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Abstract: In this paper we establish some results relating to the growths of composition of two entire
functions with their corresponding left and right factors on the basis of their generalized order («, ) and
generalized lower order («, 8) where a and 8 are continuous non-negative functions on (—oo, +00).
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1. Introduction, definitions and notations

We denote by C the set of all finite complex numbers. Let f be an entire function defined on C.
The maximum modulus function My (r) and the maximum term gz (r) of

oo
f=2 "
n=0

on |z| = r are defined as
My =max | F)]. () = max((a,r”)

|z|=r
respectively. We use the standard notations and definitions of the theory of entire functions which
are available in [11] and [12], and therefore we do not explain those in details. For = € [0,00) and
k € N where N be the set of all positive integers, define iterations of the exponential and logarithmic
functions as

(k] k]

expl & = exp(explF=U ), loghlz =log(loghh—1 z),

with convention that
log[o} T =z, log[_” T =expz, exp[o} T =z, exp[_u x = logx.

Now considering this, let us recall that Juneja et al. [5] defined the (p,q)-th order and (p, ¢)-th
lower order of an entire function, respectively, as follows:
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Definition 1 [5]. The (p,q)-th order and (p,q)-th lower order of an entire function f are
defined as:

pPO(f) . sup log” My(r)

AP (f) _TEI-EOO inf ~ Jogld,

where p and q always denote positive integers with p > q.

Extending the notion (p,q)-th order, recently Shen et al. [6] introduced the new concept of
[p,q] — ¢ order of an entire function where p > ¢. Later on, combining the definition of (p,q)-
order and [p,q] — ¢ order, Biswas (see, e.g., [1]) redefined the (p,q)-order of an entire function
without restriction p > q.

However the above definition is very useful for measuring the growth of entire functions. If p = {
and ¢ = 1 then we write pbU(f) = pW(f) and AED(f) = AXO(F) where pO(f) and AV (f) are
respectively known as generalized order and generalized lower order of entire function f. For
details about generalized order one may see [8]. Also for p = 2 and ¢ = 1, we respectively denote
PG (f) and AZD(f) by p(f) and A(f) which are classical growth indicators such as order and
lower order of entire function f. Recently, Chyzhykov et al. [3] showed that both the definitions of
generalized order and (p, q)-order have the disadvantage that they do not cover arbitrary growth
(see [3, Example 1.4]).

Taking this into account, let L be a class of continuous non-negative on (—oo, +00) function «
such that

alx) = a(zg) >0, for z<zp with a(z)f+oc0 as z — 400

and
a((L+o(1)x) = (1 +o(1))a(x) as = — +oo.

We say that « € LY, if « € L and
alce) = (14 o(l))a(x) as zy <z — +o00

for each ¢ € (0,4+00), i.e., a is slowly increasing function. Clearly LY C L.

Further we assume that throughout the present paper «, ai, as, 8, 81 and Bs always denote
the functions belonging to L.

Considering this, the value

log M
Plap)f] = lirgigop% (a€el, BeL)

is called [7] the generalized order («, 3) of an entire function f. For details about the generalized
order (a, ) one may see [7]. During the past decades, several authors made close investigations on
the properties of entire functions related to the generalized order («, 3) in some different direction.
For the purpose of further applications, Biswas et al. [2] rewrite the definition of the generalized
order (a, ) of entire function in the following way after giving a minor modification to the original
definition (e.g. see, [7]) which considerably extend the definition of g-order of entire function
introduced by Chyzhykov et al. [3]:

Definition 2 [2]. The generalized order («,[3) and the generalized lower order (o, ) of an
entire function f are defined as:

p(a,ﬁ)[f] S B sup M
)\(a,ﬁ) [f] TEI—II—IOO inf ,8(7‘) .
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Definition 1 is a special case of Definition 2 for a(r) = log” r and 8(r) = logl® r.
Since for 0 < r < R,

py(r) < My(r) <

g (R)(cf. [10]),

it is easy to see that

Paplf] _ S0P afpy(r))

) Lf r—+oo inf  B(r) (also see [2]).

In the paper we would like to establish some newly developed results based on the comparative
growth of composite entire functions on the basis of their generalized order (a, ) and generalized
lower order (a, 3).

2. Known results
In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [4]. Let f and g are any two entire functions with g(0) = 0. Also let b satisfy
0<b<1andc(b) = (1-b)2/(4b). Then for all sufficiently large values of v, we have

Mi(e(b) Mg (br)) < Myog(r) < My(M,(r)).
In addition if b = 1/2, then for all sufficiently large values of r, the inequality is true
1 T
> — - .
= (20, 3))

Lemma 2 [9]. Let f and g be entire functions. Then for every § > 1 and 0 < r < R, we have

0 oR
lu’fog(r) < 5 — 1Mf<R—T’Mg(R))

Lemma 3 [9]. If f and g are any two entire functions. Then for all sufficiently large values

3. Main results
In this section we present the main results of the paper.
Theorem 1. Let f and g be any two entire functions such that

0< A(al,ﬁl)[f] < p(al,ﬁl)[f] < +o0, and p(ag,ﬁg)[g] > 0.

If aa (B (r)) € Ly, then we have the estimate

i sup 225 (@1 170g (B D)) - Pras,iy 8]
reeo ar (g (B (1)) " Plan,p)Lf]
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P r o of. From the definition of P(al,ﬁl)[ f], we get for all sufficiently large values of r that

a1 (g (B (1)) < (Pon o) L] + €)r (3.1)

Further in view of the first part of Lemma 3, it follows for all sufficiently large values of r that

-1 r
al(Mfog(,Bgl(T))) > (1 + 0(1))()‘(041,51)[f] - 5)51 (lu’g</82 4( )))

Since az(8;(r)) € Ly, we obtain from above for a sequence of values of r tending to infinity that

a7 (0o (57 () > (L-+ o(1))es (1 (P 00))
i 0B (@1 pea (B ) 2 (1+ 0(1) (P(aaile] — oI

v

Now combining (3.1) and above inequalities we get that

tn sup 2201 (01 1729 By ")), Pras.omls]
r—+o0 a1 (pg(By (1)) P81 L]
Hence the theorem follows. O

Theorem 2. Let f and g be any two entire functions such that

0< )‘(al,ﬁl)[f] < p(al,ﬁl)[f] < 400 and )‘(ag,ﬁg)[g] > 0.

If ag(ﬁfl(r)) € Ly, then

i @26 @1 g (55 () A
—1 = :
r—r+00 Oél(Mf(51 (7”))) p(al,ﬁl)[f]

Theorem 3. Let f and g be any two entire functions such that
0< A(alyﬁl)[f] < +oo0 and )‘(ag,ﬁg)[g] > 0.
If as(B; 1 (r)) € Lu, then

oy 20T @10 55 0))) | Nl
T—+00 al(/‘f(ﬁl_l(r))) B )‘(al,ﬁl)[f]

The proofs of Theorem 2 and Theorem 3 would run parallel to that of Theorem 1. We omit
the details.

Theorem 4. Let f and g be any two entire functions such that
0 < Aoy, ) [f]1 < prag,p)[f] < +oo and  pia, ,)[g] < +oo.
If as (B (r)) € La, then

lim Supa2(/81_1(al(ﬂfog(ﬂgl(r))))) < p(a2752)[g] )
r—+00 al(/‘f(ﬁl_l(r))) B )‘(al,ﬁl)[f]
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P roof From the definition of )‘(a1,61)[ f], we get for all sufficiently large values of r that

a1 (ps(B7 (1)) 2 Aoy ) lf] — o) (3.2)
Further taking R = 27 in Lemma 2 we obtain for all sufficiently large values of r that
a1(ppog(r)) < (1+0(1))(p(ar,61) [f]+ €)B1(1g(2r)). (3.3)

Since az(8;(r)) € Ly, we obtain from above for all sufficiently large values of r that

az (B (a1 (peg (B3 1 (1))))9) (1+ o(1)az(pg(265 (1))
i.e., an(By (r(ppog(By (1)) (1+0(1))(p(as,8,)lgl +€)r-

Now combining (3.2) and above inequalities we get that

hmsupazwfl<a1<ufog<551<r)>)>> < Ploappld]
roo ai(us(B(r)) = Moy lf]

Hence the theorem follows. O

<
<

Theorem 5. Let f and g be any two entire functions such that
0< )‘(al,ﬁl)[f] < p(alﬁl)[f] <400 and )‘(02752)[9] < +o0.
If aa (B (r)) € Ly, then we have

o 0B 01 gy (B D)) _ Mol
r—-+00 al(,uf(/@fl(r))) N )‘(al,ﬁl)[f]

Theorem 6. Let f and g be any two entire functions such that

0 < Nay g lf] < Plaw,y)lf] < +00 and  p(a,,p,)lg] < +o0.

If aa (B (r)) € Ly, then we have

liminfaQ(lBl_l(al (Mfog(ﬂgl(r))))) < '0(042,52)[9]
1 =
r—+o0 aq (Mf(ﬁl (1)) p(al,ﬁl)[f]

The proofs of Theorem 5 and Theorem 6 would run parallel to that of Theorem 4. We omit
the details.

Theorem 7. Let f, g, h and k be four entire functions such that

Mas,8) ] >0, Aoy gkl >0 and  pray,p)[9] < Maa,sa) K-
Also let C and D be any two positive constants.
(1) Any one of the following four conditions are assumed to be satisfied:
= C(exp(az(r))) and B3(r) = D exp(as(r));
= C(exp(az(r))) and B3(r) > exp(ay(r));
) > Bi1(r) and Bs(r) = D exp(ay(r));
exp(az(r)) > B1(r) and B3(r) > exp(ay(r));
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then
as(pnor (85 ' (logr)))

lim 1 =
T%Jrooal(ﬂfog(ﬁQ (10g7‘)))

(ii) Any one of the following two conditions are assumed to be satisfied:

(a) Bi(r) = Clexp(ax(r))) and as(B5 " (r)) € L
(b) Bs(r) > exp(au(r)) and as(B5 " (r)) € L

then
exp(aa (B3 (043(Mhok(5 '(logr))))))

lim =
r—-+00 Oél(Mfog(/BQ (log T)))

(#i1) Any one of the following two conditions are assumed to be satisfied:

(a) Bs(r) = Dexp(ay(r)) and az(B; ' (r)) € LY
(b) Bs(r) > exp(au(r)) and az(B; (1)) € LY

then
(uhok(ﬂ '(log 7“)))

lim = 00.

rotooexp(an(By ! (au(tgoq By ' (log 7))
(iv) If as(By1(r)) € Ly and ay(B3 (1)) € LY, then

exp(as (B3 " (as(pnon(8y (log))))))

lim = 00.

r=+ooexp(an(By ' (au (ttfog (85 ' (log1))))))

Proof. Inview of (3.3) we get for all sufficiently large values of r that

a1(ppog(By ' (logr))) < (1 + 0(1))((ay 1) [f] +€)B1(1g (265 (log 7). (3.4)

Case I. Let 51(r) = C(exp(az(r))). Then we have from (3.4) for all sufficiently large values of r
that

1(70g(B5 ' (log 7)) < C(1+0(1)) (p(ay ) [f] + ) ez s lit=), (3.5)
Case II. Let exp(aa(r)) > p1(r). Then we have from (3.4) for all sufficiently large values of r that
1 (1709 (B3 ' (108 7)) < (1 + 0(1))(p(ay 51 [f] + &)rFoD Pl ) 9159), (3.6)

Case III. Let ax(f7'(r)) € L°. Then we get from(3.4) for all sufficiently large values of r that

exp(az(By (a1 (pgog (B (log 7)))))) < w1 Preg.slo+e), (3.7)

Further it follows from Lemma 3 for all sufficiently large values r that

as(pnor(B; '(logr))) > (1+o(1))a (uh(116ﬂ (54 iogr))))

i calinar (57008 m)) = (14 o(1)) O\ 8] — ) (s (Z0E)) (g

Case IV. Let f3(r) = D exp(a4(r)). Then from (3.8) it follows for all sufficiently large values of r
that
s anet (B (108 7)) = DL + (1)) (g ] — oW a9 (39)
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Case V. Let f3(r) > exp(au(r)). Now from (3.8) it follows for all sufficiently large values of r that
a3 (tinok By (log 1)) > (14 0(1)) (Aag,g5) 1] — £)rt T Ces s k=), (3.10)
Case VI. Let ay(B5(r)) € L. Then from (3.8) we obtain for all sufficiently large values of r that

exp(aa (B (@a(nor (85 (log 7)))))) = rHo R splH=o), (3.11)

Since p(ay,,)[9] < A(as,s)[k] Wwe can choose (> 0) in such a way that

p(a2,52)[g] +e< )‘(a4,54)[k] — & (312)

Now combining (3.5) of Case I and (3.9) of Case IV it follows for all sufficiently large values of r
that
o3 (pnon (B3 L (log 1)) _ D(1+0(1)) Ay 5 [1] = £)r D tess =)

01 (p5og(B; " (log 7))~ C(1+0(1))(p(ay o) [f] + £)r T Plezsmlol+e)

So from (3.12) and above we obtain that

=

lmn i @3 Uner (O (1ogr)) _ (3.13)

r—=+00 ayg (,ufog (,82_1 (log7)))

Similarly combining (3.5) of Case I and (3.10) of Case V we get that

lim imeé?’(Mlmk”‘(ﬂzl(10g ) = 00. (3.14)

r—=+00 g (,ufog (,82_1 (logr)))

Analogously combining (3.6) of Case II and (3.9) of Case IV, we obtain that

iy @8k (By ' (logr))) (3.15)

r—+00 oyy (Mfog (52_1 (10g T)))

Likewise combining (3.6) of Case II and (3.10) of Case V it follows that

lim a3 (pnok(B; H(log 7))
r—+00 (Mfog (52_1 (log T)))

- . (3.16)

Hence the first part of the theorem follows from (3.13), (3.14), (3.15) and (3.16).
Again combining (3.5) of Case I and (3.11) of Case VI we obtain for all sufficiently large values
of r that

exp(0a (35 (s (unon (87 (108 1)) _ (1) g =2
01(1agoq (53 (108 7))) = O+ 01))(par 50 ]+ £)r D blezs) 015

So from (3.12) and above we obtain that

lim exp(au (B (s (pnok(By Hlog 1))))))

— = Q.
r——400 Ozl(,ufog(ﬁz (logr)))

Similarly combining (3.6) of Case II and (3.11) of Case VI we also get the same conclusion.
Therefore the second part of the theorem is established.
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Again combining (3.7) of Case III and (3.9) of Case IV it follows for all sufficiently large values
of r that

as(pnor (87 (log 7)) y D(1+ 0(1)) (A (ag ) [7] — e)r(1HoM) Ay 5y [F—2) (317)
exp(az (81 (a1 (geg (B (logm)))))) P+oD) (e i 1)
Now in view of (3.12) we obtain from (3.17) that
—1
lim a?:(llu’hok(ﬁ4 (lo%l’r))) - 0. (318)
rorocexp(ag (B (aa(ppog(By~ (logr))))))
Similarly combining (3.7) of Case III and (3.10) of Case V we get that
—1

r—>+ooexp(a2(ﬁ1_1(Oc1(ufog(ﬁz_1(10g )

Hence the third part of the theorem follows from (3.18) and (3.19).
Further combining (3.7) of Case III and (3.11) of Case VI we obtain for all sufficiently large
values of r that

exp(aa(Bz (a3 (pnok (B Qog r))))) N r(1+o<1>><x<a4,34>[k175>.
exp(az (B (a1 (ffog(By H(logr)))))) — #Fo(pcay,pylol+e)

Now in view of (3.12) we obtain from above that

. exp(as (B3 ' (as(pnon(8y ' (log))))))
r=tooexp(aa(By ' (a1 (tgeq(By ' (log7))))))

This proves the fourth part of the theorem. O

= Q.

This implies the following theorem.

Theorem 8. Let f and g be any two entire functions such that

p(al,ﬁl)[fog] < oo and )‘(ag,ﬁg)[g] > 0.

Then
{1 (1g0g (81 ' (log 1))}

lim =
r=0a(py (B3 (log 1)) - as (g (B (1))

P r o o f. For arbitrary positive € we have for all sufficiently large values of r that

a1 (ppog(By ' (log 7)) < (p(ay,py)[f © 9] +¢) log 7. (3.20)
Again for all sufficiently large values of r we get
a3(19(B5 ™ (108 7)) > (Afag ) [9] — €) log . (3.21)
Similarly for all sufficiently large values of r we have
(@3(pg(B57 (1)) = (g 8) 9] =€) (3.22)

From (3.20) and (3.21) we have for all sufficiently large values of r that

a1 (proq (81 ' (logr))) _ (Ptarplf o9l +¢)logr
az(pg(B3 (logr)) —  (MNag,gylgl —€)logr
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As ¢ > 0 is arbitrary we obtain from above that
—1
0 1 a o
hm Supal(luf g(/8_11 ( Og 74))) S p( 1751)[f g] . (323)
ro+oo as(ig(By ' (10g7))) T Aag,)19]
Again from (3.20) and (3.22) we get for all sufficiently large values of r that
(g (B (1087))) _ (pray sl 091 +2) logr
a3(ﬂg(555_1(r))) B ()‘(043753)[9] —e)r
Since € > 0 is arbitrary it follows from above that
-1
o 1
im al(lu’f 9(5171( Og’l"))) — (324)
rteo (g (By ()
Thus the theorem follows from (3.23) and (3.24). O

Remark 1. Theorem 1 to Theorem 8 can also be deduced in terms of maximum modulus of

entire functions with the help of Lemma 1.
Theorem 9. Let f and g be any two entire functions such that
'0(042,52)[9] < A(alyﬁl)[f] < p(al,ﬁl)[f]‘

Also let C' be any positive constant and 1 € Lo.
(1) Any one of the following two conditions are assumed to be satisfied:
(a) p1(r) = Clexp(az(r)));
(b) exp(az(r)) > fu(r);

then
{1 (1gog (By ' (log 7))}

lim sup

r—+00 exp(al(uf(ﬂfl(log 7)) - 51(Mg(2ﬁ2_1(10g 7)) B

(id) If a2(,8f1(T)) € LY, then

i EP(02(B1 (1 (g0 (85 (108 7)) - 1 (1509(By ' (log 7)) _

r—+oo exp(al(uf(ﬂfl(log r)))) - 51(ug(2ﬁ2_1(10g 7)))

Proof From the definition of generalized lower order (ai,f;) of f we have for arbitrary

positive € and for all sufficiently large values of r that

exp(on sy (B (log 7)) > e onlfl =),

AS P(ay,8)[9] < Aay 1)l f] we can choose € > 0 in such a way that

p(a2762)[g] +e< )‘(al,ﬁl)[f] —&.

Now combining (3.5) of Case I and (3.25) we have for all large positive numbers of r,

01 (pgoq By (log 7)) _ C(L+0(1) (o oy f] + &) Fo D ez w6749

exp(aq (s (By Hlogr)))) — rAay.splfl—e)

(3.25)

(3.26)
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In view of (3.26) we get from above that

o1(psog (B ' (log ) _ (3.27)

r—+00 exp(al (Mf(ﬂfl (log 7n))))

Again combining (3.6) of Case II and (3.25) we get for all sufficiently large positive numbers of r
that

O‘l(ﬂfo_q(,ﬁgl(bg 7‘))) < (1 + 0(1))(p(a17ﬁ1)[f] + 8)7,.(1+O(1))(p(a2,,82)[g}+€)
exp(ozl(uf(ﬁfl(log r))) rPag.epf]1-¢) ’
Now in view of (3.26) we obtain from above that

Oél(ﬂfog(ﬂgl(log 7a))) _
r—+ooexp(aq (uys(By *(logr))))

Further combining (3.7) of Case III and (3.25) we get for all sufficiently large positive numbers
of r that

(3.28)

exp(aa(B7 (01 (17og (85 (log)))))) _ 11+ Ptoz 5101+
explas(ur(Br (ogm)) el
So in view of (3.26) we obtain from above that
L exp(0a(Br (0 (ngeq (55 (08 7))))
r—+oo exp(a1 (Mf(ﬂl_l(l()g 7))
Now from (3.4) we get that

= 0. (3.29)

—1
o 1
o 167205708 7))
roo B1(1g(265 " (log 7))
From (3.27) and (3.30) we obtain for all sufficiently large values of r that

lim sup {01 117cy (55 (log 7))}

rtoo exp(ar (g (87 (log1)))) - Bi(pg (265 * (log 7))
— lim al(uqu(ﬂQ (IOgT‘))) . lim su al(ﬂfcg(ﬁgl(logr))) ) _
e xplan (B log 7))+ (g (255 ogry) o P =

Similarly from (3.28) and (3.30) we obtain that

lim sup {1 (tog (5 H(log 7))} _
r—too exp(o (pp(By ' (logr)))) - Bu(ug(285 * (log)))

Therefore the first part of the theorem follows from (3.31) and above.
Again from (3.29) and (3.30) we get for all large values of r that

exp(az (81 (a1 (krog(By  (log 7)))))) - @1 (pg0g (B ' (log 7))

< Plar,B1) [f] (3'30)

(3.31)

lim sup

rohoo exp (a1 (uy (By ' (log 7)) - By (255 ' (log 7))
_ i P02 (01 (e (By " Aog D)) o nlpagog (B 0BT o
rotoe exp(aa (g (B, ' (logT)))) i By (28, Ttogry) eI
(a3 (01 ey (B (08 )))) - 0 (g (B 0w r)
R exp(ar (py (67 (log 7)) - Bi(pg (285 ' (log 1)) '
Thus the second part of the theorem is established. O

In the line of Theorem 9 and with the help of Lemma 1, one can easily prove the following
theorem and therefore its proof is omitted:
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Theorem 10. Let f and g be any two entire functions such that

Paz,82) 9] < Maa, ) ] < Paq s [f]-
Also let C be any positive constant and 1 € Lo.
(1) Any one of the following two conditions are assumed to be satisfied:
(@) 51(r) = Clexp(az(r));
(b) exp(aa(r)) > Bi(r);
then
{1 (Myoq (85 (log 7))}

lim sup =0

rtoo exp(ar (My(B; ' (logr)))) - B1(M,(B5 " (log 7))
(id) If Oéz(ﬁl_l(r)) e L°, then

- exp(ag (87 (01 (Mog (B3 (log 1)) - a1 (Mpog (8 - (log 7))
oo exp(on (M (B (logr)))) - B1(Mo(B5 " (log )

Theorem 11. Let f and g be any two entire functions such that

=0.

Manplfl < oo and  p(a p)[f 0 gl < oo
where o, B1 € Ly. Then

i sup 152057 1087))) - (g By (1)) _ Prasinld 0 s ]

rtoo Bi(pg(285 ' (log))) - a(ug(By ' (1))~ Aas,82)19]
P r o o f. For all sufficiently large values of r we have
3 (t0g (B3 (1)) < (Pla ) [f © 9] + &) (3.32)
Again for all sufficiently large values of r it follows that
@z (g (B3 (1)) = (A(as o) [9) — &) (3.33)

Now combining (3.32) and (3.33) we have for all sufficiently large values of r that

as(tifoq (B3 ' (r))) < Plas,83) L] © 9] te
as(pg(Ba (1))~ AMaspn)ldl —€

As ¢ > 0 is arbitrary we get from above that

03(psoq (B3 (1)) _ Plas,sw)lf © 9]

lims 3.34
ot 0o(g(B (1)) Maz) 9] (&3
Now from (3.30) and (3.34) we obtain that
s 172057008 7)) - @3y (55 1))
rotoo B1(pg(26; ' (logr))) - an(pg(By ' (r)))
- hmsupoq(ufog(ﬁil(log D)) Supa:a(ﬂfog(ﬂ_:{ '(r) < Plesplf ° 9] pronanlf]
r—+oo B1(pg(285 (logr)))  r—too az(pg(By (1)) A(az,82) (9]
Hence the theorem follows. O

In the line of Theorem 11 and with the help of Lemma 1, one can easily proof the following
theorem and therefore its proof is omitted:



36 Tanmay Biswas and Chinmay Biswas

Theorem 12. Let f and g be any two entire functions such that

)‘(al,ﬁl)[f] <oo and p(ag,ﬁg)[fog] <0
where oo, B1 € Lo. Then
a1 (Myog(B5 (log 7)) - as(Myog (85 (r)))
rotoo B1(My(By ' (logr))) - aa(My(By (7))

Theorem 13. Let f and g be any two entire functions such that

Plas,Bs)Lf © 9] Plas 81 f]

<
Aaz,62)19]

p(alyﬁl)[f] < oo and )\(a?)ﬁg)[f Og] = 00.

Then
a3 (:U'fog (T’))

lim =
r—+00 (,Uf (,81_1 (/83 (T))))

P roof. Let us suppose that the conclusion of the theorem do not hold. Then we can find a
constant A > 0 such that for a sequence of values of r tending to infinity

0 (Hgog (1) < A on (g (Br " (Bs(r))))- (3.35)
Again from the definition of p(,, g,)[f], it follows for all sufficiently large values of r that
a1 (pp (B (B5(r))) < (Pon o) [f] + €)B3(r). (3.36)

Thus from (3.35) and (3.36), we have for a sequence of values of r tending to infinity that
043(Mfog(7a)) S A(p(al,ﬁl) [f] + 6)53(7a)
a3(tifog(r)) _ Alp(ar,pn 1+ €)Bs(r)

e., <
Bs(r) Bs(r)
i.e. liminfwz)\ [f og] < o0.
P Bs(r) (3,8s)
This is a contradiction. Thus the theorem follows. O

Remark 2. Theorem 13 is also valid with “limit superior” instead of “limit” if Ao, g,)[fog] = o0
is replaced by p(a,,g,)[f © g] = co while the other conditions remain the same.

Analogously one may also state the following theorem without its proof as it may be carried
out in the line of Theorem 13.

Theorem 14. Let f and g be any two entire functions such that

p(al,ﬁl)[g] < oo and p(aa,ﬁs)[f og| = oo.

Then

lim sup a3 (//Jfog (T)) - o0

r—+oo (X1 (Mg (5;1 (53 (T))))

Remark 3. Theorem 14 is also valid with “limit” instead of “limit superior” if p(o, g,)[fog] = o0
is replaced by A(a, g,)[f © g] = oo and the other conditions remain the same.

Remark 4. Theorem 13, Theorem 14, Remark 2 and Remark 3 can also be deduced in terms of
maximum modulus of entire functions.
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4. Conclusion

Actually this paper deals with the extension of the researches on the growth properties of
composite entire functions on the basis of their generalized order («, 3) where o and 3 are continuous
non-negative functions on (—oo, +00). This assumption can also be modified by the treatment of
the ideas of generalized type (a, ). Moreover, some extensions of the same may be done in the
light of generalized relative order («, 3). Furthermore, the concept of generalized order (a, 8) and
generalized type (a, §) should have a broad range of applications in complex dynamics, factorization
theory of entire functions of single complex variable, the solution of complex differential equations
etc. which may be an ample scope of further research.
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