, & < 2.

If e;9 =5,then {3 =2 and £&=12—-2-2 -5 =3 > 2, a contradiction.

If e19 < 3, then &3 < 3 and & = 12 — (e12 + 2€3) > 12 — 9 = 3 > 2, a contradiction.

Thus, it suffices to consider the case when ejo = 4. In this case, £&3 = 3 and & = 2. Consider
the single edge that is not in any triangle. Note that this edge must be in two Za-subgraphs, which
is impossible. O

Now we are ready to prove the chromatic uniqueness of the graph K(q+ 4,9 — 1, —1).
Proposition 3. The graph K(q+4,q — 1,q — 1) is chromatically unique for q > 3.

Proof. By contradiction, assume that the graph K(u) = K(q + 4, — 1,¢ — 1) is not
chromatically unique. This means that there exists a graph H such that the graphs K(u) and H
are chromatically equivalent. Let H be a graph obtained from the graph K (v) by removing some
edge set E. Consider the graph K(v). Note that the case K(v) = K(q+ 3,q,q — 1) is impossible
by Lemma 1.

Case 1. Assume that K(v) = K(¢+ 3,9 + 1,q — 2) and note that, in this case, |E| = 2.
Calculate the difference of the invariant pt:

Apt(H, K (v)) = Apt(K (u), K(v)) = 15-297% - 3.2073 = 27. 2173,

By Lemma 2, one can deduce that 27 - 2973 < 22 — 1 = 3, which implies ¢ < 2, a contradiction.

Case 2. Assume that K(v) = K(¢+ 2,9 + 2,9 — 2) and note that, in this case, |E| = 3.
Calculate the difference of the invariant pt:

Apt(H, K (v)) = Apt(K (u), K (v)) = 15-2972 —3.2973 4 29 = 35. 2073,

By Lemma 2, one can deduce that 332973 < 23 — 1 = 7, which implies ¢ < 2, a contradiction.

Case 3. Assume that K(v) = K(¢+ 2,¢ + 1,9 — 1) and note that, in this case, |E| = 6.
Calculate the difference of the invariant pt:

Apt(H, K (v)) = Apt(K (u), K(v)) = 152972 + 3. 2071 =21 . 2072,

By Lemma 2, one can deduce that 21 - 2972 < 26 — 1 = 63, which implies ¢ < 3, so it suffices
to consider the case ¢ = 3. In this case, K(v) = K(5,4,2) and A(H,K(v)) = 42. Calculate the
difference of the invariant I3:

Al3(K(v), K(u)) = 6(q — 1),
AI(K(v), H) = & — &2 — 263,
& =(qg—1)eiz+ (g+ ez + (g + 2)eas = (¢ — 1)| E| + 2e13 + 3eas,
§2 + 283 = 2e13 + 3eas.

If e13 = €93 = 0, then E = FEj5 and each active part of K(v) contains at least four vertices.
Therefore, by Lemma 3, there exist at most 33 interesting garlands, a contradiction. Thus, it
suffices to consider the cases when ej3 > 0 or eg3 > 0. In both cases, & + 263 > 2.

Case 3.1. Assume that {35 > 0 and edges e, e2,e3 € E induce a triangle. Consider an arbitrary
garland G and define F' = E(G)N{e1, e2,e3}. Since F' can be one of five sets (empty, one-element
or equal to {ey,es,e3}), there exist at most 52073 — 1 = 39 < 42, a contradiction.
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Case 3.2. Now assume that {5 = 0. This implies & > 2.

Case 3.2.1. Assume that there exists an edge e that is in two Zg-subgraphs. Let f and
g be edges such that {e,g} and {e, f} induce Zy-subgraphs. Let G be a garland. Define F' =
E(G)Nn{e,g, f}. Since E’ can be one of five sets (empty, three one-element sets, and {g, f}), the
number of garlands does not exceed 5 - 2673 = 40 < 42, a contradiction.

Case 3.2.2. Now assume that there exist two Zo-subgraphs without common edges. Let
e1, e, f1, and fy be edges from E such that {e,es} and {f1, fo} induce Eg-subgraphs. Let G be a
garland. Define E, = E(G) N{e1,e2}, Ef = E(G)N{f1, f2}, and E' = E(G) \ {e1, e2, f1, f2}. Note
that E(G) = E. UE;UE’. Since E, can be chosen in three ways, Ef can be chosen in three ways,
and E’ can be chosen in 22 = 4 ways, the number of garlands does not exceed 3-3-4 = 36 < 42, a
contradiction.

Case 4. Assume that K(v) = K(q+2,q,q) and note that, in this case, |E| = 7. Calculate the
difference of the invariant pt:

Apt(H, K (v)) = Apt(K (u), K (v)) = 152972 4 3. 2071 4 2972 — 92. 9972,

By Lemma 2, one can deduce that 22-2972 < 27 —1 = 127, which implies ¢ < 4. So it suffices to
consider the cases when ¢ =4 or ¢ = 3. If ¢ = 4, then K(v) = K(6,4,4) and Apt(H, K(v)) = 88.
By Lemma 3, the number of interesting garlands does not exceed 26+ 1 = 65 < 88, a contradiction.
Thus, it suffices to consider the case ¢ = 3. In this case, K (v) = K(5,3,3) and Apt(H, K (v)) = 44.
Note that (E) does not contain a coordinated subgraph of type K (5,1).

Calculate the difference of the invariant I3:

Al3(K(v), K(u)) = 7q — 4,
AL (K(v),H) =& — & — 263,
§1 = qerz + qe13 + (¢ + 2)eas = q|E| + 2ea3,
§2 + 283 = 2e93 + 4.

If &3 > 0, then, by Lemma 6, the number of interesting garlands does not exceed
2542 —3.7413=32+16—21+ 13 =40 < 44,

a contradiction. Therefore, &3 = 0, which implies £&s = 2e23 + 4 > 4. By Lemma 17, the number of
interesting garlands does not exceed 41, a contradiction.

Case 5. Assume that K(v) = K(q+1,¢+ 1,q) and note that, in this case, |F| = 8. Calculate
the difference of the invariant pt:

Apt(H, K (v)) = Apt(K (u), K(v)) = 15-2972 4 3.2071 1 2072  90=1 — 949472,

Using Lemma 2, one can deduce that 24-2971 < 28 — 1 = 255, which implies ¢ < 6; so it suffices
to consider the cases when ¢ =5, ¢ = 4, or ¢ = 3. The case ¢ = 3 is impossible by Proposition 2.

If ¢ = 5, then K(v) = K(6,6,5) and Apt(H,K(v)) = 192. Since (E) dos not contain a
coordinated subgraph of type K (8,1), by Lemma 3, the number of interesting garlands does not
exceed 27 +1 = 129 < 192, a contradiction.

It remains to prove the proposition in the case ¢ = 4. In this case, K(v) = K(5,5,4) and
Apt(H, K (v)) = 96.
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Calculate the difference of the invariant I3:

Al (K(v), K(u)) = 8q — 4,
AL (K(v), H) = & — &2 — 263,
§1=qe1za + (¢ + ez + (¢ + D)eag = (¢ + 1)|E| — ez,
8¢—4=8(g+1)—ex— & — 23,
12 = & + 283 + eqo.

If &3 > 0, then, by Lemma 6, the number of interesting garlands does not exceed
20 +2° - 3.8+ 13 =85 < 96,

a contradiction. Thus, & = 0, which implies & + e;5 = 12. Note that e;s < 8. If ejo = 8, then
E = Ei5, which implies & = 0, a contradiction. Thus, ejo < 7 and & > 5.

If there exist an edge e that is in at least two Za-subgraphs, then, since (F) does not contain
a coordinated subgraph of K(6,1), by Lemma 12, the edge e is in at most 25 — 8 +2 + 2 = 28
interesting garlands. By Lemma 3, the number of interesting garlands whose edge are subsets of
E\ {e} does not exceed 26 4+ 1 = 65, so the total number of interesting garlands does not exceed
65 + 28 = 93 < 96, a contradiction. Therefore, every edge is in at most one Zs-subgraphs, which
implies & < 4, a contradiction. O

The proof of the theorem follows from Propositions 1 and 3.

7. Conclusion

In this paper, the chromatic uniqueness of a complete tripartite graph K (nq,ng,ns) is proved
for ny = ne > 3 > 2 and n; — ng < 5. Also, some properties of the number of partitions of the
vertex set of a graph G into ¢ independent sets are established. Both problems, the chromatic
uniqueness, and properties of the invariant pt, are still challenging open problems.
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