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Abstract: In this paper, we study the Hahn’s problem with respect to some raising operators perturbed of
the operator X — ¢, where ¢ is an arbitrary complex number. More precisely, the two following characteriza-
tions hold: up to a normalization, the g-Hermite (resp. Charlier) polynomial is the only Hgq,q-classical (resp.
Sh-classical) orthogonal polynomial, where Hq,q := X + aHg and Sy := (X + 1) — At_1.
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1. Introduction

Let O be a linear operator acting on the space of polynomials which sends polynomials of degree
n to polynomials of degree n + ng, where ng is a fixed integer (n > 0 if ng > 0 and n > |ng| if
no < 0). We call a sequence {P,},>0 of orthogonal polynomials O-classical if {OP,},>¢ is also
orthogonal.

In particular, if O = D, the standard derivative, we recover the know family of classical orthog-
onal polynomials (Hermite, Laguerre, Bessel and Jacobi). This characterization is called Hahn’s
characterization (see [11, 18]) of the classical orthogonal polynomials. If O = H,, where

hef (@) — f(z)
(@=Dz
we recover the so-called Hy-classical polynomials (for more details, see [12]). We can also cite [14],
where the authors described the all D,-classical orthogonal polynomials, with
T_owf(z) — f(x
Duf(@):= IO IE 0 @) = e )

w

H,f(x) = q# 1, hef(z) = f(qx),

The literature on these topics is extremely vast. See further examples in [1-5, 7, 8, 11, 12, 14].

In this paper we consider some raising operators related to the operator X. It is easy to see
that the orthogonality is not preserved by X, then we can consider and study some perturbed
operators. Here we consider the following two operators (¢ =0 or ¢ = 1):

H,,:=X+aH,
Syi=(X+1)— Ay, (1.2)
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and we study the same problem, called Hahn’s problem. More precisely, we find all orthogonal
polynomial sequences {P,},>0 such that {OP,},>0, O = Hy4 or Sy, are also orthogonal. As a
result, we conclude that the g-Hermite polynomial sequence is the only H, ,-classical sequence and
the Charlier polynomial sequence is the only Sy-classical sequence.

The structure of the paper is the following. In Section 2, a basic background about forms of
orthogonal polynomials is given. In Section 3, we show that, up to a dilatation, the g-Hermite
(resp. Charlier) polynomial is the only H, 4-classical (resp. Sy-classical) orthogonal polynomial.
In Section 4, we give a conclusion and describe some prospects.

2. Preliminaries

Let P be the linear space of polynomials in one variable with complex coefficients and P’ be
its dual space, whose elements are forms. We denote by (u,p) the action of u € P’ on p € P. In
particular, we denote by (u), := (u,z™), n > 0, the moments of u. Let us define the following
operations in . For any form u, any polynomial f, and any (a,b,c) € C\{0} x C2, let Du = v/, fu,
(x — ¢)"tu, 7_pu and h,u be the forms defined by duality, [16]:

<fu7p> = <u7 fp>7 <ul7p> = —<u,p/>, (fu)l = flu + fu/7
(hau,p) == (u,p(ax)), (T_pu,p) = (u,p(xz — b)),
(@ p) o= (w, L2

Tr —cC

A form w is called normalized if it satisfies (u)p = 1. We assume that the forms used in this paper
are normalized.

Let {P,}n>0 be a sequence of monic polynomials (MPS) with deg P,, = n and let {uy}n>0 be
its dual sequence, u,, € P’, defined by (uy, Py) = 0pm, n, m > 0. Notice that ug is said to be the
canonical functional associated with the MPS {P, },,>0. The sequence { P, },>0 is called symmetric
when P,(—xz) = (—=1)"P,(z), n > 0.

Let us recall the following result [17].

Lemma 1. For any u € P’ and any integer m > 1, the following statements are equivalent:
(i) (u,Pn-1) #0, (u, P,)=0, n>m.
(i) IN, €C, 0<v<m-—1, Np_1#0 suchthat u= ZL”:_Ol AUy .
As a consequence, the dual sequence {u,[ll ]}nzo of {PT[LI]},QO where
P(z) = (n+1)""Py (), n>0,

is given by
Dulll = —(n+ Dupy1, n>0.

Similarly, the dual sequence {1y }n>0 of {P,}n>0, where
P,(z):=a "P,(ax +b)
with (a,b) € C\{0} x C, is given by
Up = a"(hg-1 0 T_p)Up, n > 0.
The form u is called regular if we can associate with it a sequence {P,},>0 such that

<u7 Pnpm> - 7nnfsn,nm n, m > O, Tn 7é O, n > 0.
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The sequence { P, },,>0 is then called a monic orthogonal polynomial sequence (MOPS) with respect
to u. Note that u = (u)oug, with (u)o # 0. When w is regular, let F' be a polynomial such that
Fu=0. Then F =0, [16].

Proposition 1 [16]. Let {P,}n>0 be a MPS with deg P, = n, n > 0, and let {u,}n>0 be its
dual sequence. The following statements are equivalent.

(1) {Pn}n>0 is orthogonal with respect to uy.
(i) u, = (ug, P?) 1 Pyug, n>0.

(iii) {Pn}n>0 satisfies the three-term recurrence relation

{ Py(z) =1, Pi(x) =z — b, (2.1)

Prya(2) = (2 = Bpt1) Pogr () = Va1 Pulx), n 20,
where 3, = <u0,xP,%>(u0,Pg>_1, n >0 and Y1 = (uO,Pngl)(uo,Pg)_l %0, n>0.

If {P,},>0 is a MOPS with respect to the regular form ug, then {P,},>o is a MOPS with
respect to the regular form @y = (h,-1 o 7_p)up, and satisfies [15]

{ ]50(.%') = 1, ]51(.%') =T — BO,
pn+2($) = (v — Bn+1)pn+1(x) - '~Yn+1]5n(x)= n =0,

where B, =a" (8, —b) and i1 = a2Vt

A MOPS {pp}n>0 is called D-classical, if {Dp,},>0 is also orthogonal (Hermite, Laguerre,
Bessel or Jacobi), [10, 11]. Moreover, if {py, }»>0 is orthogonal with respect to ug, then there exists
a monic polynomial ¢ with deg¢ < 2 and a polynomial ¥ with degy = 1 such that wug satisfies a
Pearson’s equation (PE) [15]

D(¢UQ) + T/JUO =0.

Any shift leaves invariant the D-classical character. Indeed, the shifted linear functional @ =
(hg—1 o T_p)u fulfills the equation

(®a) + Va =0,
where (see [15, 16])
d(z) =a'®(ax+b) and V(z)=a' "W (ax +b).

3. Hahn’s problem with respect to some perturbations of the raising
operator X — ¢

Clearly, the orthogonality is not preserved by the operator X — ¢, which is given by

(X —o)(f(x)) = (z—c)f(z), feP.

Our goal, in this section is to describe all O-classical orthogonal polynomials. More precisely,
we find all orthogonal polynomial sequences {P,},>0 such that {OPF,},>¢ are also orthogonal,
where O = H, 4, or O = S, are the operators defined by (1.1) and (1.2). This operators are two
perturbations of the operator X — ¢ where ¢ =0 and ¢ = 1.
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3.1. Orthogonal polynomials via raising operator X — af,

Let us introduce the following lemma.

Lemma 2 [12]. The following properties hold

Hy(fg)(@) = f(x)(Heg)(x) + g(x)(Hy f)(x) + (¢ — Da(Hef)(x)(Hyg)(z), f,g9€P,
Hy(fu) = (hy—1 f)Hu+q "(Hy1f)u, feP, ueP.
where
hef (@) — f(x)

B qg#1 and hyf(x) = f(qz).

H,f(x) =
Now, recall the operator

H,,

)

P — P
[ Hag(f) :=af + aHy(f).

Definition 1. We call a sequence {P,}n>0 of orthogonal polynomials H, 4-classical if there
exists a sequence {Qy }n>0 of orthogonal polynomials such that Hy Py = Qpi1, n > 0.

For any MPS {P,},>0 we define the MPS {Qy, }n>0, given by
Qn-{—l(x) = Hoz,qpn(x)a n >0,
or equivalently
Qn+1(x) = xPy(x) + a(HyPy)(z), n >0, (3.1)

with initial value Qo(z) = 1.

Our next goal is to describe all the H, 4-classical polynomial sequences. Note that, we
need a # 0 to ensure that {Qn},>0 is an orthogonal sequence. Indeed, if we suppose that o = 0,
the relation (3.1) becomes, for z = 0, @Q,+1(0) = 0, n > 0, which contradicts the orthogonality

of {Qn}n>0-

Clearly, the operator H, 4 raises the degree of any polynomial. Such operator is called raising
operator [9, 13, 19]. By transposition of the operator H, 4, we get

"Hoy=X —aH,. (3.2)

Denote by {up}n>0 and {v,}n>0 the dual basis in P’ corresponding to { P, }n>0 and {Qp }n>0,
respectively. Then, according to Lemma 1 and (3.2), the relation

V41 — aHy(vpq1) = up, n >0, (3.3)

holds. Assume that {P,},>0 and {Q,}n>0 are MOPS satisfying

{ Py(x) =1, Pi(z) =2~ o, (3.4)

Poia(z) = (¥ = Bot1) Pos1 (%) — Y1 Pn(®), Y1 #0, n >0, .

{ QO(x):l, Ql(x):x_p(]a (3 5)
Qn—i—Z(x) - (.%' - pn—l—l)Qn—l—l(x) - Qn+1Qn(x)7 On+1 7é O, n > 0. .

Next, a first result will be deduced as a consequence of the relations (3.1), (3.4) and (3.5).
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Proposition 2. The sequences { P, }n>0 and {Qn}n>0 satisfy the following finite type relation
Pu(@) + (¢ - )eHy(P)(@) = ¢"Qulx), n > 0.
Proof. Using (3.4), we obtain
Hy(Pay2)(@) = Hy(( = Bust) Pan) (@) — i1 Hy(P) (@), > 0.
According to the Lemma 2, we obtain for n > 0
Hy(Pas2)(®) = (2 — Bt ) Hy(Pas1)(®) + Pasa(2) + (0 — DaHy(Pag1) (@) — os1 Hy(Po) (2),
or equivalently
#Posa(w) + a(H,Prs2)(@) = Quyala), 1> 0,
which gives us for n > 0
(2= B 1) P ()4 (g2 — B 1) (Hy Pas1) (@)= 1 (2 Po(@)+(Hy Po) () +0 P (2)= Q5 (2).
We use (3.1) and the last equation becomes for n > 0
(@ = Bnt1)@n+2(x) + g — Da(HgPog1) () = Y1 Qni1(2) + aPotr () = Quis(x).  (3.6)
Inserting (3.5) in (3.6), we obtain
aPy1(z) + alg — 1)z(HgPuy1) (@) = (Bns1—Pnt2) Qni2(2) + (st — 0nt2) Qner(z), n > 0.
In fact, this result is valid for n + 1 replaced by n. More precisely, we have for all n > 0
aPy(z) + a(qg — Da(HePo) (@) = (Bn — prs1) Qi1 () + (7 — 0nt1) Qn(®),
with the convention 9 = 0. By comparing the degrees in the previous equation, we get

Bn = pnt1, > 0 and aq™ = v, — 9pt1, 7 > 0. Hence the desired result is proven. O

Note that, for n = 0 the relation (3.1) gives pg = 0, for n = 1 the Proposition 2 gives

(x — Bo) + (¢ — 1)z = qx — po = qx,

then Sy = p1 = 0. Now we establish, in the next lemma, an algebraic relation between the forms
up and vg.

Lemma 3. The forms uy and vy satisfy the following relation
vo — (¢ = 1)Hq(zvo) = uo. (3.7)
Proof According to Proposition 2 we obtain
(vo — (¢ — 1)Hg(avo), Pp) =0, n>1. (3.8)

On the other hand,
<U0 - (q - 1)Hq(x/00), P0> = 1’

since {@Qn}n>0 is orthogonal with respect to the form vy, where vy is supposed normalized.
According to Lemma 1 and using (3.8), we obtain the desired result. g

Based on the last lemma, we can state the following theorem.
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Theorem 1. The form vy satisfies the following Pearson’s equation
1
(Hquo) — —zv9 =0, (3.9)
e
and then the scaled q-Hermite polynomial sequence is the only H, 4-classical sequence.
Proof. According to Proposition 1 (ii), the relation (3.3) can be written as follows

Qi ()00 — AHy(Quirto) = MPa(@)ug, >0, (3.10)
where
>\n = <UO’QEL+1><u05Pr%>_1’ n > 0.
Making n = 0 in (3.10), we get
w?vg — aHy(wv) = —aug,  (Qi(z) =z, 01 = —a).

Substituting this relation in (3.7), we obtain
L, o
qHy(zvo) — E(x + a)vg = 0.

Note that we have ¢Hy(xvg) = x(Hyvo) + vo, then

1

(Hquo) — —zv9 =0, (3.11)

a

which gives

1
((quo) — Emvo)wrl =0, n>0,

and then
(vo)nt2 = —alng(vo)n, n = 0.
Moreover, (vg)1 = p1 = 0, hence (vg)2n+1 = 0, n > 0. We can conclude that {Q, } >0 is symmetric.

Using the Proposition 2, we obtain

Qn(z) = q "Pulqz), n>0.

Then we also conclude that {P,},>0 is symmetric. Moreover, the relation (3.11) corresponds to
a Pearson’s equation of g-Hermite linear functional, hence @, (z) is the ¢-Hermite polynomial. In
addition, we have Q,(z) = ¢~ "P,(qz), n > 0, then P,(z) is the scaled g-Hermite polynomial. [

3.2. Orthogonal polynomials via raising operator (X + 1) — A7

In this part, we use the following lemma.

Lemma 4 [1]. The following properties hold

Dy(f9)(x) = f(2)(Dwg)(®) + g(x)(Dw ) (x) + w(Dy f)(x)(Dwg)(x), [, g€P,
D_y(fu) = g(D—yu) + (D-wg)(rwu), fEP, uecP,
70Dy =Dyot,inP and P, beC,

where

D, f(z):= T_wf(xzj— f(x)7 w#0 and T_,f(z) = flz+w).
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Recall the operator

S :P — P,
fro= &) =@+ D) = A f.

Definition 2. We call a sequence { P, }n>0 of orthogonal polynomials Sy-classical if there exists
a sequence {Qn }n>0 of orthogonal polynomials such that SxP, = Qn+y1, n > 0.

For any MPS {P, },>0 we define the MPS {Qy, }n>0, given by
Qnt1(z) := S\Py(z), n >0, (3.12)
or equivalently
Qnt1(z) == (z+1)P,(z) — APy(x + 1), n >0, (3.13)

with initial value Qo(z) = 1.

Our next goal is to describe all the Sy-classical polynomial sequences. Note that, we need
A # 0 to ensure that {@Qn}n>0 is an orthogonal sequence. Indeed, if we suppose that A = 0, the
relation (3.13) becomes, for z = —1, @Qp+1(—1) = 0, n > 0, which contradicts the orthogonality

of {Qn}nZO-
Clearly, the operator Sy raises the degree of any polynomial. Such operator is called a raising
operator 19, 13, 19]. By transposition of the operator Sy, we get

'Sy =(X+1)— Am. (3.14)

Denote by {uy}n>0 and {v,}n>0 the dual basis in P’ corresponding to { P, }n>0 and {Qpn }n>o0,
respectively. Then, according to Lemma 1 and (3.14), the relation

(x 4+ 1)vpt1 — A Vp41 = Up, n >0,

holds. Assume that {P,},>0 and {Q,}n>0 are MOPS satisfying

{ Py(x) =1, Pi(z) =2 — Po, (3.15)

Poio(r) = (v — Bug1) Puy1 (%) — Y1 Pu(®), 1 #0, n>0, .

{ QO(x) = 1’ Ql(x) = — po, (316)
Qni2(z) = (T = pnt1)Qni1(7) — 0n11Qn(T),  0Ont1 #0, n>0.

Next, a first result will be deduced as a consequence of the relations (3.13), (3.15) and (3.16).
Proposition 3. The sequences {P,}n>0 and {Qn}n>0 satisfy the following finite type relation
Qn(z) =71Fa(x), n =0,
with

Pn+l1 = /8n7 n > 07
Qn+1:7n+)‘, ’I’LZO,

and with the convention vy = 0.



22 Baghdadi Aloui and Jihad Souissi

P r oo f. Multiplying (3.15) by x + 1, we obtain

(2 4+ D) Pasa(@) = (2 = Bur)) (@ + D Pur1(2) = Ysa (@ + D Pu(a), 1> 0,

Applying A7_1 to the (3.15) and taking the difference between the two resulting equations, we
obtain

(@ + 1) Poya(x) = Mr-1Pns2)(2) = (2 = Bng1) (2 + 1) Prsa () = M1 Pog) ()
_’7n+1(($ + 1) Py(z) - )‘(Tflpn)(x)) = AP (z +1).

Substituting (3.13) in the last equation, we get
@Qnt3(2) = (& = Bni1)@n42(2) = Mp1Qni1(2) — APnja(z +1), n>0.
Using the three-term recurrence relation (3.16), we get
APpii(z+1) = (pnt2 = But1) Qnia(®) + (0n42 — Ynt1)Qnia(z), n>0.

In fact, this result is valid for n + 1 replaced by n. Then, by comparing the degrees in the previous
equation, we get pny1 = By and op41 =Y + A, n >0, and Qp(z) = 7—1 P, (x), n >0, with the
convention vy = 0. U

The following result is a straightforward consequence of Proposition 3.
Lemma 5. The forms ug and vy satisfy the following relation
T1V0 = UqQ.

According to Lemma 5, and based on some characterizations of Charlier polynomials [1], we
can state the following theorem.

Theorem 2. The Charlier polynomial sequence {Cp(x)}n>0 where X > 0, is the only Sy-
classical orthogonal sequence. More precisely, we have for n > 0:

Py(x) = Cp(w), (3.17)
Qu(x) = Col(x +1). (3.18)

Proof Assume that {P,},>0 is a monic Sy-classical orthogonal sequence. Then there exists
a monic orthogonal sequence {Qy, },>0 satisfying (3.13), which gives by transposition the following
System
(0, (@ + 1) Pa(@) = AP + 1)) = (v, Quy1(2)) =0, 1> 0.

But the left hand side reads as
((z + 1)vg — ATyvo, Po(z)) =0, n>0.

In other words,
(x +1)vg — Am1v9 = 0.

Applying the operator 7_1, we obtain
(1‘ + 2)7'_11)0 — Ayg =0.

Equivalently,
(x +1)7—1v9 + T—1v0 — (z + 1)vg + (& + 1)vg — Avg = 0,
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which also gives
(1‘ + 1)[T_1UO — UQ] + 719 + (1‘ + 1)?}0 — Ayg =0,

or equivalently
(1‘ + 1)D1?}0 + T7_1v9 + (.%' + 1)?}0 — Ayg = 0.

By using Lemma 4, the last relation becomes
D, (:c(ﬁvo)) + (x = A)(mv9) =0,

which means that vy = 7_1C(\), where C()) is the Charlier form with A > 0. In addition, using
the Proposition 3, we obtain that P,(z) = C;)(x) are the monic Charlier polynomials and then

Qu(z) = CNx+1), n>0.

4. Conclusion and prospects

We described Hahn'’s problem for some perturbed raising operators of the operator X — ¢ using
the Pearson equation, which is satisfied by the corresponding linear functionals. Indeed, we have
proved that the g-Hermite (resp. Charlier) polynomial is the only H, -classical (resp. Sy-classical)
orthogonal polynomial, where H, , := X + aH, and Sy := (X +1) — A\7_;.

Now, using (3.17), (3.18) and (3.12), we obtain

S\Cp(x) = Cypy(x +1), n>0,
which gives, by induction, the following formula
(m) () oA

where S/(\m) = S/(\m) 0---0 /(\m).
Making n = 0 in (4.1) we get

S)(\m)(l) =C)(xz+m), m>0.

For prospects, we can replace the operator H, in Subsection 3.1 by the Dunkl operator
T,:=D+2uH_1, see [6]) and study the same problem. Indeed, we have [6
i H

(X = LML) = A @), (4.2

where Hf/(z) is the monic generalized Hermite polynomial and where v,(n) is defined by

22 H T (m + o+ 1/2)
I'(p+3/2)

22D (m + p+ 1/2)
I'(p+1/2) ’

Yu(2m) = and v,(2m+1) =

In view of (4.2), we can say that {H} },>0 is an O-classical polynomial sequence, since it fulfills
Hahn’s property relatively to the raising operator

1
O ::X— §TM’

i.e., it is an orthogonal polynomial sequence whose sequence of O-derivatives is also orthogonal.
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