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Abstract: The paper presents new solutions to two classical problems of approximation theory. The first
problem is to find the polynomial that deviates least from zero on an ellipse. The second one is to find the
exact upper bound of the uniform norm on an ellipse with foci &1 of the derivative of an algebraic polynomial
with real coefficients normalized on the segment [—1,1].
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Introduction

Denote by P} the set of algebraic polynomials of degree n with the unit leading coefficient:

1

p(z)=2"+cp12" +... 4+, cp€eC.

Consider the ellipse E' = {z = acost + ibsint | t € [0,27]; a > b > 0} centered at the origin. Let
lplle = max Ip(2)|. Recall that a polynomial p} € P} is called a polynomial least deviating from
ze
zero on E (in C(F)) if
. *
min = .
i Iple = llpnlle

n

V.I. Smirnov and N.A. Lebedev showed in 1964 [1, p. 331-333] that the normalized Chebyshev
polynomial of the first kind 7, is the polynomial least deviating from zero on an ellipse with foci +1.
Smirnov and Lebedev considered the ellipse as an image of a circle under the Joukowsky transform

@) = (w+1/w) /2

Thus, instead of polynomials, they studied functions of the following form defined on circles:

n(w) = Rn(w) + Vw? = 1 Qn-1(w),

where R, (w) and Q,—1(w) are polynomials of degree at most n and n — 1, respectively. We will
give another solution of this problem. Our proof is based on Kolmogorov’s theorem about the best
uniform approximation of arbitrary continuous function by generalized polynomials.

!The work was performed as a part of research conducted in the Ural Mathematical Center.
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The second problem considered in the paper is related to inequalities for derivatives of algebraic
polynomials. Let
Ey = {z=acost +bisint | t € [0,27]; a® —b* =1}

be an ellipse with foci £1, and let Pr[b_l’l] be the set of algebraic polynomials of degree n with
real coefficients and the unit uniform norm on [—1,1]. In 1986, J.H.B. Kemperman showed [3,

Theorem 1.2] that, for any p,, € IPTL,_L”,

n
Ipalle: < 55 ((a+0)" = (@ =0)") = | Tll5:-

We obtained the proof of this fact independently of Kemperman. Our idea and Kemperman’s one

are similar, but our proof is shorter and easier to understand, as we consider objects in the problem

from a slightly different point of view.

1. Polynomial that deviates least from zero on an ellipse

Let us give a solution to the problem about a polynomial p} (z) deviating least from zero on E.
We will obtain an explicit formula for p}(z), a value of its norm ||p},| g, and a recurrence relation

between py 1(2), p;(2), and p},_;(2).
Lemma 1. For any positive integer n,

n—1
(acost +ibsint)" = A, cos(nt) + iBy, sin(nt) + Z ay, cos(kt) + Py sin(kt), (1.1)
k=0

where Ay, By, o, Br € R and

aAn 1+bBy, 1 (a+b)"+ (a—0b)" B - bAn, 1+aB,1  (a+b)"—(a—0b)"

A, = = —
" 2 on ’ 2 on

P r oo f. The proof of (1.1) is by induction on n. It is clear that the statement holds for n = 1.
Assume that the statement holds for n — 1, and prove it for n. We have

(acost +ibsint)" = (acost + ibsint) - (An,l cos ((n — 1)t) 4 iBp_1sin ((n — 1)t)+
n—2
+ Z ay, cos(kt) + if sin(kt))
k=0
with real A,,_1, B,,_1, @, and Bk The imaginary unit will only appear in the products of the form
isin(0t) cos(kt) = i(sin ((k + £)t) —sin ((k — £)t)) /2.

Therefore, all the coefficients A,,, B, ax, and S in (1.1) are real.
The proof of the recurrence relations for A, and B, is straightforward. Indeed, by removing
parentheses in the product, we obtain

(acost + ibsint) - (An,l cos ((n — 1)t) + iBp_ysin ((n — 1)t)) =

Ap_1+ 0By, bA,_ B,
:anl_; nole nl;anlisin(nt)—i—...

os(nt) +
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Let us show that

(a —0b)"
on—1 ’

(a+b)"

Ay — By = W’

An+ B, = n € N. (1.2)

These equations obviously imply explicit formulas for 4,, and B,,. Equations (1.2) for n = 1 are
obvious. We now proceed by induction. Assume that the statement holds for n — 1, and prove that
it holds for n. We have

A, + B, = aAp_1+ b8, + bA,—1+aB,_1 _

2 2
1 (a+b) (a+b)"t (a+b)"
=5 ((a+b)An—1+ (a+b)Bp_1) = RN e e
Similarly, we obtain the formula for A, — B,,. O

Corollary 1. For any p € P}(C), its restriction to the ellipse E is represented as
n—1
p(z) = Ay, cos(nt) + iBy, sin(nt) + Z ay, cos(kt) + By sin(kt),
k=0
where oy, B, € C, A,, B, € R and A,, > B,.

We will not change the meaning of symbols A,, and B,,.

Lemma 2. Let o = {1,(acost +ibsint),...,(acost +ibsint)" "'}, and let ®,_1 be the set of
generalized polynomials from o with complex coefficients. Then, for f(t) = A, cos(nt) + i By, sin(nt),

i B - = Ap;
Jnff = pllewsm = IFllco 2

i.e., p(t) = 0 is the best uniform approximation for f by generalized polynomials from .

Proof. Lete= {te0,2n]: |f(t)] = ||fllcpzr = An}- Since the set of values of f is the
ellipse with the major horizontal semiaxis of length A,, and the vertical semiaxis of length B,,, we

have
€= {tk = 7k/n, k::(),...,Zn}.

By Kolmogorov’s theorem [2, Theorem 1; 8, p. 47, Theorem 1], to prove the lemma it suffices to
show that

A 13)
for any p € ®,,_1. Let us substitute f(¢) into (1.3):

§R{p(tlc)m} = An%{(_l)kp(tk)}v k=0,...,2n.

Note that, by the definition of ¢, it follows that p(t) is a trigonometric polynomial of degree n — 1.
If p(ty) vanishes at least at one point ¢, then inequality (1.3) holds.
Assume that
ngin {(—1)kp(tk)} >0, k=0,...,2n.

From our assumption, it follows that p(t) takes values of different signs at 2n + 1 points on [0, 27].
Since p(t) is a continuous function, it has at least 2n zeros on [0, 27]. But this is impossible, as any
trigonometric polynomial of degree n — 1 has at most 2(n — 1) zeros on [0, 27). Therefore,

min {(-D*p(ty)} <0, k=0,...,2n.
k

The statement is proved. O
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Theorem 1. Consider the ellipse E = {z = acost + ibsint, t € [0,27]}, a > b > 0. The
following polynomial deviates least from zero on E:

1 [n/2]

PHE) = gy 3 O = ) 5 (VR A+ - VR 2y,

(a+0)"+(a—b)"
AL
2
Pni1(2) = 200 (2) = pna (2).

where ¢*

holds:

= a*?—b?. Moreover, ||p}|lc(p) =

and the following recurrence relation

Proof. Let us show that A, cos(nt) + iB,sin(nt) is the restriction to E of an algebraic
polynomial from P}. Lemma 2 implies that this polynomial is a solution to the problem

. . An int —int iBn int —int
Ay, cos(nt) + iBy, sin(nt) = - (e + e + ET (e —e™™) =
[(cost +isint)™ + (cost —isint)"] + % [(cost +isint)" — (cost —isint)"]| =

—p)n
:( 2n) (cost—i—isint)"—i—(aQn)

1 n L .
= 2—n<[(acost + bisint) + (beost + aisint)]” + [(acost + bisint) — (beost —{—azsmt)]").

An
2

(cost —isint)" =

Since
22 = a® cos® t 4 2abicostsint — b*sin®t = b® cos> t + 2abisint cost — a®sin®t + (a* — b?),
we have
(bcost + aisint)? = 2% — (a® — b?). (1.4)
Hence,
Ay, cos(nt) + iBy, sin(nt) =
Qn{zck n—k(;2_ (42— p?)) k/2+zck n—k(_ 1)k(22_(a2_b2))k/2} _
k=0
= Y kP @ )=y Y R @ )M

0<k<n,k/2€Z 0<k<n, k/2€7Z

It is obvious that
(a+0)"+(a—b)"
n '

IpnlloE) = An =

Let us prove the recurrence relation. We have

a2—b2
(acost+ibsint) (A, cos(nt)+iB, sin(nt)) _(a7h) [Ap—1 cos (n—=1)t)+iB,_ysin ((n—1)t)] =
— adn + 0By ;_ 0By cos ((n+1)t) + bAn + aBn —; aan'sin (n+1)t)+

ad,—bB, (a®—b)A, aB,—bA, (a*>—0*)B,_1)\ . .
+< A 2bB _( b4)A 1>cos((n—1)t)+< B 2bA _( b4)B 1>zsm((n—1)t).
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It can be easily checked that the coefficients at cos ((n — 1)t) and sin ((n — 1)t) are equal to zero:

aA, —bB, B (a2 — bQ)An_l . a(aAn_l + an—l) — b(bAn_l + aBn_l) — An_l(a2 — 62) —0

2 4 4

As above, the coefficient at sin((n — 1)t) is equal to zero. The recurrence relation is proved. O

Note that p(z) = 2" for a = b = 1 and p};(z) = T,,(2)/2" ! for a = 1 and b = 0. It corresponds
to well-known results for the unit circle and the interval [—1, 1].

2. Inequality for the derivative of an algebraic polynomial
with real coefficients on an ellipse

Let us give a solution to the problem of finding the best constant M in the inequality

Iplle, < M, p, € PIHY.

Theorem 2. The following inequality holds for every polynomial p, € Pr[fl’l]:

Pl < 57 [(a+b)" = (a—b)"].

The Chebyshev polynomial of the first kind

n/2)
To(z) = S CZan2h(:2 1y = % (G+VEm+ (V2o 1)
k=0

1s extremal.

P r oo f. The proof will be divided into three steps.
(1) First, we will show that [p'(2)| < ||T},|| for every z € E; such that

|z] < {a cos(m/(2n)) + ibsin(w/(Qn)){.
Consider the trigonometric polynomial 7,(t) = p,(acost + ibsint). By the chain rule,
|70 ()] = = |pl,(2)| - | — asint +ibcost|, z=acost+ ibsint.

By Bernstein’s inequality for trigonometric polynomials [7; 8, p. 216, Theorem 1] and (1.4),

() = —— =] llpull, llpuls,
" | —asint +ibcost| ~ | —asint +ibcost| ~ |1 — 22|V/2

To estimate the numerator, we apply the well-known inequality [4, p. 240]

(a+b)" +(a = b)"
2

Inllz < . pne P

Therefore,

nllpalle, @+ b + (@ = b))

/
< :
[Pa(2)] < | —asint+ibcost| = 2| —asint+ ibcost|
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The image of the Chebyshev polynomial of the first kind 7;,(z) for z € Fj is the ellipse

{z _ (a+b)" _;_ (a—b)" cos(nt) + Z‘(a +b)" ; (a—0b)" sin(nt) | £ € [0, 27(]},

Hence,

T ()] = n {—((a +b)" + (a— b)n)/2| '_Siansiztz _—L—Z@b(iz&_;b)n —(a—b)")/2- cos(nt)| . 25)

Let z* = acos(n/(2n)) + ibsin(n/(2n)). Note that, if |z] = |acost + ibsint| < |z*|, then
liasint + beost| > |iasin(m/(2n)) + beos(m/(2n))].
Therefore, for every z € E; such that |z| < |z*|, we have

()| = et D (o= D))

= Q‘iasin(ﬂ/@n)) + bcos(w/(gn))‘ > |pp(2)].

Now it is clear that the following inequality holds for z such that |z| < |z
I (2)] < T3, -

(2) Let us obtain the estimate for z € Ej such that |z| > |z*|. The idea of the proof of this
point belongs to Erdds [5, Theorem 7].
Since a? > 1, it is clear that

T . o T 7'('
|2*| = 4 /a2 cos? — + b2sin? — > cos —.
2n 2n 2n

Further, note that cos(mw/(2n)) is the largest zero of the Chebyshev polynomial of the first kind.
Let us write the interpolation formula for p/,(z) with roots of the Chebyshev polynomial as

interpolation nodes. Denote them by z, k =1,...,n. We have
n / n / —
’p/ (Z)‘ _ Z Tn(z) pn(xk) |7 (Z) pn(xk) Z— Tk )
! = (2 — mp) T () T () |2 — g

Note that an angle between any two vectors Z — xy is acute for |z| > cos(w/(2n)). Hence, if all
the numbers p/, (zx)/T) (zx) are non-negative and have maximum moduli, then p,, maximizes this

expression over the set Pn_l’l .
By Bernstein’s inequality [7; 8, p. 216, Theorem 1],

P (2p)] < /1= af = [T, (zx)]

for any p,, € i Therefore, the following estimate is true for p,, € P and |z| > cos (m/(2n)):

pn(2)] < T () < T3 -
(3) It remains to prove that

1730z = 5@ +b)" = (a = )"
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It is known [6, p. 785, 22.12.2, 22.12.3] that

n—2
20 > Thk(z)+n, (n-1)/2€Z,

n—1
20 > Th(2), (n—1)/2 ¢ Z.

k=1,k/2¢7Z

Now it is clear that || T} |z, = |7, (a)|. Using (2.5), we see that

To@)| = T, = 55 [(a+5)" = (a=0)").

3. Remark

The inequality considered in Section 2 is related to Markov—Bernstein—type inequalities.
In 1889, A.A. Markov proved [9] that, if p,, is a polynomial of degree n, then

I ll= 1,17 < n2[|pnllj=1,1)-

Moreover, the Chebyshev polynomial of the first kind 7,, is the unique extremal polynomial.

A natural generalization of this problem is to find the best constant M in the following inequal-
ity:

1P|z < MllpallE, -

It is easy to see that, if n = 1, then T is extremal, since it deviates least from zero on FEj. It
can be shown that T is also extremal for n = 2. However, A.C. Schaeffer and G. Szegd showed
in 1941 [10, p. 223-225] that the solution to this problem for n > 5 is not always provided by the
Chebyshev polynomial of the first kind. At present, this problem has not been solved.
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