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Abstract: The paper deals with the problem of optimal control with a convex integral quality index for a
linear steady-state control system in the class of piecewise continuous controls with smooth control constraints.
In a general case, to solve such a problem, the Pontryagin maximum principle is applied as the necessary and
sufficient optimum condition. The main difference from the preceding article [10] is that the terminal part of
the convex integral quality index depends not only on slow, but also on fast variables. In a particular case, we
derive an equation that is satisfied by an initial vector of the conjugate system. Then this equation is extended
to the optimal control problem with the convex integral quality index for a linear system with the fast and
slow variables. It is shown that the solution of the corresponding equation as € — 0 tends to the solution of
an equation corresponding to the limit problem. The results obtained are applied to study a problem which
describes the motion of a material point in R™ for a fixed interval of time. The asymptotics of the initial vector
of the conjugate system that defines the type of optimal control is built. It is shown that the asymptotics is a
power series of expansion.
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Introduction

The paper is devoted to studying the asymptotics of the initial vector of a conjugated state and
an optimal value of the quality index in the optimal control problem [1-3] for a linear system with
a fast and slow variable (see review [4]), convex integral quality index [3, Chapter 3], and smooth
geometrical constraints for control.

Singularly perturbed problems of optimal control have been considered in different settings in
[5-7]. The solving of problems with a closed and bounded control area meets certain difficulties.
That is why the problems with fast and slow variables and closed constraints for control have
been studied to a less extent. A significant contribution to solving these problems was made by
Dontchev and Kokotovic. Problems with constraints for control in the form of a polygon are dealt
with in [5, 7]. The structure of such optimal control is a relay function with values in the apexes
of the polygon. No optimal control with constraints in the form of a sphere, which is a continuous
function with a finite and countable number of discontinuity points, has been considered so far.

The asymptotics of solutions of the perturbed control problem was formulated differently in
papers [8—-10].

The main difference from the preceding article [10] is that the terminal part of the convex
integral quality index depends not only on slow, but also on fast variables. In the present work,

!The paper is a translation of the paper “Asymptotic expansion of a solution for the singularly per-
turbed optimal control problem with a convex integral quality index and smooth control constraints” by
A.A.Shaburov published in Proceedings of the Institute of Mathematics and Informatics at Udmurt State
University, 2017, vol. 50, pp. 110-120.
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the basic equation for searching for the asymptotics of the initial vector of the conjugated state of
the problem under consideration and optimal control is obtained.

General relationships are applied to the case of the optimal control with a point of a small mass
in an n-dimensional space under the action of a bounded force.

1. Construction of complete asymptotic expansion of vector ). for an optimal
control problem with fast and slow variables

Let us consider a problem that belongs to the class of piecewise continuous controls optimal
control problem for a linear stationary system with a convex integral quality index:

te=ye, t€[0,T], |lull <1,

e ge=—y-+u, 2:(0)=2% y.(0)=y" (1.1)

1 2 T 2 : T
J(u) = Sllz(T) +/0 [u(®)[|* dt = min, 2z (T) = (z=(T) y=(T))" ,

where x., y., u € R", z. € R?". Henceforward || - || is the Euclidean norm in corresponding space.

Problem (1.1) simulates a motion of a material point of small mass € > 0 with the coefficient of
the medium resistance equals to 1 in the space R™ under action of the constrained control force wu(t).

Note that in the considered convex integral quality index J, where the first term can be in-
terpreted as a fine for the control error at a finite time instant 7', whereas the second is used to
account for the energy costs of the implementation of the control.

Controllable system (1.1) contains fast and slow variables. The terminal part of the convex
integral quality index depends not only on slow, but also on fast variables. For each fixed ¢ > 0
the problem (1.1) takes the form

i=Acz+ B, 2(0)=2° u@®)| <1, telo,T],

T 1.2
ﬂm:wmw+AwMWwﬁmm 2

where z € R, y € R”,

[ An Al _( B
AE o <€_1A21 8_1A22> ’ BE o <€_1B2>

Here A1 = O, Ais =1, Aoy = O, Ay = —1, B| = O, By = I, and O and [ are the zero and
the identity matrices of dimensional n x n respectively.
Calculating e and V(3||2-(T)||?), we obtain

= (50 v (Gle@r) = (1.3

Thus, the following conditions are valid:

e for all sufficiently small £ > 0 the pair (A., B:) is completely controllable, that is,

rank(Bg, ABe, ..., A2IB) = 2n;
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e all eigenvalues of matrix Ay have negative real parts;

e the pair (Age, Bs) is completely controllable.

Under the formulated conditions applied to the problem (1.2), the Pontryagin maximum princi-
ple is a necessary and sufficient optimum criterion. In this case, the problem has a unique solution
[3, p- 3.5,theorem 14]. As well, the following statement is valid:

Statement 1. The pair z-(t), us(t) is a solution of the mazximum principle problem if and only
if us(t) is determined with the following formula:

B.reATt\, 2, 0<€<2
uz—:(t) = * .A *¢ bl ( =
S(HBs e )‘EH) § £€>2
and the vector A. is the unique solution of the equation
T * AT
B.res T

—X = Vol etT20 +/ e = — < __dr |, 14

© ( ‘ 0 as(HBe e TA&H) (14)

where Vi is the subgradient function in the sense of convex analysis. Besides uc(t) is a unique
optimal control in the problem (1.2) [10, Statement 1].

Definition 1. The vector A, that satisfies the equation (1.4), will be called as a vector de-

£

termining the optimal control in the problem (1.2). Note that since V(ze) = < ze ), then the

vector \., which determines the optimal control in the problem (1.2), has the form \. = < [l)e >,
&€
I € R" p. € R™.

Definition 2. The vectors l., p. also will be called as a vectors determining the optimal
control in the problem (1.2).

By virtue (1.3) the equation (1.4) transforms into system:

T (1 e tle —tle (~—1, _
o= a% e (1 e T/)y0 +/ (1—e %) (I J: e7e (e7lp. — 1))
o s <”le temE (e lp. — L) H)

. e—T/eyO . /T e~ t/e (l5 4 et/e (5*11p€ — le))
0o €5 (Hls + et/e (5_ Pe — ls) H)

dt,
(1.5)
dt.

Let us note that the optimal control «2(7) in the problem (1.1) by virtue 1 is expressed through
the vectors [, p. as follows:

L i Gl D
T) = .
S (Hle +e /e (e pe — Ie) H)

o
uE

(1.6)

The main problem posed for (1.1) is to determine the complete asymptotic expansion in powers
of the small parameter ¢ of optimal control, optimal values of the quality index and the optimal
process. Formula (1.6) shows that if it is possible to obtain the complete asymptotic expansion of
the vectors l¢, p-, which determine the optimal control in problem (1.1), then this vectors can also
be used for the asymptotic expansions of the above values.
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We introduce some notation. If the vector-function f.(t) is such that f.(t) = O(¢%) as € — 0 for
any « > 0 uniformly with respect to t € [0, 7], then instead of f.(¢) we will write Q. In particular,
e T/e = .

Theorem 1. Let the vectors l., p. are the unique solutions of the equation (1.5) in the prob-
lem (1.1), and the vector ly is the unique solution of the equation

I
—lg=a"+ —2T. (1.7)

S([ltol])

Then I, — ly and e tp. — —ly as € — +0.

Proof. It is known that the attainability set for the controllable system under control
from (1.1) is uniformly bounded by the time instant 7" at ¢ € (0, gg] (see., for example, [6, Theorem
3.1]).

Writing the first equation from (1.5):

T 1— e—t/a) (l + e—t/a (6_1/) -1 ))
—l. =2 1—eT/e) 0 / ( : <2 dt.
£ x +€ ( e > Yy + 0 g (Hla + eft/s (gflpa _ le) H)

Taking into account that the expression under integral is uniformly constrained and that
O(e_t/e) = = et/ (6_1/)5 —le) as ¢ — 0, a proof of that [ — [y, is carried out almost liter-
ally [10, Theorem 1]. Hence, it is enough to show that e !p. — —Ig for a full proof of this theorem.

Let us show that the vector p. can be presented in the form of p. = ¢ - r., where r. — rg € R
as € — +0. Writing the second equation from (1.5):

T o—t/e (] —t/e(c—1, _ ]
—pe = e T/ +/ ‘ (e +e - (& 1p€ ) dt. (1.8)
0 £-S(|lle +e (e p. — 1))

Let 7 :=t/e. The equation (1.8) rewriting as

Qe T (l6 +e (e p. — le))
o Slle+e (e pe = L))

-7

pe =0+ dr, &—0.

, we obtain

le + (e Pe_l)
o Sl +&(E o — 1))

Replacing the variable £ :=e

=0+ d¢, €—0.

Thus, the vector p. is bounded. Let us prove that a sequence {e~!p.} is bounded. By contradiction,
we find £, — 0 : ||[e"1p.|| — oo. For simplicity, the n dependence of ¢ will be omitted.

Let us divide the integral into two terms by means of introduction of complementary parame-
ter af(e):

@ L+ &(e e — L) L e lp+ (1 -9
—pe=0 d de, 0, (1.9
, +/0 (N ATy “/a@ Sleeipra-gup e <720 @9

where a(e) = O(g7) as € — 0 and for a certain positive number .
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So far as ||€e7 pe|| = &|le tpe|| — oo and the vector I. is bounded. Choice of the point of
division of an integral depends on the number v € (0,1) as follows:

1

e~ pel?

ae) = <,
where, because expression under integral sign is bounded, a(g) = o(1) as ¢ — 0.

Notice that ||[£e 7 pe|| = a(e)|le 1 pe|| — oo, i. e. at sufficiently small the inequality ¢ : [|¢e™ p. —
(1 = ¢&)l.|| > 2 is satisfied. Dividing and multiplying the function under the second integral sign
in (1.9) by a factor ||p-|| and having got rid of a factor e~! at p., we obtain

+o(1)

1§
Pa=@+0(1)+/ Ll

a(e) Pe +o(1
floey T oW

H de. (1.10)

Let, without loss of generality, p be a partial limit of the vectors p;/||pc|| as € — +0, i. e.
pak/”PEkH — p for a certain {e} so that ¢, — +0. Moreover, ||p|| = 1. Passing to the limit as
k — oo in (1.10), we obtain, that —p, = p. Consequently, ||po|| = 1 and —pg = po.

The received contradiction leads to the fact that p. = O(e), and we can rewrite the vector
pe = € - 1, where the sequence {r:} is bounded.

Divide the integral into two terms. Taking into account r. — rg as € — 0

B lo +&(ro — lo £(ro — lo) _
0= suzo+m—zo ne= /suzo+s<m—zo meT S!Uo+§(7°o—lo)H)d§

= pilo + pa(ro — lo) = plo + paro,

where ;1 = puq — po.
Positive numbers 1, uo are represented by integrals

d§ B §
o Sl - &(ro —lo)])’ ”2‘/0 5o+ o T ™

We can suppose, that ro = u - lg, where p:= —pi/po.
Change of variable in integration v := 1+ £(u — 1) allows to rewrite an integral equation as

follows
l B
0 / v d
w—"1J1 Sl - [v])

Integral is equal to zero at u = 1. Let p # 1, then the function under integral sign is uneven
function on a variable v. Consequently, the integral is equal to zero at © = —1. We prove, that
pe = ere, besides a first term rqg = —ly is a bounding vector. Theorem 1.1 is proved. [l

From (1.5) and (1.7) we obtain two cases:
2
2—|——T ,IO and ||l(]|| < 2,

o1 |, (1.11)
Rl 3: and  |[lo]] > 2.

D [l2%) <T+2=1lp=—

2) |20 > T +2 =1y = =T
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1. Consider the first case ||2°|| < T + 2.
By virtue of (1.11) and Theorem 1 the inequality ||lc|] < 2 is valid for all sufficiently small e.

Taking into account that (1 — e /%) < 1 at any t > 0 and & > 0, from (1.5) we obtain for I., p.
the rewriting system of equations:

T (1 — e t/e) (] + —t/e (=1, _ ]
o=+ (1—eT/E)y0 + (1—e™"7) (e 62 (e 'pe 1))

0
T —t/e (l Toetle (a*1p 1 ))
—p. = e T/ey0 ¢ £ € €
pe =€y +/0 5

dt,
(1.12)
dt.

The solution of (1.12) are vectors

2 (20 + ey?)

_ —2(2% 4+ ey°) (1 + 4e)
Pe = (T +2)+2:(3 + 2T) — 6e2

= .
O = ee ) 62 79 <70

It follows from these representations that A, is expanded as € — 0 into the asymptotic power
series. Moreover, we can obtain explicit form for the first two coefficients of vectors I, r..

Theorem 2. Suppose that ||2°|| < T+ 2. Then the vectors l., v, which determine the optimal
control in problem (1.1), are expanded as € — 0 into a power asymptotic series:

o
—20 -8z 20 4(3+2T)2°
as k ' ' _ _
le =1lp+ kgle li, where, in particular, Iy = Tr2 = T+3 T+2 + T+22
[e.e]
220 2y° 43 +27)a°
Te s o + ,;1 Ekrk, where, in particular, ro = T f_ X ry = T _y|_ 5~ ((T++ 2));

2. Now consider the case ||2°] > T + 2.
Let I, =1lp+ 1, p- = —¢lg + er, where [,r — are infinitesimal numbers.
Rewriting the system of equations (1.12), replacing the variable n := e t/e:

1 1—n)(lo+1 —1-2]
—lo—l:xo—i-fsyo—i-@—i-f-:/ ( 77)(0+ ol 0)) g — 0,

n,
e-1/e 0+ S(|llo+ 1+ n(r—1—2)l)

l0+l+77(7“—l—210)
—e(=lo+r :@—i-/ ,
(Flo+7) re S(llo+ 1+t —1—20)]) "

1

e — 0.

For simplicity, we will reduce a condition € — 0.
Replacing the variable £ := 1 — 25. Then factor under the integral sign in the rewriting system
as a function 1. (n) contains vectors I, p., as follows

Ye(§) ==&l + A + &,
where A = (I +1)/2, v = (I —r)/2. For a small variables [, 7 we can receive the following expressions

l=X+v, r=X\—v.
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Taking into account that we have a new representations of vectors [, r we rewrite the system of
equation as follows

B (14 (Elo+ A+ ¢&v)
dn— N — = 0 0L 0 € ( 0
oTATVE TS *2/} (=S ([€lo+ A+ &v])

1 (PO g+ A+ v
S R :@+—/
(o ) 2] Sl rr el

where ((¢) := 1 — 2¢~T/¢. Notice that 3(¢) — 1 as ¢ — 0.
Having transformed a factor
14+¢ 2¢

= 1 _—
1-¢ + 1-¢
under the integral sign and divided the integral from the first equation of system (1.13) into two
terms, we find

dg,
(1.13)

dg,

/ﬂ<6>(1+§)_ o+ A+ &v de —
1 =8 S(lIglo +A+&vl)
BE) elg+ N+ v Ble) ¢ o+ A+ Ev
- d : de.
/_1 S (l[€lo + A+ v “2/_1 (1=¢&) Sl +A+&v) ‘

Calculating the switching points &1, & from a constraint ||€lg + A + v = 2, we set

o A) = (3 0) £/ (o N + ) = (A2 = ) (oll? + (1712 + 2(0: )
ol + V[ + 2(00: ) |

§12 =

Henceforward (-;-) is a scalar product in a corresponding space.
Using a binomial expansion and expansion of quadratic root as a small parameter, we find &1, &o:

2 (lo;A) - 2{lo; v)
ol Mol lloll®
We can extend the integral from the second equation of system (1.13) at the point £ = 1:

/W) Elo + A+ &v dg:/l o+ A+ &v
—1 S(lIElo + A+ &vl) —1 S([[€lo + A+ &vll)

Clo=1=+ +O (AP +11v)1?).

dé+ 0 =2¢e(lp — A+ v).

Fi(\v,e)
Introducing into consideration a vector function F(\,v,¢) := , We rewrite system
Fy(\, v, e)
(1.13) as follows F(A,v,e) = 0, where

£ ¢ o+ A+ Ev
Fi(\ve) =1 At v+ e O+ 2(lg+v— A +g</ . d>+
1A w8l =bh Y (o ) LT Torrre™

d .
-8 2 “Y), T Taorrren

BM\ve)=eA—1ly—v)+ 0+

& B(e)
+€</ ( 3 -5l0+)\+§u § So + A+ &v d§>:0, e — 0, (1.14)
&2

Yo+ A+ &

1/ [ Elg+ N+ Ev Sl + A+ &v
d > d _
(/ & S Je et A+ v

+ — - 2
2 \J_1 [|€lo + A+ & € 2

where &7, & are the switching points of control u(t).

d§> =0, e—0, (1.15)
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Let us remove a singularity at the point £ = 1, divide the integral from the first equation of the
system into two terms:

PO ¢ o+ A+év
/1 1-¢ =

e+ 2+ evl]

:/5@ ¢ < fo+A+&v l0+)\+u>d£+/5(€) £ lo+Xr+v g
1= \[[do+A+&v] o+ A+ A e S ([
Calculating the second integral:

lo+A+v B(e) ¢ lo+ A+ v e -
Motatvlly T=€% Tlo+r+ol’ - (12 —&)—(mQ—;~4M1—aQ .

Let us expand terms 1 — & and In(1 — &;) as a small parameter:

2 {osN) | 2{losy)
ol loll> — Iliof®

0l =1n (1 2 (lo; \) 2(lo; V) 2 1
=) =1 (1= o)+ Tl =2 T O O+ 1)

Calculating the Gateau derivative of function p/||p||, we obtain

(1)

We can use the formula (1.16) to find a partial derivatives

1-& =1 +O (NP + I717),

(Ap) = Aplipoll* = (Api po)po
p=po#0 HPOH3

(1.16)

OF1 (A, v,¢e)

OF1 (A, v,¢e)
AN), —— 21—
a)\ ( )’

(Av).
A\ v,e=0 ov A, v,e=0

Taking into account that the unique term in the right side of equation (1.14) has no order o(1),
and according to formula (1.16) we find

OF; (A AA|o]1? = lo(lo; AN
1(A,v,€) (AN = ax4 1 LAl g<07 )
e ol

F Av|lpl|? = lo{lo; A

0 1(>‘aya€) (AV):AIJ—FT VHOH (;(0’ V>‘
v Av,e=0 ||l0||

Function F»(A, v, ) from the second equation from (1.15) transforms to
1 (8 clog+ N+ &v £ flg+ N+ Ev Sely+ A+ v
Fy(\v,e) = = / ———d{ + —d{ + —d | +
2( ) 2 < _1 [[€lo + X+ &v| e 1€l + A+ &y & 2

1</5i’ o+ A+ev o Utlo+ A+ &v
13

vz SOTATSY e ) 4 e — v — 1),
2 \ e, Této T e gHﬂo+A+€W|£> (v =h)

where &7 9 = ?_}n% §1,2-

Calculating the third integral:

/51 o+ X+ & 2X 2lo(lo; A)
13

dé_ = - )
2 2 ol [lloll®
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and calculating partial derivatives of the third integral :

10 < 22 210<lo;)\>> (AN) = AN o{lo; A)
20X \lloll 1loll>/ |xpe=0 ol Ilol®
10 ( 2N 210<10;A>> o) 0,

20v \ |llol| 1loll>/ |xpe=0

Calculating derivatives of first and fifth integrals, we use formula (1.16):

B, & Elo+N+&v > B, Vel + A+ &v
A (A Ay =2 SotAter
aA(/lmm+A+sﬂ ) L™ = 0 Aﬂﬁm+A+£ﬂ ¢

_ O] = {los AN < 2 >

—In —/—
lllo]I3 lllol

3(/53 Elg+ X+ Ev d§>

ov \J_1 [[§lo + A+ &

o) /1 Elo+ N+ v Avl|lo||? = (lo; Av)lo ( 2 >

— LU AL L Av) = B ([

3V<gﬂkm+A+£w15 eV [ o

2 _ (1.
(AI/) _ AVHZOH <l07 AV>l0 . <| 2 1>7
Calculating derivatives of second and fourth integrals, we take into account the following formula

(LX) =
A,v,e=0

Av,e=0 ||l0||3 |l0||

( 0 B(/\)f(t N dt) (AN) =

NJapry * A=) -

-/ U ae ren- L] an-remn- 2 ey )
a(y OA T Oy, Pl

Since each integral contains only one multiple limit and integral from the partial derivative of

the expression under the integral sign is equal to zero, and taking into account the formula (1.17)
we obtain

0 [ Elo+ A 0 lo+ A lo(lo; A
_/ flo+ A+ &v de (M):ﬁ ( S+ A+ & (A)\):o(o,3>’
ONJeg I€lo + A+ & 1y Lm0 O |5 ve=0 [€2lo + A+ &l |5 e ol
0 [ o+ A 0 lo+ A lo(lo; A
_/1§0+ +&v e (A)\):—ﬁ ( Gl A+ Gy (A)\):o(o,3>
ONJe, ISlo+ A+ vl 5 pemo O ype=o  ll&lo + A+ &V, g o]
Following this line of reasoning, we find
0 (%€l + A 2lo{lo; A
_/ €lo + +§Vd§ (Av) = — 0(0,4V>’
OvJeg Slo+ A+ &V 7|\ emg 1ol
& 200 (lo; A
i/lflo-i—)\-i-fydg (AI/): l0<l0,4V>
e o+ A+E&r 7y, 0 1ol
F: Fy (A
Let us write the partial derivatives OF(\, 1) (AN), OF(\. 1) (Av):
oA A\ v,e=0 ov Av,e=0
2 1.
a-F2()" V,&) (A)\) _ AN _In 2 <A)‘Hl0” <§07A)‘>l0> : 8F2()‘5Va€) (AV) —0.
N [\ e=0 o]l 1ol o]l W yue=o

Then we obtain, that F1(0,0,0) = 0, F5(0,0,0) = 0 and functions Fi(-,-,-), Fb(,-,-) are
infinitely differentiable in A, v, € in a certain neighborhood of the point (0;0;0).
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Show that operator

F(AN, Av) = D (F 1>

B A\v,e=0
AXlo]|? = lo{lo; AN) Av|lo]|? = lo{lo; Av)
AN+T +A\v+T
AE AE (1.18)
LA 2 <A)\WOH2 — (lo; A)\>lo>
llo]| o] lllo]|3

is continuously reversible.
Consider the equation F(0,0)(AN, Av) =: (g1, 92). Multiplying scalarly the first and second
coordinates of vectors (1.18), we find unknown couples of multiply scalarly:
(lo; AX) = [[lo]l{lo; g2),  {los Av) = (lo; g1 — [llolg2)-
The reversible operator F~1(gy, g2) is equal:

.7:_1(91792)2
lo{lo; g2) lo{lo; 91 — |llollg2) 1ol 2 lo(lo; 92) o]l
+T + T — —In
(1 E AE >||zo||+T (92 NRRE )1—111(2/Hlo||)
2 lo(lo; 92) o]l
go —In
< RRE )1—111(2/Hlo||)

Thus, the implicit function theorem is applicable. It means that the vectors I, r. (as a functions
of ¢) are infinitely differentiable with respect to e for all small € and, therefore, l., r. can be
expanded into the asymptotic series. The coefficients of this series can be found via the standard
procedure: substituting the series into the equation F(A,v,e) = 0, expanding values dependent
on ¢ into the asymptotic series in power of € and equating terms of the same order of smallness
with respect to €, we obtain equations of the form F(AM,, Avg) = (91.k, g2,1) With the right parts
known. Then, by the formula (1) we find I, 7.

Theorem 3. Suppose that ||2°|| > T + 2. Then the vectors l., r., which determine the optimal
control in problem (1.1) are expanded as € — 0 into the power asymptotic series:

oo o
as as
le =1y+ g Eklk, re =T + g akrk.
k=1 k=1

2. Conclusion

1. Both in the first and the second cases under consideration, from (1.14), (1.15) and the
asymptotic expansion of [, the asymptotic expansions of both the quality index and optimal control
as well as optimal state of the system are conventionally obtained. With this, the asymptotic
expansions of the optimal control and optimal state of the system will be exponentially decreasing
boundary layers in the neighborhood of point ¢t = 0. Moreover, if ¢t > ” and 3 € (0,1), then the
optimal control u°(t) is constant plus the asymptotic zero.
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2. Tt follows form the formulas Fy (A, v,e) = 0, Fy(\,v,e) = 0 that A, lies in the subspace II,
generated by vectors 2 and y°. Therefore, for all ¢ € [0, 7] and u2(t), and z.(t), and y.(¢) lie in the
same subspace II. In this way, the problem (1.1) is equivalent to the corresponding two-dimensional
problem.
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