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Abstract: The vertex distance complement (VDC) matrix C, of a connected graph G with vertex set
consisting of n vertices, is a real symmetric matrix [c;;] that takes the value n — d;; where d;; is the distance
between the vertices v; and v; of G for i # j and 0 otherwise. The vertex distance complement spectrum of the

subdivision vertex join, G1 VGQ and the subdivision edge join G1\/G2 of regular graphs G1 and G2 in terms of
the adjacency spectrum are determined in this paper. -

Keywords: Distance matrix, Vertex distance complement spectrum, Subdivision vertex join, Subdivision
edge join.

1. Introduction

Spectral graph theory deals with the study of the eigenvalues of various matrices associated
with graphs. Initially, the spectrum of the adjacency matrix of a graph was studied. Collatz and
Sinogowitz initiated the exploration of this topic in 1957 [2]. Since then spectral theory of graphs
is an active research area [1, 3].

In this paper, we consider the matrix derived from a type of distance matrix, viz., vertex distance
complement (VDC) matrix. The VDC spectra of some classes of graphs are found in [8, 9]. The
VDC matrix C of a graph G [7] is defined as follows

o n—d, %7,
0, i =7,

where d;; is the distance between the vertices v; and v; of G and n denotes the number of vertices
of G.
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The subdivision graph S(G) of a graph G is obtained by inserting a new vertex of degree two in
every edge of G. Let V(G) and I(G) denote respectively the existing vertex set and the set of the
newly introduced vertices of the subdivision graph S(G) of a graph G. The adjacency spectrum of
two joins, G \/ G2 and G1 \/ G2, based on subdivision graph was determined in [4]. The distance
spectrum of the same was calculated in [6].

Throughout this article we consider connected simple graphs of diameter at most two. We
determine the VDC spectrum of G \/ G2 and G1 \/ G2 when G; and G4 are regular graphs. The
eigenvalues of V. DC(G) are called the V DC-eigenvalues of G and they form the V. DC spectrum
of G, denoted by specypc(G). We denote J and I as the all-one matrix and identity matrix,
respectively, of appropriate orders.

The definitions of the subdivision graphs are as follows.

Definition 1 [4]. The subdivision-vertex join G \/ Gy of two vertex disjoint graphs G1 and
Go is the graph obtained from S(G1) and Go by joining each vertex of V(Gy) with every vertex
of V(G2).

Definition 2 [4]. The subdivision-edge join G1 \/ G2 of two vertex disjoint graphs G1 and
G2 is the graph obtained from S(G1) and Go by joining each vertex of 1(Gy) with every vertex
Of V(Gg)

The following results are very useful for computing the VDC spectrum.

Lemma 1 [3]. Let G be an r-regular graph with adjacency matriz A and incidence matriz R.
Let A(L(Q)) denote the adjacency matrixz of the line graph L(G) of G. Then,

RRT = A+rI, RTR=A(L(Q)) +2I.

Also,
JR=2J=R"J, JRT =rJ=RJ.

Lemma 2 [3]. Let G be r-regular (n;m) graph with spec (G) = {A1, A2, , A\n}. Then

2r — 2,
spec (L(G)) = \j+7r—2, i=23,...,n,

-2, m —n times.

Also, Z is an eigenvector corresponding to the eigenvalue -2 if and only if RZ = 0 where R is the
incidence matriz of G.

Theorem 1 (Perron—Frobenius). If all entries of an n x n matriz are positive, then it has
a unique mazximal eigenvalue. Its eigenvector has positive entries.

2. The VDC spectrum of G, \/ Gy

Theorem 2. Let G; be an r; reqular graph with n; vertices and m; edges, for i = 1,2.
If {Ni1, Ni2, ..., Ain, | denotes the adjacency spectrum corresponding to the adjacency matriz A;
of G;, the specy po(G1\/G2) consists of

(i) 2M\;+2r —n+2, for i=23,...,n1;
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(i) —n, repeated mq — 1 times;
(i) Ao —nm+2, for i=2,3,...,n9;

(iv) the 3 roots of the equation

x® — (nin — 2nq + non — 2ny + man® —4dmq +4r +r9 — 3n + 4):62
—(2n1n9n — 3ning + nymy — 2nyrin + 2nyry — nyron + 2n1re + 2n1n2
—6nin + 4nq + 2nomin — dnomq — dngrin + 8ngry + 2n2n2 — 6non + 4ny — myron
+4mqry + 2m1n2 —8min 4+ 4my — 4rirg + 8rin — 8r1 + 2ron — 219 — 3n? + 8n — 4)x
—(2n1nomy — 4nynarin + 4dnyngry + 2n1n2n2 — 3ningn — nimirs
+nimin — 2nimq + 2niriron — 2nirire — 2n1r1n2 + 6nirin — 4dnyry — n1r2n2
+2n1ron + n1n3 — 4n1n2 +4nin + 2n2m1n2 — 8nomq — 4n2r1n2 + 8ngrin + n2n3
—4n2n2 + 4dnon — m1r2n2 + 2maron + 4dmqre + m1n3 — 4m1n2 + 8mq — 4riron

+4rn? — 8rn + ron? — 2ran — nd + 4n? — 4n) =0,
where n = ny +mq + no.

P r o o f. Given that G| and G5 are regular graphs with regularity r1 and ry respectively. Let R
be the incidence matrix of G; and A(L(G1) be the adjacency matrix of the line graph of G1. The
distance matrix of a graph with diameter at most two and adjacency matrix A can be rewritten as
A+2Ao0r2(J —1I)— A5

The subdivision-vertex join G \/ G has n = nq + mq + ng vertices. With the proper labeling
of vertices, the VDC matrix of G; \/ G2 is a square matrix of order n given by

(n—2)(J—=1) (n—3)J+2R (n—1)J
C=|(n—-3)J+2RT (n—4)(J—1)+2A(L(GY)) (n—2)J
(n—1)J (n—2)J (n—2)(J —1I)+ As

Let X be an eigenvector corresponding to the eigenvalue Ai; # r1 of A;. Using Lemma 1, we note
that

A(L(G1))RTX = (\; +71 — 2)RTX.

Hence, \;; + r1 — 2 are the eigenvalues of A(L(G1)) with an eigenvector RT X.
By Perron-Frobenius theorem, X and RT X are orthogonal to the all-one vector J.
Let
X
T=|R'X
0

Then,
2\ +2r1—n+2, i=2,3,....,m
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is an eigenvalue of the VDC matrix of G \/ G5 corresponding to the eigenvector Y. This is because

(n—2)(J—1) (n—3)J+2R (n—1)J X
(n—3)J +2RT (n—4)(J — 1) +2A(L(G)) (n—2)J RTX
(n—1)J (n—2)J (n—=2)(J=1I)+ A 0
—(n—2)X +2(A; +nr1))X (2A1;+2r —n+2)X
= [2RTX — (n —4)RTX + 2A(L(G1))RTX | = | @\1i +2r1 —n+2)RTX
0 0
X
= (2X\1; +2r1 —n+2) RTX
0

By a similar reasoning, if Y is an eigenvector of A(L(G1)) corresponding to the eigenvalue
AMi+7r1—2,fori=2,3,...,n1,
RY
®=|-Y
0

is an eigenvector of VDC matrix of G \/ G9 corresponding to the eigenvalue —n. (Note that the
line graph of a regular graph is also regular).

Hence, —n is an eigenvalue of G1 \/ G2 repeated n — 1 times.

Now, —2 is an eigenvalue of A(L(Gy)) with multiplicity m; — n;. Let Z be an eigenvector
of A(L(G1)) corresponding to the eigenvalue —2. Then, by Lemma 2, RZ = 0 and by Perron—
Frobenius theorem, JZ = 0.

Let
0

Q=17
0

Then —n is an eigenvalue of the VDC matrix of G \/ G repeated my—n; times with an eigenvector
). This is because

(n—=2)(J—=1) (n—3)J+2R (n—1)J 0
(n—3)J +2RT (n—4)(J —I)+2A(L(G)) (n—2)J Z
(n—1)J (n—2)J (n—=2)(J 1)+ A 0
0 0
= |-(n—4)Z+24(L(G)Z | = | -nZ
0 0

In total, —n is an eigenvalue of G \/ G repeated mj — 1 times.
Now, let A\o; # ro be an eigenvalue of G5 with an eigenvector W. Since G5 is regular, JW = 0.

Hence
0

=10
w

is an eigenvector of the VDC matrix of G \/ (G5 corresponding to the eigenvalue Ay; — n + 2, for
1 =2,3,...n9. Thus, we have obtained ny + m; + no — 3 eigenvalues.

The remaining three eigenvalues are to be determined. We note that all the eigenvectors
constructed so far, are orthogonal to

J 0 0
0], J and

)
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The remaining three eigenvectors are spanned by these three vectors and is of the form

aJ
0=|5J
vJ

for some (a, 8,7) # (0,0,0).
Thus, if p is an eigenvalue of the VDC matrix with an eigenvector O, then from C'O = p©, we can
see that the remaining three eigenvalues are obtained from the matrix

(n—2)(ny —1) (n —3)my + 2r; (n — 1)ng
(n—=3)n1+4 n(mi—1)—4(my —ry) (n —2)ny
(n—1)ng (n—2)my (n—=2)(ng — 1)+
Thus we determine the VDC spectrum of G \/ Gs. ]

3. The VDC spectrum of G, M Gs

In this section we present the VDC spectrum of Glng.

Theorem 3. Let G; be r; regular graph with n; vertices and m; edges, for i = 1,2.
If {1, Ni2, .., Ain, | denotes the adjacency spectrum corresponding to the adjacency matriz A;
of Gi, then, the specy pc(G1\VGa) consists of

(1) Mi+3E VO +1D)2+4(\; +71) —n, for i=2.3,...,n
(i) —n+2, repeated my —ny times;
(iii) Ao —n+2, for i=23,...,n9;
(iv) the 3 roots of the equation

x® — (nin —4nq + nan — 2ng + man — 2my + 2ry +r9 — 3n + 8)1‘2
—(2ningn — dning + nimy + 2nyrin — 6nyry — nyren + 4ngre + 2n1n2 — 12n1n + 16n4
+2nomin — 3nomq — 2norin + 4nory + 2n2n2 — 10n9n + 12n9 — 2myrin + 4mqry + 2m1n2
—6min — myron — 2rire + 4rin + 2myre + 2ron — 6r9 — 3n? + 16n — 20)x
—(2n1namy + 4ninorin — 8nynaery + 8ning + 2n17“1n2 — 8nqry — 16my
—4nomirin + 6nomiry — 3nomin — 16ng 4+ 2myriren — dmyriry — 2m1r1n2
+8mirin — 8myry — 4rire + 2n1n2n2 — 8ningn — nimiry + nimin — 2nimy
—2niriron + 6nirire + 2n17“1n2 — 10nirin + 12n17r — n1r2n2 + 6niron
+n1n3 — 8n1n2 + 20n1n + 2n2m1n2 —4dnomq — 2n2r1n2 + 8ngry + n2n3
—8n2n2 + 20n9n — m1r2n2 + 2mqron + 4dmqre + m1n3 — 4m1n2 + 8mq — 2r1ran

+2r1n% — 81 4+ ron? — 6r9n — n® + 8n% — 20n + 8ry + 16) = 0.

where n = ny + mq + ns.
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Proof. Given that G; and Gy are regular graphs with regularity r; and 7o respectively.
Let R be the incidence matrix of G;. Gy M G has n = nq + mq + ny vertices. With the proper
labeling of vertices, the VDC matrix of G M Gs of order n is given by

(n—4)(J—1I)+2A; (n—3)J+2R (n—2)J
C = (n—3)J+2RT  (n—-2)(J-1) (n—1)J
(n—2)J (n—1)J (n—=2)(J—1I)+ Ay

Let Ai; # r1 be an eigenvalue of A; with an eigenvector X. By Perron—Frobenius theorem, X is
orthogonal to the all-one vector J.
Let us test the condition under which

tX
T=|R'X
0
is an eigenvector of the given VDC matrix.

If T is an eigenvector of the VDC matrix of Gy M G5 corresponding to the eigenvalue 7, then
CYT =77 implies

(n—4)(J—-I)+24A; (n—3)J+2R (n—2)J tX tX
(n—3)J+2RT  (n—-2)(J-1) (n—1)J RTX | =n|RTX
(n—2)J (n—1)J (n—2)(J —1I)+ As 0 0
o —(n — )t + 2y + 2\ + 271 =t (3.1)
and
2t—(n—2)=n. (3.2)

Substituting the value of n from equation (3.2) in equation (3.1), we get a quadratic equation in ¢
as
t2 = (14 M)t — (Mi+71) =0

Hence

- M)+ VI 4+ Ai)? + 400 + 1)
5 .
Thus corresponding to each eigenvalue A1; # 1 of A1, we get two VDC eigenvalues n =2t + 2 —n
of G4 M G2 and hence a total of 2(n; — 1) VDC eigenvalues are obtained.
Now, —2 is an eigenvalue of A(L(G1)) with multiplicity m; — n;. Let Z be an eigenvector
of A(L(Gy)) with eigenvalue —2. Then, by Lemma 2, RZ = 0.

However,

0
O=\Z
0

is an eigenvector of the VDC matrix of G \/ G2 corresponding to the eigenvalue —n + 2.
Let Ag; # ro be an eigenvalue of G with an eigenvector W. Then,

0
=10
w

is an eigenvector of the VDC matrix of G \/ G2 corresponding to the eigenvalue Ay; —n + 2, for
1= 2,3,...77,2.
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Thus, we have obtained ni + mq + no — 3 eigenvalues.
Next, we will determine the remaining three eigenvalues. We note that all the eigenvectors
constructed are orthogonal to

J 0 0
0], J |, and 0
0 0 J

The remaining three eigenvectors are spanned by these three vectors and is of the form

aJ
0=|5J
vJ

for some («, 3,7) # (0,0,0). Thus, if p is an eigenvalue of C with an eigenvector © then from
CO = pO, we can see that the remaining three eigenvalues are obtained from the matrix

(n—4)(n1 —1)+2r1 (n—3)mi +2r (n — 2)ng
(n—3)n; +4 (n—2)(my —1) (n — 1)ng
(n—2)ny (n—1)my (n—2)(ng—1)+ry

4. Conclusion

In this paper we have computed the Vertex Distance Complement Spectrum of Subdivision
Vertex Join, G \/ G2, and Subdivision Edge Join, G; \/ G2 of regular graphs G; and G3. The
work can be extended to graphs with diameter greater than two, graphs that are not regular etc.
It is worth exploring the nature of the spectrum of graphs with arbitrary subdivisions.
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