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Abstract: In this paper, we consider a non-self-adjoint boundary value problem for a fourth-order differential
equation of mixed type with Hilfer operator of fractional integro-differentiation in a positive rectangular domain
and with spectral parameter in a negative rectangular domain. The mixed type differential equation under
consideration is a fourth order differential equation with respect to the second variable. Regarding the first
variable, this equation is a fractional differential equation in the positive part of the segment, and is a second-
order differential equation with spectral parameter in the negative part of this segment. A rational method
of solving a nonlocal problem with respect to the Hilfer operator is proposed. Using the spectral method of
separation of variables, the solution of the problem is constructed in the form of Fourier series. Theorems on the
existence and uniqueness of the problem are proved for regular values of the spectral parameter. For sufficiently
large positive integers in unique determination of the integration constants in solving countable systems of
differential equations, the problem of small denominators arises. Therefore, to justify the unique solvability of
this problem, it is necessary to show the existence of values of the spectral parameter such that the quantity we
need is separated from zero for sufficiently large n. For irregular values of the spectral parameter, an infinite
number of solutions in the form of Fourier series are constructed. Illustrative examples are provided.

Keywords: Mixed type equation, Non-self-adjoint boundary value problem, Hilfer operator, Mittag-Leffler
function, Spectral parameter, Solvability.

1. Problem statement

In a rectangular domain Q = {(¢, ) : —a <t <b, 0 <z < 1}, we consider the partial differen-
tial equation of mixed type

64
D7+ — U (t, ), (t x)€ Q,
0= <32 6%44) (1.1)
g 422
(55 +eP 53Ut 2). (t2) €,

where Q1 = QN (¢t > 0), Qe = QN (t <0), w is positive spectral parameter, a and b are positive
real numbers,

ad -
DN = ity (0<a<y <)
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is the Hilfer operator, and
t
1
Io+g0 = W )dT, v>0
0
is the Riemann-Liouville integral operator [2, pp. 112, 113].

Nonlocal problem. It is required to find a function U (¢, x), which belongs to the class

JoOU o OFU
e

k = 0,3 and satisfies the homogeneous equation (1.1) in the domain Q7 U Qs, the homogeneous
boundary value conditions

€C(Q), D*IUEC(), Uy € C(Q), Upnaa€C(Q1 UQy), (1.2)

02U kU kU
U|x=0:a2|m 1: 3 8k|10 ak|:v 15 k:153, t#07 (13)
the nonlocal condition
U(—a,z)=U(b,z)+¢(x), 0<z<l, (1.4)

and the gluing conditions

d
. 1
tgr-{lo J0+ Ult,z)= tgrzlo U(t, x), tgril J0+adtJ0+v Ult,z)= hm U(t, ), (1.5)
where p(z) is a given sufficiently smooth function.
Let (to; b) C RT = [0; 0o) be a finite interval, and let o > 0. The Riemann-Liouville a-order
fractional integral of a function f is defined as follows:
¢
1 .
T d )= g [ =97 (@)ds, L€ (o),
to
where I'(«) is the Gamma function [2, p. 112].
Let n—1 < a <n, n € N. The Riemann—Liouville a-order fractional derivative of a function f
is defined as follows [9, Vol. 1, p. 27]:
ar .
Dg  f(t) = dt—nﬂ?ﬁa (t), te (to;h).

The Caputo a-order fractional derivative of a function f is defined [9, Vol. 1, p. 34] by

t
*DtOJrf( ) It0+ ( )(t n _ a / a 7L+1
to

Both the derivatives are reduced to the nth order derivatives for « =n € N [9, Vol. 1, pp. 27, 34]:
" f
dtm’
The so-called generalized Riemann-Liouville fractional derivative (referred to as the Hilfer frac-

tional derivative) of order a, n — 1 < a < n, n € N, and type 8, 0 < 8 < 1, is defined by the
following composition of three operators: [2, p. 113]:

D%+f(t)=*DZ)+f(t) -

a, (n—a d 1-8)(n—«
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For g = 0, this operator is reduced to the Riemann-Liouville fractional derivative (Dto; ’E =Dy )

and the case 8 = 1 corresponds to the Caputo fractional derivative: Dto(‘)i = .Dg .
Let to =0 and v = a+ fn — aB. It is easy to see that @ < v < n. Then it is convenient to
use another notation for the operator ngf f(t):

D*7f(t) = Dg £ (1), (1.6)

For the first time, the generalized Riemann-Liouville operator was introduced in [2] by R. Hilfer
on the basis of fractional time evolutions that arise during the transition from the microscopic scale
to the macroscopic time scale. Using the integral transforms, he investigated the Cauchy problem
for the generalized diffusion equation, the solution of which is presented in the form of the Fox H-
function. We also note [10, 11], where the generalized Riemann—Liouville operator was used in
studying dielectric relaxation in glass-forming liquids with different chemical compositions.

In [23], boundary value problems for a fractional diffusion equation with the Hilfer fractional
derivative in finite and infinite domains were studied. In the finite domain, the spectral method
and the Laplace transform method were used for solving the problem. In the domain infinite with
respect to the spatial variable, the Cauchy problem was solved by the Fourier—Laplace integral
transform method.

In [12], the properties of the generalized Riemann—Liouville operator were investigated in a spe-
cial functional space, and an operational method was developed for solving fractional differential
equations with this operator. Based on the results of [12], the authors of [15] have developed an op-
erational method for solving fractional differential equations containing a finite linear combination
of the generalized Riemann—Liouville operators with various parameters. In [17], the problem of
source identification was studied for the generalized diffusion equation with the operator D 7. We
also note the work [4], in which inverse problems were investigated for a generalized fourth-order
parabolic equation with the operator D 7.

The construction of various models of theoretical physics problems by the aid of fractional
calculus is described in [9, Vols. 4, 5], [16, 26]. A specific physical interpretation of the Hilfer
fractional derivative, describing the random motion of a particle moving on the real line at Poisson
paced times with finite velocity is given in [25]. A detailed review of the application of fractional
calculus in solving applied problems is given in [9, Vols. 6-8], [19]. More detailed information as
well as a bibliography related to the theory of fractional integro-differentiation, including the Hilfer
fractional derivative, can be found in the recently published monograph [24]. In [7], the boundary
value problems for the generalized modified moisture transfer equation and difference methods for
their numerical implementation were considered.

Nonlocal problems can arise in studying various problems of mathematical biology, predicting
soil moisture, problems of plasma. Note that nonlocal conditions of the type (1.3) take place in
modeling the problems of the flow around a profile by a subsonic velocity stream with a supersonic
zone [20]. More detailed information on nonlocal problems can be found in the monograph [18].
We would like to note some works [14, 30-32], where nonlocal problems for partial differential and
integro-differential equations with derivatives of integer or fractional orders were studied.

As for the equations of mixed type, we note the work [8], where I. M. Gel’fand considered
an example of gas motion in a channel surrounded by a porous medium, and the gas motion
in a channel was described by a wave equation, while the diffusion equation was posed outside
the channel. Ya. S. Uflyand considered a problem on the propagation of electric oscillations in
compound lines when the losses on a semi-infinite line were neglected and the rest of the line was
treated as a cable with no leaks [28]. He reduced this problem to a mixed parabolic-hyperbolic
type equation. In [27], a hyperbolic-parabolic system arising in pulse combustion was investigated.

Nonlocal problems for partial differential equations of mixed type were studied by many authors,
in particular, in [13, 21, 22, 29, 33]. We would like to note also the results on nonlocal problems
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for parabolic-hyperbolic type equations with fractional order derivatives [1, 3]. But these listed
works relate mainly to nonlocal problems for fractional mixed type equations of second order. As
for mixed fourth-order equations with derivatives of integer or fractional orders, nonlocal problems
in such formulation have not been previously studied.

In this paper, we consider a non-self-adjoint boundary value problem for a mixed type fourth-
order differential equation with Hilfer operator of fractional integro-differentiation. The spectral
method of separation of variables is used taking into account the features of the fractional integro-
differentiation operator. We study the solvability of the nonlocal problem (1.1)—(1.5) for various
values of the spectral parameter. This work is a further development and generalization of the
results of [5, 6, 20].

2. Ordinary differential equation with Hilfer operator

We consider the Cauchy problem for a differential equation of fractional order with the opera-
tor D7

. 1—v _ (21)
t1—1>r£0 Joiu(t) = vo,

{ D7 (t) = u(t)+ f(t), te(0,4),

where f () is a given continuous function and ug = const.

Note that the Laplace method was used for solving this problem in [4]. In [15], a solution was
found by the operational calculus for a problem more general than (2.1) in a specially constructed
functional space. In our work, in contrast to these studies, we use a more rational way to solve
problem (2.1), which allows us to obtain an explicit solution.

We prove the following Lemma.

Lemma 1. Assume that f(t) € C(0; ¢ N L1(0;¢). Then a solution of problem (2.1)
u(t) € C(0; €] N L1(0;£) is representable as follows:

() = otV B, (M%) + /(t ) B (Mt = 1)) f(r)dr, (2.2)
0

where

0 k
z
E z) = —— z,a,B€eC, Re(a)>0
ws =3 rarrgy o8 (@)
is the Mittag—Leffler function [9, Vol. 1, pp. 269-295].

P roof. By virtue of the formula (1.6), we rewrite the differential equation of problem (2.1)
in the form

Jor “ Dy u(t) =Au(t)+ f(t).

Further, applying the operator J§, to both sides of this equation and taking into account the
linearity of this operator and the following formula [15]:

1 -
Jy. DY u(t) =u(t) — = Jo P u(t) o t? 7,

I'(v)

we obtain
Uo

I'(v)

u(t) = P T8 F () + ATE u(t), (2.3)
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Using the lemma from [6, p. 123], we represent the solution of equation (2.3) as

v =gyt R O
t
+A O/(t — 1) Baa (A(t—1)%) [F@) T I8 S (7)} dr. (2.4)
We rewrite representation (2.4) as the sum of two expressions u (t) = I (t) + 2 (t), where
t
tr-1 A
Il(t):uo[ t e [t =) Eq 0 Mt —T)) 77! dT:|, (2.5)
Iy T 0/
¢
L) =I5 £ O+ [ =7 Baa (= 7)%) I3 S (1) d (2.6)
0

We make the change of variables s = ¢ — 7 in formula (2.5) and use the following formulas [9, Vol. 1,
pp. 269-295]:

1
Eou(2)====+2Fq uta(t), a>0, u>0, 2.7
1 z
F(V)/(z—t)”—HEW (At P dt = 2P B, 50, (A 2%, v>0, B>0. (2.8)
0

Then we obtain the following representation for integral (2.5):
L(t) = ugt? ™t By oy (M), (2.9)

The integral in the formula (2.6) is transformed as follows:

J=1 e (=) I S ()7 =

T

0
= —/(t — 1) Ey0 At—1)%) dT/(T —8)2 L f(s)ds = (2.10)
0

0

¢ ¢
= L/f(s)ds/(t —n) =) By Nt —T7)) dT.
0 s
In view of (2.8), the second integral in the latter equality of formula (2.10) can be written as
t
/(t — ) =8 TE s At —T)*) dT =T () (t —7)** T Eq 00 At —T7)%).

Then, taking into account (2.7), we represent formula (2.6) in the following form:

Iy(t) = /(t ~ N By o MNt—17)%) f(r)dT. (2.11)
0

Substituting (2.9) and (2.11) into the sum w (t) = I (t) + I (), we obtain formula (2.2). The
lemma is proved. O
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3. Uniqueness of solution of the nonlocal problem

We study this problem by the spectral method of separating variables and seek particular solu-
tions of the nonlocal problem in the form of a product of two functions U (¢, x) = u(t) - 9(x). From
equation (1.1) and boundary value conditions (1.3), we arrive at the following spectral problem:

IV () = A (x) =0, 9(0)=09"1)=0, ¢ (1)=2 (1), 9"1)=9"(Q1),

where A\* is the constant of separation, 0 < A = const.
As follows from the results of [5], this spectral problem is non-self-adjoint and has a complete
system of eigenfunctions of the following form in the space L4 (0; 1):

AnT e)\n(lfzv)

e —1

Vo(z) =2z, Ipi(x) =2sin Nz, Vpo(z) = ¢

+ cos A\px, (3.1)

Ap =21, n €N

System (3.1) forms a Riesz basis in Lo (0; 1). In [5], it was also proved that there exists a biorthog-
onal system of functions with (3.1):

e)\nm + e)\n(lfm)

1 + sin2mnx, Np2 () = 2 cos \,z. (3.2)

no(z) =1, nm(z)=

System (3.2) also forms a Riesz basis in Lo (0; 1).
Let U (¢, z) be a solution of the nonlocal problem. We consider the functions

1 1
:/U(t, x)dz, /U t,z)npi(z)dz, t>0, (3.3)
0 0

1 1

uy(t) = /U(t, x)dx, u,(t)= /U(t, )i (z)dx, i=1,2, t<0, (3.4)
0 0
where the functions 7¢ () and 7, (x), i = 1,2, are defined in (3.2).
Applying the operator D* 7 with respect to ¢ to both sides of equality (3.3), differentiating (3.4)
twice with respect to ¢, and taking into account equation (1.1), we obtain differential equations
with respect to the functions u$(t) and v, (t), i = 1,2:

D*Yul(t) =0, D*Vul (t)+Ahul (t)=0, i=1,2, >0, (3.5)
&2 &2
Toup(t) =0, —u u, () + M wtu (1) =0, i=1,2, t<O. (3.6)

The general solutions of these differential equations (3.5) and (3.6) have the form

0 -1 —1 4 1«
—t7 t>0 At FE (—)\ t ) t>0
+ _ ) ) + _ n a, Y n 9 )
uyg (t) = r'(v) uy,; (t) = { i 12 e 22 (3.7)
Bot+Coy, t<o0, By sin Ajwt + Cpicos Aqwt, ¢ <0,

where Ao, Bg, Co, Ani, Bni, and Cp; are arbitrary constants, i = 1,2, n=1,2, ... .
Taking into account conditions (1.4) and (1.5), we conclude from (3.3) and (3.4) that the
functions u3 (t) and u=, (t), i = 1,2, in (3.7) must satisfy the following conditions:

- d . dug(t)
1—v, + _ 11— 1—y () = 0
t1—1>r£0J+ u(t) _tgrzlou()(t)’ t1—1>r£0J0+ <dtJ+ wolt )) —t1_1>r£10 dt ’ (3:8)
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_ d du . (t)
+ T 1-a 1—v ut BT ni
tgr-rklo JOJF U (8) = tgriloum' ®), tgrilo o+ (dtJ i (1) = tgrilo dt ' (39)
up(—a) =ul(b) +vo, u,;(—a)=ul (b)+on, i=12, (3.10)
where
1 1
wo = /go(a:)da:, Oni = /go(ﬂ:)nm(x)dx, i=1,2, n=12,...
0 0
Therefore, we obtain the following systems of algebraic equations:
Ag=Co, Bo=0,
A
Bya+Com A0 g0 (3.11)
I'(v)
Ani = Cni7 WBni - _A%Anzﬁ (3 12)
—Byi sin M2 wa + Cp; cos N2 wa — Am-bv_lEa,,y(—)\%L bY) = Yni- ’
Each of systems (3.11) and (3.12) has a unique solution
Co= Ao, By=0. Ag=L0 Oz Ay—-Pmi po_ Mn Pn (3.13)
0 05 0 ) 0 AO, nt ni An(w)’ nt w An(w)’ .
if the following condition holds for all n € Ng = NU {0}:
Ap(w) =A2wsin A2wa+cos \2wa—b"1E, ,(=Apb®) #0. (3.14)
Substituting (3.13) into (3.7), we obtain the representation
¥0 -1
— 7 t>0
F A ) )
uj (1) = LinAo (3.15)
N t S 07
Ay
P i -1 4 4«
7 By (=AY, >0,
+ Ap(w) ’
" Pni(os )\2wt—)\—”sin)\2wt t<0
A (w) " w " T

We show the uniqueness of the solution of the nonlocal problem under condition (3.14). Suppose
the opposite. Let the nonlocal problem have two different solutions Uy (t,z) and Us(t, z), and let
U(t,z) = Ui (t,x) — Us(t,z). It is not difficult to see that U(t,x) is a solution of the homogeneous
nonlocal problem (¢(z) = 0). This is why one only needs to prove that the homogeneous problem
has only the trivial solution.

Suppose that condition (3.14) holds and ¢ (x) = 0. Then g =0, ¢,; =0, i = 1,2, and the
representations (3.3), (3.4) and (3.15), (3.16) yield

1 1
/tl U (t, x)dx =0, /tlA’U(t, x)Npi(x)dx =0, te][0; b,
0 0

o _

1
U(t,z)dx =0, /U(t, ) Npi(z)de =0, t€[—a; 0], i=1,2.
0
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Further, taking into account the completeness of system (3.2) in the space L2 (0; 1), we conclude
that U (¢, x) = 0 almost everywhere on [0; 1] for all ¢ € [—a; b]. Since t!=7U (¢, z) € C (1) and
U(t,z) e C (52), we have t'77U (¢, ) = 0 in the domain Q. Therefore, the solution of the
nonlocal problem is unique in the domain §2.

Thus, we have proved the following theorem.

Theorem 1. Suppose that there exists a solution of the nonlocal problem. This solution is
unique if condition (3.14) holds for all n € Ny.

4. Existence of a solution of the nonlocal problem

Now we consider the case when condition (3.14) is violated. Let A, (w) = 0 for all w, v € (0; 1)
and n = m. Then the homogeneous nonlocal problem (¢ (x) = 0) has a nontrivial solution

Vit (t x) = v (00 mi (), i=1,2, (4.1)
where
7 E oy (—AEY), t>0,
Vi () = A2
cos A2 wt— 2 sin A2 wt, t<O.

It is easy to verify that, for v = 1, the function V (¢, ) = x is also a nontrivial solution of the
homogeneous nonlocal problem.
From A, (w) = 0, we come to the trigonometric equation

V1I+ w2 sin (A2wa+p,) — b7 Eq , (-A50%) =0, (4.2)

where p, = arcsin <1/\/1+w2)\%> and p, — 0 as n — 4oo. Hence, we conclude that the

expression A, (w) is zero only if

1 . VTIE, o, (A5 09)
w:m[(—l)karcsm il—zoﬂ)\% +7Tk‘—,0n], k=1,2,....

The set & of positive solutions of trigonometric equation (4.2) is called the set of irregular values
of the spectral parameter w.

The set of remaining values of the spectral parameter X = (0; oo) \ &' is called the set of regular
values of the spectral parameter w.

Since A, (w) is the denominator of a fraction and its values can become quite small for suf-
ficiently large n, the problem of “small denominators” arises. Therefore, in order to justify the
unique solvability of the nonlocal problem for regular values of the spectral parameter w, it is
necessary to show that the quantity A, (w) is separated from zero for sufficiently large n.

Lemma 2. Suppose that v € (0;1], a and b are arbitrary positive real numbers, and w is such
that the product ww a is a rational number. Then, for large n, there exists a positive constant My
such that the following estimate holds:

| Ay (w)| > Mg > 0. (4.3)

Proof. I Wesetw=p/ma, p€ N. Then we derive from (4.2) that, for all n and a, b > 0,

2
1A, (w)]| > ‘ + \/1 +16nt72 L R, L (160t te) ‘ >
a
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> |1-b0"""Eq (-16nt710?) | > 107" By, (—160"740%).

We use the following properties of the Mittag—Leffler function [9, Vol. 1, pp. 269-295].

(1) Forall A >0, a,v€ (0; 1], a <+, and t > 0, the function t* 1 E, , (—At?) is completely

monotone, i.e.,
)" [t B, (<At () >0, n=0,1,2,....
7/-\/

(2) The following estimate is true for all a € (0; 2), v € R, and argz = 7:

M
14 z|’

[ Eay(2)] <

where 0 < M = const is independent of z.

Then, (4.4) implies that there exists a number ng € N such that for all n > ng we have

1-0""'Eq, (-16n*7%0*) = My > 0.
Consequently, A, (w) > M1 > 0.
II. Now we set

1
:47Twa€Q<:>w:—£

dra q’

Q3

(4.4)

(4.5)

where p, ¢ € N, (p, ¢) = 1. We divide n? p by ¢ with a remainder: n?p = sq+7, s €N, 0<r < q.

Then from (4.1), we obtain

[A, (w)] = ‘ \/1 + [% (s+ g)] 2(—1)3 sin <% +pn> -bE, (—16n471'4b°‘)

If » = 0, then this case reduces to case I.

Suppose that » > 0. Since p, — 0 as n — +oo, there exists a number n; > 0 such that

pn < 7/(2q) for all n > n;. Thus, we obtain the lower estimate

|A, (w)] > ‘ \/1 + [g (5 + g)] ’ sin (% + pn) — b By (160t T b%)

>

> U [E (s D)) s (Z o) [ =077 B 160 ) >

-1
>z<s+5>‘sm <M+1>‘—1:5<s+5> sin— —1=My >0
a q q 2q a q 2q
for

o\ —1q1/2
nQZ{aq<ﬂ'psm2—q) } .

Setting My > max{M;, M3y} and n > max {ng, ni, ne}, we complete the proof of the lemma

Lemma 2 is proved.

0

We call the solution of the nonlocal problem (1.1)—(1.5) for regular values of the spectral pa-
rameter w a regular solution of the nonlocal problem. Estimates (4.3) and (4.5) imply the following

lemma.
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Lemma 3. The following estimates hold for reqular values of the spectral parameter w:

tl_’y{ug(t){gclhpo‘? tl—’y{ujr%' (t){SCQ‘QOnZ’y
Dot ()] < Cantlewl, =12, te (0]

|up ()| < Calwol, |un ()] < Csn?eul,

d 2“21' (t)

<06n ’(Pm‘ ‘ dtz

‘ §C7n6‘§0m”7 i:1727 te [_a7 0]7
where C,, k= 1,7, are positive constants.

Since system (3.1) is complete and forms a Riesz basis in L2(0; 1), we write the solution of the
nonlocal problem for regular values of the spectral parameter w as

ug ()0 ()+ZZum() i(x), (t z)e,
Ut z)= n=liz (4.6)

u (8)V ()+ZZU i) D ni (), (L, x) € Qy,

n=1i=

where u3 (t), u®, (t), and u, () are defined in (3.15) and (3.16).
Indeed, substituting function (4.6) into the mixed equation (1.1) and satisfying conditions
(1.3)—(1.5), we obtain problems (3.5), (3.6), (3.8)—(3.10) with respect to the desired functions. The
solutions of these problems can be represented as functions (3.15) and (3.16).
Now formally differentiating term-by-term the series (4.6) the required number of times, we

obtain the series

co 2
DU (t,z) =Y > D¥Tul,(t)9n(x), t>0, (4.7)
n=1 =1
orU d* 79 : d ﬂm
a;k ) ul () 0 SN ul ) (), k=14, t>0, (4.8)
n=1 i=1
02U (t, x) d*u
4
(w nzlzg dt? Vi (), t<0, (4.9)
Ok U (¢, x) d* 190 X dF Y, (7)
o =u(t) ZZum(t)W, k=04, t<0. (4.10)

By virtue of Lemma 2 and Lemma 3, we conclude that series (4.9) and (4.10) are majorized by
the following sum of series:

o o
> nenl+> 1l (4.11)
n=1 n=1

Multiplying series (4.7) and (4.8) term-by-term by ¢177, we obtain the series

oo

co 2 2
d* 9, ()
1- a, + . 1=y, + n —
g Et TDYV () Uy (), g Et Tul(t) ok k=0,4, t>0. (4.12)

n=1 i=1 n=1 i=1
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The series in (4.12) are also majorized by the series (4.11). Taking into account the fact that the
function ¢ () is sufficiently smooth and integrating by parts

1
/<P nm xa 1= 1727
0

wnlz——@ 1)7@g%—_w2;2)7<@wa%1%&@@)7

we derive

Pn2 = ﬁwﬂ e Wln)7 (g0(7) (x), V1 (x)> .

By virtue of these representations, we apply the Cauchy—Schwartz inequality and Bessel in-
equality to (4.11)

S nflonl< S 216D 1<(X ) (L 16012) < 0lle® @) iyon <00, i=12
n=1 n=1 n=1

n=1

This estimate implies that series (4.9) and (4.10) converge absolutely and uniformly in the domains
Q; and Q, respectively. Therefore, the function U (t, x), represented by series (4.6), possesses
properties (1.2) and satisfies conditions (1.3)—(1.5).

We note that A, (w) = 0 for irregular values of the spectral parameter w and n = k1,..., ks,
1 <kiy <ki <--<ksg, se€N(y#1). Then, the following orthogonality conditions are
necessary and sufficient for the solvability of systems (3.11) and (3.12):

1
POni = /gp )Nnide =0, i=1,2, n=ky,..., ks. (4.13)
0

In this case, the solutions of the nonlocal problem are representable as a sum of series

Ul(t, ) =ug(t)do(z) +

ki—1 ka1 00 2 (4.14)
SO SRS Ol D ETCEMEES 2 LAMEAD
n=1 n=k1+1 n=ks+1- =1 m =1
where m = k1q,..., ks, Cpy; are arbitrary constants, and the functions Vniu (t), 1 =1,2, are defined

n (4.1). Note that, in the case v = 1, we replace the function uZ (¢) in (4.14) with a constant Cp;
moreover, the orthogonality condition
1
= /@(x)dx =0 (4.15)
0
is added to formula (4.13).
Thus, the following theorem is proved.

Theorem 2. Suppose that the following conditions are fulfilled:

p(x) €CO0;1), @D (z) € La(0;1), &) (0)=0,

PP =0, k=02, oW (0)=p"(1), k=135
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Then the nonlocal boundary value problem is uniquely solvable for regular values of the spectral
parameter w, and this solution is represented in the form of the Fourier series (4.6) in the domain §Q.
For irreqular values of the spectral parameter w and some n =k1,..., ks, the nonlocal problem
has an infinite number of solutions in the form of series (4.14).
For vy < 1, the solvability condition has the form (4.13). For~ =1 in (4.14), the function u (t)
is replaced with a constant C'y and conditions (4.13), and (4.15) are the solvability conditions.

5. Stability of solution of the nonlocal problem

For regular values of the spectral parameter w, we consider the question of the stability of the
solution of the nonlocal problem with respect to the function ¢ () from condition (1.4). To this
end, we introduce the norm in the space of continuous functions as follows:

1U ¢ 2) @ =1tUE D)o@y +1UE2) @, =

= max [t'7U (@ 2)|+ max |[U(t ).
(t,z)eQ1 (t, :B)GQl

Theorem 3. Suppose that all the conditions of Theorem 2 are fulfilled. Then the following es-
timate holds for the solution of the nonlocal problem with reqular values of the spectral parameter w:

10t )o@ < Cle" @ oo (5.1)

where 0 < C' = const is independent of ¢ (z) and || f(z)|| cjo;1) = r[101a1>]< |f(x)].

Proof. Let (¢, ¥) be an arbitrary point of the domain Q5. Then we have the representations

1
1
Pnl = —)\—390”17 /cpm x)dw,
0
1

3 3
¥n2 = 3 ¢£L£7 ‘P;Q) = /‘P”/(x)ﬁm (x)dw.
0
Applying Lemma 3 and the Cauchy—Schwarz inequality to (4.6), we obtain

1U(t 2) o, < 2Calgol + Cs Z (o321 +1531) <

n= 1
S2C4’<P0’+C5(§:%)1/2(Z(’<Pn)\+\¢ ) )1/2-
n=1 n=1

It is well known that the former series converges. Applying the inequality (|a|+]b])* < 2 (|af* + [b]?)
and the Bessel inequality to the latter series, we obtain

S+ 105D <23 (6P + 1083 17) < Cu [l @[, 00y 0 < Ct = const. (5.2)
n=1
Similarly, we can find for all (¢, ) € Q1 that
- 2
[£77U (¢, 2) || ¢ @) < O " (@) | La1ys O < C12 = const. (5.3)

Estimates (6.1) and (6.2) imply estimate (5.1), where C' = C1; + C12. If we assume that
H(p'”(x)HiQ(O; 1) <0, then the estimate [|U(t, z)||cq) < € is true for all ¢ = C'- 6. The theorem is
proved. ]
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6. Illustrative examples

Example 1. Consider the nonlocal problem for v = 1. Then we have D7 = D®! = D
and equation (1.1) takes the form

4
DU (1, x)+aU7£t4’w), t>0,

0= 92U (t, x)+w2(3?U(t, z) oo (6.1)
ot? oxt 7’ '

Equations (6.1) is a mixed type differential equation with the Caputo operator in a positive rect-
angular domain. We consider it under conditions (1.3)—(1.5). From (3.14), we obtain Ay = ¢ = 0,
i.e., we arrive at condition (4.15). The solution of this problem with regular values of the spectral
parameter w can be represented as

2 .

> P B (—ALE9) W (2) + Covz,  (t @) € Q4
U(t’ x): nt 3 A2
ZA e <cos)\2wt— —

1A (W) w

where Cy; = const, i =1, 2.

M8

8

sin A2 wt> Uni(x) + Co2z, (t, z) € N,
n=11

Ezxample 2. Consider the nonlocal problem for v = o« < 1. Then we have D®Y = D®»% = gy D¢
and equation (1.1) takes the form

04U (t
RLDaU(t, 1’)4—%@, t >0,
Ut x) | L0 ULy (6:2)
ot? oxt 7’ i

Equation (6.2) is a mixed type differential equation with the Riemann-Liouville operator in
a positive rectangular domain. We consider it under conditions (1.3)—(1.5). A solution of this
problem with regular values of the spectral parameter w exists and is unique. This solution has a
representation coinciding with (4.6) for vy = o < 1.

Ezample 3. Consider the case ¥ = a = 1. Then we have D®? = D! = d/dt and equa-
tion (1.1) takes the form

4
oU (t,xz) 0 U(t,x)’ £ 0,
ot ozt
02U (t, a:)+ , 04U (t, o)
ot? “ dxt 7

O:
t <O0.

We obtained a mixed type differential equation of integer order, which is a particular case
of equation (6.1) and, therefore, the solvability condition for this problem coincides with condi-
tion (4.15), and the solution of the nonlocal problem is represented as

e*’\%tﬂm’(ﬂv) +Azx, (t,x) €,

-
=
B

|

o
T
Yl
E/ -~

18
M
g

2
" cos AN wt — ﬁSim)\%wt Uni(z) + Az, (t x) € Qo,
n(w) w

3
Il
-
i
Il
—

where A = const.
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7. Conclusion

We established a criterion for the existence and uniqueness of the regular solution of the nonlocal
problem for a fourth-order differential equation of mixed type with Hilfer operator in a positive
rectangular domain and with spectral parameter in a negative rectangular domain. We use the
spectral method of separation of variables, which helps us to construct the solution of the nonlocal
problem (1.1)—(1.5) in the form of Fourier series. Theorems on the existence and uniqueness of
the problem are proved for regular values of the spectral parameter w. We study also the case of
irregular values of spectral parameter w. Our theorem proving methods are based on expanding
the regular solution using a biorthogonal set of functions. The stability of the regular solution of
the nonlocal problem with respect to the data is proved.
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