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Abstract: In the paper, a four-dimensional model of cyclic reactions of the type Prigogine’s Brusselator
is considered. It is shown that the corresponding dynamical system does not have a closed trajectory in the
positive orthant that will make it inadequate with the main property of chemical reactions of Brusselator type.
Therefore, a new modified Brusselator model is proposed in the form of a four-dimensional dynamic system.
Also, the existence of a closed trajectory is proved by the DN-tracking method for a certain value of the
parameter which expresses the rate of addition one of the reagents to the reaction from an external source.

Keywords: Chemical reaction, Closed trajectory, DN-tracking method, Discrete trajectory, Numerical
trajectory.

1. Introduction

Cyclic (oscillating) reactions such as the Brusselator of Prigogine [12, 24, 25] are of importance
in the kinetic theory of chemical reactions.
The mechanism of this reaction is described by the following reactions:

k1
A— X,
ko
B+X —Y+D
+ it (1.1)
29X +Y — 5 3X,
k
X— L F

The mathematical model of such reactions is also called Brusselator and serves as an impor-
tant tool for their study. In fact, the Brusselator is adequately described by a system of two

!This work was supported by the grant of the Ministry of Innovative Development of the Republic of
Uzbekistan (Project No. OT-$4-84).
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parabolic equations (diffusion and transfer equations) with respect to the concentrations of sub-
stances involved in the reaction that occurs in a given region in R3 (see [20, system (7.11)] and
also [1, 2, 30, 34]. In practice, one mainly considers models in the form of a system of ordinary
differential equations for averaged concentrations of substances A, B, X,Y, D, and E involved in
the reaction

A B X
aa _ —k1 A, a5 _ —koBX, ax _ k1A — koBX + k3 X?Y — ks X,

dt dt dt (1 2)
d—Y—kBX k3 X2Y. —D—ka d—E—kX '
dt — h2 3 5 dt — R2 ) dt — R4,

where the parameters k; = const characterize the reaction rate constants of reaction (1.1).

The reagents D and F express the final products of reaction, therefore, their influence on other
quantities can be neglected, and so we focus only on the dynamics of the reagents A, B, X, and Y.
Assuming that the concentrations of A and B remain unchanged, after substituting X = Az,
Y = Ay, and t = u7, model (1.2) reduces to the second-order dynamical system

d
d_x =a—br + 2%y — x,
d; (1.3)
2 = bx — 2%y,
dr
k 1 k1A
where A = k_4’ W= o a= ITM, and b = ko Bu. For system (1.3) and its diffusion form, the
3 4

constructions of both phase portraits and bifurcations were completely studied [17-19, 22, 26, 28,
29, 31-33].

The three-dimensional model with the positive dynamics of the reagent B was also studied in
the case when the corresponding reagent is constantly added to the reaction with the rate 5 [14].
In this case, the substitution X = Az, Y = Ay, B = A\b, and t = pu7 into system (1.2) gives

db ~
e X
R
or =a—br+ 2’y — cx, (1.4)
gllT
d_7y- =br — 2%y,
where
ks k3 ki A p

)\:k_g’ M:k—%, &:T,U’a ¢ = kap, ﬁZXM-
System (1.4) still has a periodic trajectory, for example, for a = 1, ¢ = 1, and for a certain range
of the parameter 5. In [11], a full Brusselator model taking into account the diffusion was studied
and its mathematical description of a long-term behavior was developed.

In [4, 6], with the use of the discrete-numerical tracking (DN-tracking) method [3], the existence
of a closed trajectory was proved for specific values of the parameters of two-dimensional and three-
dimensional systems of the Brusselator model, respectively.

Notice that, if the initial concentration of the reagent A is equal to A\/(k1p) and it is added to
the reaction with the rate A/u, then one can provide the equality @ = 1, and if the reaction rate ky

ky
of X —— FE is equal to 1/u, then ¢ = 1.
In the present paper, we consider the problem of the existence of a periodic regime in the
four-dimensional model of Brusselator, where the dynamics of all reagents A, B, X, and Y are of
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interest. In the classic case, the Brusselator system has the form

dA

2 4

C(i:lé 143,

. T _k2BX+B,

dX ’
ﬁ =kA—-kBX + /{?3X2Y — k4 X,

dY

— = koBX — k3 X?Y.

dt 2 3

Due to the first equation of (1.5), which corresponds to the reaction A L X, system (1.5)
cannot have a closed trajectory in the positive orthant A > 0,8 > 0, X > 0,Y > 0 for any values
of parameters k;,i = 1,4 and 3, since A (t) — 0 as t — +o0o. Based on this circumstance, one may
conclude that the model (1.5) does not possess the main property of the Brusselator, that is, there
is no an attractor, namely, an asymptotically stable periodic trajectory.

The simplest way to correct this is to replace the equation

dA

& kA
dt !

by the equation

where o > 0, i.e., to add some compensation of the reagent A from an external source with the
rate «. However, in this case, it is easy to see that A(t) — «a/ky as t — +oo for any initial
concentration of A unless it is equal to 0, meaning that there is no a closed trajectory. Moreover,
the restriction of the new system to the invariant hyperplane A = a//k; coincides with system (1.4).

The other way to compensate the concentration of A is to replace the reagent D with A in the

ko
bimolecular reaction B4+ X ——— Y + D, i.e., to consider the new mechanism of reaction as

k1
A—1 X,

k.
B+X — Y + A,
k
29X +Y — 5 3X,
k.
X— L E

Then, a modified 4-dimensional Brussellator model corresponding to the above reaction is

dA

— = kA4 ksBX

o

Y, _kQBX + 57

dt

Jx (1.6)
ﬁ =kA—-kBX + /{?3X2Y — k4 X,

dY

= koBX — ks X2Y.

In the study of the qualitative behaviour of trajectories of system (1.6), it was established that
system (1.6) has a closed trajectory, which will be proved in the next section.

One can use other approaches to obtain a modified Brusselator model with the cyclical regime
provided such a model exists. However, our purpose is to get a modified Brusselator model such that
its two- and three-dimensional models are the same with the models (1.3) and (1.4), respectively.



6 Odiljon S. Akhmedov, Abdulla A. Azamov, Gafurjan I. Ibragimov

Thus, unlike the model (1.5), the dynamics of the component A in (1.6) is determined by the
influence of the reagents X and B.

Substituting X = Az, Y = Ay, B = A\b, A = Aa, and t = u7, we can write model (1.6) as
follows:

@——aa—i-bx
b |
— = —bz + 3,
dr (1.7)
€L 2
— =aa — bxr + r°y — yx,
gllT
d—i:bx—xzy,
where L L 5
A= 2 — 3 —k —k 3= 2.
M K2 a=kp, v=kp, B K

2. Main result

The rest of the paper is devoted to the proof of below given Theorem 1, which states that
model (1.7) has a periodic trajectory for certain values of § and a = v = 1 (meaning that k1 =
ko =1/p).

In vector form, system (1.7) is

z2=f(2), (2.1)
where
z=(21,22,23,21), [=(f1,f2 f3:fa), [f1(2) =—21+ 2023,
fo(2) = —mzs+ B, f3(2) =21 — 223 — 23+ 23°2, fu(2) = 2223 — 23°24.
A computer experiment allows us to formulate the following conjecture: for g = 1.17,

system (2.1) has a closed trajectory z(t) of the period T' ~ 8.36 passing near the point
2V = (1.11692, 0.99112, 1.09485, 0.80461) .

System (2.1) does not have an internal symmetry; moreover, it is impossible to find its integral
in explicit form. One may conclude that the only way to prove the existence of a closed trajectory
is to apply the method of Poincaré map. To construct the Poincaré map, we use the DN-tracking

method [3, 5]. To this end, first, it is necessary to choose the starting point as close to the proposed
(1)

closed trajectory as possible. The point z; ' defined above is selected as the starting point.
Theorem 1. For 3 =1.17, system (2.1) has a closed trajectory in the region
Iy = {(21, 22, 23,23) | 1.07 < 23 <1.26, 0.85 < 2o < 1.15, 0.98 < 23 < 1.38, 0.65 < 2z < 1.1}.

3. Proof of Theorem 1

3.1. Preliminaries

Let

, Mg = g%%f“f”(z){

;Mg = max £ (2)|

)

_ o /
mo = max [ f(2)], m1 = gel%fo (2)
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where |[-]| is the Euclidean norm of tensor quantities of type (1,0),(1,1),(1,2), and (1,3), respec-
tively [10].
It is easy to establish the following exact estimates:

0.83 <mp < 0.85, 48 <m; <49, 69<mg<7, mz=2V6. (3.1)

Let P = {z€R% —0.001 <z <0.001, i =1,4}. Using the Minkowski-Pontryagin differ-
ence [21], we construct the parallelepipeds IT; =II,— (4 —j) P, j =0,1,2,3.

Obviously, IIy C 1I; C I, C 1l C II4 and dist (H]’, 3Hj+1) =0.001, 5 =0,1,2,3.

Let ¥ be a hyperplane passing through the point z((]l) and orthogonal to the vector f(z((]l)).
On the hyperplane (), we introduce the Cartesian coordinate system (u,v,w) with the origin z((]l).

As a basis on (Y| we take the vectors u, v, w € R* with the coordinates

Uy =mngz, U= —N1, U3=T4, Uqy=—N3,
ning + nang nang — Ning
_ 2 2 _ _ _
vy =4/n5+ng, vy =0, ?}3——1}7, v4—v7, (3.2)
1 1
w1 = 0) wo = Uy, W3 = —7U4, Wy = V3,

where n; = fi(zél))/{f(z((]l))‘|f(z((]1))|, i = 1,4. It is easy to verify that the vectors u, v, w defined
by (3.2) really form an orthonormal basis on »,
As the domain of the Poincaré map, we take the parallelepiped

S — {g — (&1, &, &3) ‘ cex) 3955 < £ < 3256, —208 < £y < 206, —246 < &3 < 245} cnm,

Next, we construct a grid

KM = oMY c s,

where § = 4-1076, M{" = {(i, j, k) € Z3| =325 < i < 325, =20 < j < 20, —24 < k < 24 }. Note
that the grid Kél) contains exactly 1307859 nodes.

It is known that, if analytical and topological methods are not enough for studying the non-
local qualitative properties of dynamical systems, then one has to involve the methods of numerical
integration and computer visualization. The corresponding approach was given the special name
“Computational Dynamics” [13].

For numerical integration of system (2.1), we apply the Runge-Kutta method [7, 9, 15]. For
our purpose, a second-order accuracy scheme is sufficient:

) = 500 Pk () h), k(2™ R)), n=0,1,..., (3.3)

where F (ki, ko) = 0.5 (k1 + k), k1 = hf(2), ka = hf(z + k1), and 2 € KV

We call the approximate solution (™) obtained by formula (3.3) the discrete trajectory of
system (2.1). Note that one cannot find the discrete trajectory explicitly as well as the trajectory
of the Cauchy problem, despite the fact that system (2.1) is polynomial. Therefore, one has to
work with another sequence of vectors (™ to be obtained by rounding the values of (™ by a
computer [8, 16].

Indeed, in real calculations, due to rounding of the results of arithmetic operations by a com-
puter (in our case, we used a computer with IntelCore i5 processor, frequency of 2.50 GHz and
with extended accuracy), instead of the sequence () we get another sequence of vectors (™. We
call this solution a numerical trajectory of system (2.1).

Let 2y (t) be the trajectory starting from the point 2u,,(0) € SW), and let %1 (t) be the
)

trajectory corresponding to the trajectory zuu.(t) and starting from the point Z;;1(0) € K§1 close
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t0 Zuww(0), 1e., @ = [u/h+1/2], j = [v/h +1/2], and k = [w/h + 1/2]. It is easy to see that
|Zuvw (0)—=Zijk(0)] < V3/20.

In [27], an algorithm based on a partitioning process and using the interval arithmetics with di-
rected rounding is proposed for computing rigorous solutions to a large class of ordinary differential
equations. As an application, it was proved that the Lorenz system supports a strange attractor.

In the present paper, the DN-tracking method is used as the method of proof of the existence
of a closed trajectory. It is based on the estimations of the accuracy of numerical and discrete
solutions approximating the solution of system (2.1). This requires rigorous proof of the inequal-
ities establishing the accuracy of the estimate. Therefore, it is necessary to derive the required
estimate with deductive rigour. The estimations given below were derived in [6] for the considering
scheme (3.3) based on two preliminary assumptions.

Assumption 1. The trajectory zyp(t) exists on a time interval 0 <t < T and zyy,(t) € 4.
Assumption 2. The inclusion 2™ € II; holds for allm =0,1, ..., N.

Estimation 1.

it _ ¢ln)

<moh+ A, n=0,N,

where Ay is the local round-off error that produced by scheme (3.3)
A, < 1071 holds.

In our case, the inequality

Estimation 2.

< ——7A,, n=0,N, (3.4)
where L = my + 0.5m?h.

Estimation 3.

mgmg + 4m0m% (em1T _ 1) 52

5. _ 3(n) =0.N
Zijk (nh) z < 12m1 n 07 ) (3 5)
where Z;jx (0) = 200).
Estimation 4. ,
- - m
|Ziji(t) — Ziji(nh)| < TO,
where n. = [t/h + 1/2].
Estimation 5. 3
3
\2uow (t) — Zije(t)] < 7&”5. (3.6)

By estimate (3.1), mj > 4.8; hence, e™7T > 3.10'7. This inequality means that estimates (3.4),
(3.5), and (3.6) are not effective for tracking the trajectories of zy.., (t) on the time interval [0, 8.37].
Therefore, to overcome this difficulty, we use the technique of dividing the interval into 23 subin-
tervals:
J =10.37(m — 1), 0.37m +0.03], m=1,2,...,22
(of length 0.40) and the last one is
J(23) = [8.14, 8.37]

(of length 0.23).
In this case, on each time interval J(™) estimates (3.4)-(3.6) are acceptable to apply the DN-
tracking.



Four-Dimensional Brusselator Model with Periodical Solution 9

3.2. Constructing a map on the first segment

Further, we continue the reasoning on the first segment J() = [0, 0.4]. Let Z,(t) be one of
the trajectories Z;;,(t), let é*n) be the discrete trajectory corresponding to Z.(t), i.e., a solution of

system (2.1) with the initial condition 2,20) = 2:.(0) € K(gl), and let C,En) be the numerical trajectory

corresponding to Z,En). We put h= 2716 T = 0.40, and N = [T/h] = 26214.
Using Estimations 1-5 and the method of proof by contradiction, the following Lemmas can be
proved in the same way as in [6]. Therefore, here we restrict ourselves to proving Lemma 3.

Lemma 1. Foralln=0,1,..., N,

™ ety and Y — M| < 141070, (3.7)

Since C,En) is a numerical solution kept in the memory of a computer, the validity of the first
inclusion in (3.7) is verified by the computer, while the inequality in (3.7) is derived by means of
Estimation 1.

Lemma 2. The estimate

‘E,E") M| <g2.10710 (3.8)

holds as long as 2£k> elly, k=0,1,2,...,n.

Estimate (3.8) can be easily obtained by using estimates (3.1) and substituting the values
T = 0.40 and h = 270 into the right hand side of (3.4) in Estimation 3.

Lemma 3. Assumption 2 holds.
P roof. By Lemma 2, we obtain

(E,E") _ M| < g2.10710,

when the inclusion Zin) € II; holds. We now show that this inclusion holds for alln =0, 1, ..., N.

We assume the contrary, let for some minimal n, > 1, we have Z,En*_l) e Iy, but 2£n*) ¢ II;. Then

‘ém) B C:En*)

< (zi"” - 25]‘*‘”‘ v

7l Ei”*‘”‘ + (Ei"*‘” —
Since by the scheme (3.3) one has the estimation

2 — 27V < max | F(k(2), ka(2))] < moh < 131077,
zelly

and by assumption, we have Zin*fl) € II; so one can apply Lemma 2 and get the estimation

2£n*_1) — C:En*_l) < 8.2-10719, As for the estimation C:En*_l) - f,ﬁ") < 1.4-107?, it follows from

Lemma 1.

Therefore,
F(ne) _ ‘ (n)

* *

<2.8-1075, (3.9)

Since Q:,En*) € IIp and dist (IIp, 0II;) = 0.001, therefore, (3.9) implies that 2" ¢ TI,. This

contradicts the above assumption 2£n*) ¢ II;. Thus, the inclusion Z,En) € II; holds for all

n=20,1,..., N, ie., Assumption 2 holds. O
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Lemma 4. Foralln=0,1, ..., N,

%, (nh) € Ty and |3, (nh) — 2™ | < 2.1-1079.

Lemma 5. Lett € JU and n = [t/h +1/2]. Then
Z.(t) € M3 and |Z.(t) — Z.(nh)| < 6.49 - 107°.
Lemma 6. Lett € JU and (u,?,w) € SV, Then
Zuvw(t) € Ty and |2u90(t) — 21 (t)| < 2.46 - 107°.

Lemmas 1-6 imply that Assumption 1 holds on the first segment J!) and the following theorem
is true.

Theorem 2. Lett c JU. Then

Zupw(t) €Iy and  |zyww (t) — ngk (3.10)

The estimation (3.10) means that one can track any real trajectory 2z, (t) of system (2.1) by

means of the numerical trajectory @(;Lk) with accuracy e.

Let z Céé\([) 1966) , and let 3 be a hyperplane with normal f (262)) and passing through the

point 262) .

Theorem 3. Fach trajectory (2.1) intersects the hyperplane »@  at  some time
tuvw € (T —0.06, T') = (0.34, 0.4).

The proof of this theorem is directly verified by a computer by showing that the points CZ(]]Z 3932)

and Ci(j . lie in the half-spaces

Q= {=| (===, (7)) >0} 0o ={z] (=2, 1)) <0},

respectively. Moreover, the distances between these points and X are not less than e (Fig. 1).
Therefore, every trajectory 2y, (t) crosses the plane »@) at some tuvw € (0.34, 0.4) and by the
implicit function theorem it follows that the function t,, is continuous in (u, v,w) € S @,

Thus, we obtain a map @Efg of the parallelepiped S onto the plane $(?), which relates each

point (u, v,w) € S @) to a point Zywy (tuvw) Where 2y, (t) intersects the plane »(@). We denote
the set of these points by S). The continuity of the map @Elg follows from the theorem on the

continuous dependence of solutions on the initial point.

3.3. Constructing Poincaré map

For the time segments J("™), m = 2,22, we choose the values of h, T, and § the same as for the
first segment. Therefore, the estimation (3.10) does not change, that is, € remains unchanged.
On the hyperplane ), we introduce again the Cartesian coordinate system (u, v, w) with the
origin zé ) taking the basis on it the vectors defined by (3.2).
Let Sg) = |J B:.(p) be the e-neighborhood of the set S?, where B.(p) is a ball with
peS(2)

centre p and radius e. We denote again the trajectory starting from the point (u,v,w) € Sg) and
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the corresponding numerical trajectory by zy.,(t) and C@ ik respectively, where i = [u/h + 1/2],
j=[/h+1/2], and k = [w/h +1/2].
For the segment J(3), the existence of a map @E;’g of the domain SE(Q) c 2@ to the plane £

passing through the point z(()g) = Néév_l%(i) and orthogonal to the vector f(z(()g)) is established

similar to the construction for the first segment.
Repeating a similar reasoning and calculations, we obtain 21 continuous mappings

@Em“’ Sim) _y sy(m+1) -y 93 22
m) €

The last segment J23) = [8.14, 8.37] requires a special consideration. Consider an en-
semble of trajectories zy,,(t) with starting points in S§23). Putting h= 271, T" = 0.23, and
N = [T/h] = 15073, we find numerical trajectories 51(52 approximating the ensemble of trajectories

Zuww (t)-
Then, for the time interval J(3), we prove the following statement.

Theorem 4. Lett € J23). Then

Zuvw(t) €10y and |z (t) — ()| < 1.72-107° (3.11)

Theorem 5. Let It and II~ be open half-spaces defined by the hyperplane ©V); more precisely,
It = {z € R4|<z — zél),f(zél)» > 0} and II" = {z € R4|<z — z(()l),f(z((]l))> < 0} .

Then ") € I~ and C(J)) € I+ for all i, j. k.

Corollary 1. FEvery trajectory
Zuvw () with (u,v,w) € 523
reaches the hyperplane XV at some time tyy, € (8.34, 8.37).

(1)

to the point 2y (fuvw), We get a continuous mapping <I>(23) :

Mapping a point (u,v,w) € S§23)

55(23) — 2M, Next, we set

(1) (23) (2)
b = CD( )o<I>(22) OCD(I).

As a result, we obtain the required Poincaré map (Fig. 2).

Let S¥ =& (S(l)) and, for fixed 7, j, k, let n;;;, be the number of the term of the sequence Cz]k

closest to the hyperplane (). We denote the set of all points Ci(jk ) by Z. Tt can be easily checked

by computer that the following inequalities hold for every CZ(] k” +) = (ET, Eg, f?’: > €z

—316.66 < {7 < 316.746, —11.170 < {; <11.496, —15.706 < (§ < 15.254.

(The range of all projections of numerical trajectories EZ(;;” ) = (Ef , E; , Ci;: > to the hyperplane (™),
m=1,2,...,23, is provided in Table 1.)

It follows then from estimate (3.11) and the inequalities
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G
G
G

-G
% -G

|25 < ‘zg‘ — f;;

|2%] < +|Cr| < e+316.746 < 3224,

23] <

+ |G| < e +11.496 < 163,

+ (¢ < e+ 15.705 < 216,

that (Fig. 3)

where (27, 23, 23) = Zuvw (tuvw) — %

5@ c Int SW,
(1)
Therefore, it follows from Brouwer’s fixed point theorem [23] that the map ® has a fixed point

z* € S that is ®(z*) = z* and therefore, the trajectory passing through this point will be closed.

Applying the DN-tracking method for each fixed value of 5 € (0.431, 1.173), one can prove the

following theorem.

Theorem 6. For 3 € (0.431, 1.173), system (2.1) has a closed trajectory.

4. Conclusion

In the present paper, a Brusselator model has been studied. The main contribution of the paper

is as follows:

(1) a new modified four-dimensional Brusselator model, having cyclical property, has been pro-

posed;

(2) the existence of a closed trajectory for this model has been established.

10.

To prove the existence of a closed trajectory, the DN-tracking method has been applied.
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Figure 1. Parallel projection set of points 51.(]%_3932) and Ez.(f,? onto the space OBXY with parallel projection

direction which is perpendicular to the normal f (z(()2)>.
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Figure 2. Some components of the Poincaré map. Scale w:viw=1:5:5.
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Figure 3. Poincaré map ® : S — ¥ in axonometric and 2d-projections. Scale u:v:w=1:5:5.

Table 1. The range of all orthogonal projections of numerical trajectories

*w

\

[ ]
B

[

I
/

1

=(nijr)

ik to the hyperplane $(™).

m min ¢; max (; min ¢ max (; min(; | max(;
1 —3256 3250 —200 200 —250 250
2 | —346.696 3476 —28.580 | 28.560 —29.286 | 29.390
3 | —378.636 | 379.786 —30.236 | 30.060 —35.876 | 36.010
4 | —437.256 | 440.320 —33.600 | 33.390 —44.646 | 44.700
5 | —538.990 | 546.29¢ —44.245 | 44.246 —55.300 | 55.160
6 | —714.576 | 729.620 —70.096 | 70.860 —63.220 | 62.940
7 | —977.876 | 989.046 —117.060 | 117.88) —42.426 | 43.186
8 | —1090.880 | 1087.216 —122.660 | 122.049 —38.736 | 38.600
9 | —890.646 | 896.91¢ —56.550 | 56.700 —72.000 | 72.360
10 | —704.540 | 705.846 —14.716 | 14.530 —56.050 | 56.240
11| —599.260 | 597.096 —8.014 8.016 —35.446 | 35.460
12 | —552.716 | 549.300 —14.026 | 13.900 —17.816 | 17.870
13 | —552.126 | 548.610 —18.260 | 18.160 —2.436 | 2.610
14 | —600.140 | 597.670 —20.196 | 20.000 —12.666 | 12.990
15 | —716.870 | 717.770 —18.516 | 18.12¢ —31.280 | 31.716
16 | —928.670 | 932.880 —7.674 7.770 —55.900 | 56.480
17 | —1066.816 | 1063.650 —43.750 | 43.426 —56.060 | 56.340
18 | —821.699 | 837.416 —54.466 | 54.830 —17.076 | 16.160
19 | —583.270 | 592.990 —38.930 | 39.020 —1.676 | 1.350
20 | —450.010 | 454.216 —27.186 | 27.050 —0.846 | 0.699
21 | —378.016 | 379.81¢ —19.756 | 19.57¢ —3.146 | 3.079
22 | —340.456 | 341.266 —15.076 | 14.900 —7.400 | 7.386
23 | —325.126 | 325.596 —12.380 | 12.230 —12.630 | 12.646
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Abstract: In this paper, we consider the anisotropic Lorentz space L; é(]lm) of periodic functions of m
variables. The Besov space B;Oéa’ﬂ of functions with logarithmic smoothness is defined. The aim of the

paper is to find an exact order of the best approximation of functions from the class Béo(’;a’T) by trigonometric
polynomials under different relations between the parameters p,6, and .
The paper consists of an introduction and two sections. In the first section, we establish a sufficient condition

for a function f € L; e (I"™) to belong to the space L* (I"™) in the case 1< 62 < 9;1), j=1,...,m,in terms

$,0(2)
of the best approximation and prove its unimprovability on the class E;‘g ={fe€ L o™ En(f)5,6 < An,
n=0,1,...}, where En(f); g is the best approximation of the function f € L; 5(I™) by trigonometric poly-

nomials of order n in each variable x;, j = 1,...,m, and A = {\,} is a sequence of positive numbers A, | 0

as n — +oo. In the second section, we establish order-exact estimates for the best approximation of functions

0,0,7)

from the class B;yg(l) in the space L;,e@) (Im).

Key words: Lorentz space, Nikol’skii—Besov class, Best approximation.
1. Introduction
Let 2 = (x1,...,2pm) € R™, I™ = [0,27]", p = (p1,..-,Pm), and 0 = (01,...,6,,), where

pj € (1,00) and §; € [1,00) for j = 1,2,...,m. Denote by L; é(]lm) the Lorentz space of real-valued
functions f(z) that are 27w-periodic in each variable and

2 Om _q 2 0 6—1—1 2—2 9:;—”11 1/
0= e e[ [ ) ] <o,
where f*1»»*m ig a nonincreasing rearrangement of the function |f(z1,...,2y)| in each of the
variables ; whereas the other variables are fixed (see [8, 18]).
In the case p1 = -+ = py, = 01 = --- = 0, = p, the Lorentz space L;é (I'™) coincides with the

Lebesgue space L, (I'") with the norm

27 2T 1/p
Hfupz[/o - rf<m1,...,xm>rpdx1...dmm} ,

!This work was supported by the Competitiveness Enhancement Program of the Ural Federal University
(Enactment of the Government of the Russian Federation of March 16, 2013 no. 211, agreement no. 02.A03.
21.0006 of August 27, 2013).
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where p € [1, +00).

Instead of Lge—(ﬂm), we will write Ly ,(I"™) in the case p1 = -+- =py, =pand 0y = -+ =0, = 0
and L;e@) I™) if 5= (p1,...,pm) and O = --- = 6, = 6.

Given a natural number M, consider the set

Oum ={k=(k1,...,km) €Z™ :|kj| <M, j=1,...,m}.

Consider the multiple Dirichlet kernel

and its convolution with a function f € L; FIUGSE
7u(f.0) = [ 1@)Dos. @~ 5) = Do,y (@ 5)dy,
]Im

where s € Nyg = NU {0} and N is the set of positive integers.

Let M € Ny, and let Tas(Z) = 3. aze’®?) be a trigonometric polynomial of order M in each
EEDM
variable x;, j =1,...,m. Denote by §o,, the set of all such polynomials.

Let Enr,..nv(f)pg = Tejgé Ilf— T||;’§ be the best approximation of a function f € L;é(]lm) by
M

the set §0o,,. Sometimes, we will use the notation EM(f)ﬁg instead of EM,___7M(f)ﬁ,g. For a given
class F' C L;,é(ﬂm), let Ep(F);0 = Jsflglg Eyv(f)p0-
Let « > 0, v € (—00,400), and 0 < 7 < oo. Denote by Aj(j@;%ﬂ

fe L;ﬂ—(]lm) such that the quasi-norm (see [9, 20])

the space of all functions

o - 1/7
£l = [ n ™" (11 + log ) Bu(£)p5)"]
P n=1

is finite, where log a is the logarithm of the number a to the base 2.
If 7 = 0o, then
[fl|aear = supn®(1 +logn)? En(f);q < oo
2 n>1 ’

It is known that Aéaé%ﬂ is a quasi-Banach space (see [9, 10, 20]). It is called an approximate
space (see [11]).

—~

0,00,7)

61 "1 < 17 < oo, of all functions

In the anisotropic Lorentz space, we consider the space B

3

fe L; (I'™) representable in the form of series

D Qo (,2), Quen(f) € o (1.1)
n=0
and such that
s 11/7
[Z(QWHQQW (f)”;,(;) } < 400 (1.2)
n=0

for 1 <7 < oo and

sup 2" |[Qqn ()7 5 < 00
n€eNg ’
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for 7 = 0o. The infimum of expression (1.2) over all representations (1.1) defines a quasi-norm in
this space:
. % \T
11 ocrr = inf| 302" Quen ()15 5)]

n=0

The space Béoeia’ﬂ is called the Besov space with logarithmic smoothness. In B Eoela’T), we consider
the unit ball

07 b
BOS {f € Lg™) 1] o < 1}.

It is known that f € IB%;%VH/T’T) if and only if f € Al(joéﬂ’ﬂ (see [10]).

The main aim of the present paper is to obtain an exact order of the best approximation of the
(07777—) and 8(07777—)
ﬁyé(l) p,é(l)
In the one-dimensional case, sufficient conditions for a function f € L, (I 1) to belong to the space
Lq(Hl) for 1 < p < g < oo in terms of the best approximation and the modulus of continuity were
established by P.L. Ul'ynov [30]. This study was continued by V.I. Kolyada [15], V.A. Andrienko [5],
N. Temirgaliev [27, 28], E.A. Storozhenko [26], M.F. Timan, P. Oswald, L. Leindler, S.V. Lapin,

B.V. Simonov, and others (see the references in [16]).

function classes A in anisotropic Lorentz spaces.

N. Temirgaliev established [28] a necessary and sufficient condition for a univariate function
f € Ly(I') to belong to the Lorentz space L,o(I') in terms of the modulus of continuity for
1 <6 < p<oo. L.A. Sherstneva studied [22] this problem in terms of the best approximation of a
function. Such problems in the Lorentz space were investigated in [1, 4, 23].

Problems of estimating various approximative characteristics of function classes are well known
and a survey of the results on this topic is given in [12, 29]. In particular, in the Lebesgue
space L,(I™), exact estimates of the best approximation of functions of the Besov class B;’g—(l)

were established by A.S. Romanyuk [21]. In the case 9](.1) =p; =p, j =1,...,m, estimates of

approximative characteristics of the class Bg:gu) were obtained by S.A. Stasyuk [24, 25]. In [13],
the embedding and characterization problems of the Besov space with logarithmic smoothness in
the Lebesgue space L,(I™) were investigated.

Exact estimates of best approximations of functions from the Besov class in the Lorentz space
with a mixed norm were obtained in [2, 6, 7].

The present paper consists of the introduction and two sections. In Section 1, we establish
a sufficient condition for a function f € L;,é(}lm) to belong to the space L;’ (2 1), 6?2 < 9§1),
7 =1,...,m, and prove its accuracy on the class

B ={f €L 3 : En(f)yg < An, n=0,1,... 1},

where A = {\,} is a sequence of positive numbers A, | 0 as n — +o0.

In the case p; = 0; = p, j = 1,...,m, V.I. Kolyada proved [15] a necessary and sufficient
condition for the embedding of classes Ez); in the space Lq(]ll), 1<p<yg.
0,,7)
_ _ ﬁyé(l)
relations between coordinates of the parameters p,00), g, 0@ r (see Theorems 5 and 6).

In Section 2, we establish order-exact estimates of the value E, (B )q(;(z) under various

The notation A (y) < B (y) means that there exists positive constants C; and Cs such that
C1A(y) < B(y) < CoA(y). If B(y) < C2A(y) or A(y) > C1B(y), then we write B(y) << A(y)
and A(y) >> B(y), respectively.
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2. Conditions for embedding classes in the Lorentz space

Theorem 1 [19, Theorem 10]. Let 1 < pj < +ooand 1 <0; <q; <+oo forj=1,....m, let
=1, y0m) and ¢ = (q1,---,qm), and let 0 = (61,...,0r). Then a trigonometric polynomial

Z Z bkeliff
km=—nm

ki=-n1

satsfies the following inequality:

m
IT7 || €<Cp,q’ H In(1 + n;) 1/9 1/qJHT Hpq

Lemma 1. Letl <p; <ooandl < g < q](l) < 400 forj=1,...,m. Let {u,} be a sequence

of non-negative measurable functions on the cube I = [0, 2x|™ such that
(1)

Huan —(1) < En, En+1 S ﬂgru /8 € (07 1);
(2) there exists a sequence of positive numbers {A,} such that

> (1/0,-1/a)")
[unllye < CAW en, nm=123,...,

for any 6; € (O,QJ(-U), j=1,....m

Then the inequality
o S (1/a-1/g})

1/Q2
1l < {3 A0 =3
n=1
holds for every function of the form f(z) =17 un(Z).

This lemma is proved by V.I. Kolyada’s method (see [15, Proof of Lemma 4]) as in [3].

Remark 1. Lemma 1 was proved by L.A. Sherstneva [22, Lemma 13] in the one-dimensional
case and by the author [3] in the multi-dimensional case for qgl) =... = q%).

Now, let us consider a condition for a function f € L;, o) (I"™) to belong to the space L;, o) (),

1<9(2)<9](»1)<+oo,j:1,...,m

Theorem 2. Let 1 < 02 < 9(1) < 400 and 1 < pj < oo for j = 1,...,m, and let 6 =
(99), e ,9,(”,13) Assume that f € L* 9(1)(]17”) and

. 02 $° (1/6 —1/0V)—1
Inn J=1 @)
> o) Ep - o(Ppam < +oo. (2.1)

n
n=2

Then f € L,G(Q) (I'"™) and

- 0 21(1/9(2>_1/9§1>)_1

. . (In(k +1)) 9= @) 1/6® 2.2
171 << {1700 + [30 0 B (Dgae] o 22

k=2

o
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5 (170 —1/00)

(g0 << { (n(n + 1)y~ B ) 900+
0 5 (1/6-1/6{") -1 " (23)
= (In(k+1 J=t @) 1/6
(5 ey o] )
k=n-+1

Proof. Since En,___7n(f)ﬁ’g(1) =¢e, | 0 as n — 4oo for every function f € L;,é(l)(ﬂm),

1 < pj, 0§1) < 400, j =1,...,m, there exists a numerical sequence {n, } such that (see [15, Sect. 2])

Enu+1 < 55711/7 gny+1_1 2 5877,”7 vV = 172, e

Let T,(f,z) be a trigonometric polynomial of the best approximation of a function

fe L;,g’(l) (rm), 1< pj,0§1) < 400, 7=1,...,m. Consider the series

Tnl(f’j) +Z(Tnu+1(f’f) _Tnu(f’f))' (24)
v=1

Let us prove the convergence of this series in the norm of the space L;; ) (I"™). Suppose that

uy(T) = [T, ., (f,2) = Ty, (f, )], v=0,1,....

Then
Huung,g(l) <2, v=01,...,

and, by Theorem 1,

. > (1/7-1/6)
w57 << (Inmpg1)’= Ev
for any 7; € (0,6?](-1)), j=1,...,m. Hence, by Lemma 1, we obtain
! * L *
| ¥ @i =T <) X w0 <<
v=k+1 ’ v=k+1 ’ (2 5)
! 9 3 (176 —1/61)) 1/6® .
e {3 Gy AT ey
v=k+1
Condition (2.1) implies that
o0 0 3 (1/0@-1/00)
> (nnyg) = el < +oo. (2.6)

v=1

It follows from (2.5) and (2.6) that series (2.4) converges to a function g € L; o2 (I') in the norm.
It is easy to see that g(z) = f(z) almost everywhere on I"™. Hence, f € L;,G(Q) (I™). Setting k=0
in (2.5), we get

l 02 52 (1/6@-1/00) o176
£ J 0(2)
T2 (DI g2 << [Hf\l;;gm + (nnye) o= &y <<

v=1
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2) ¢~ 2 (1)
02 3 (1/6@-1/67)—1

00 : (2)
. In(n+1 g=1 @) 1/0
<< {Hfup,em T [Z (In(n +1)) Ez,...,n<f>,,,em} }

n=2

3

By tending [ to +oo in this inequality, we obtain

2) I~ 2 (1)
02 3 (1/6®-1/6;)—1

00 (2)
. . (In(n+1)) = @ e
11300 << {1500+ | 3 B (Ppa| b

n
n=2

Thus, inequality (2.2) is proved.
Applying inequality (2.2) to the function f — T,,(f) € L; o2 (I'™), it is easy to prove inequal-
ity (2.3). The proof of Theorem 2 is complete. O

Let us prove that condition (2.1) is exact on the classes E 51) -
2

Theorem 3. Let 1 < p; < 00 and 1 < 6 < 0](1) < 400 for j = 1,...,m. The following
condition is necessary and sufficient for the inclusion E;gu) C L;ﬂ@) (Im):

2) 2 (1)
o >J§1(1/9( )—-1/657)-1

i (lnn) PUARIPRSS (2.7)

n n

n=2

P r oo f. The sufficiency of condition (2.7) follows from Theorem 2. Let us prove the necessity.

Let Egé(l) C L;,G(Q) (I'"™). Assume that condition (2.7) is violated, i.e.,

02 S (170 _1/60)_1
2 (/6 -1/60)—

= (1 >
3 (nn) - UASRSTNG (2.8)

n=2

We choose a sequence of numbers {v} with the following properties (see [15]):

1

Vk:+1_1 2 5

1
V41 < 5)\’/k7 A A

A (2.9)

Vi *
Since the function (Inz)?/z with 8 € R decreases to 0 as x — +00, we have

6 3~ (1/0-1/6(")—1 0@ 32 (10 —1/6M)—1

n n— v
n=vg+1 n=vg+1

<<

02 3% (1/0@-1/0)
<< (ln(uk+1 — Vg + 1)) J=1 .

Thus, (2.8) implies that

S (e — v +1) MY = oo, (2.10)

2) I~ 2 (1)
i 0 3 (1/6)-1/6(")
k=1

Let us consider the function

00 - ff 1/
fo@) =Y A n(vppr — v +1)) =7 (),
k=0
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where
m Ve+1 14
T1(Z) = H (nj —vE)?  sinnjx;.
j=1lnj=vp+1
It is known that (see [22])
17515 g = (0 (Vg1 — v + 1))7= , 1<pj,0; <+o0, j=1,...,m. (2.11)

Using this relation and (2.9), we can verify that

s S oSV o0
1Follz 500 <D A (n(vegr — v +1)) = 17all? gy < C Y Ay < 0.
k=0 k=0

Hence, fp € L 1)(]Im) 1 <pj,0§1) <o, j=1,....,m.
Let a pomtlve integer n satisfy the inequalities v; < n < v;41. Then, by the best approximation

property and according to relation (2.11) and inequality (2.9), we have

[e’) — 1 0(.1)
: J
En(fo)pam < Bu(fo)pgn <D Am(mpsr —me + 1) =7 [|ml[ 50y <<
k=l

o
<< Y DAy, << Ay << 2X
k=l

_1 < CoAy,.

Vi41

Hence, f| = Cilfo € E)‘f
Let us show that f; gé L*0(2> (I'"™), 1 < #® < co. To this end, we consider the function

& 1-9(2)

oo 7
_ = o) @ _
90(Z) =Y (In(vpyr — v + 1)) %57 A1),
k=0
where
s Vi1 1 i
j=lnj=vi+1 P;
It is clear that (see (2.11))
. gﬁ 1/6; .
kaHp/,g = (In(vpy1 —vp +1))=1 , 1<pj<+4+o0, 1<bj<o0, j=1,...,m

Further, in view of the orthogonality of the trigonometric system, for any number N, we have

N 51 =
; @_ 5
By = /fl(x) S T s — v+ D) gu(@)dE =
N 02 z 1/6) plia
Z In(vpy1 — v + 1)] 0(2) H Z (212)
k—0 j= ln]—l/k+1

N 9 55 (176 —1/6)
> Z[ln(’/kJrl -y +1)] 7! J )\gfj)_
k=0
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Using the integral Holder inequality, we obtain

N § 1=
= (1 9(2) _
BN << ||f1||;;,9(2) kZO(lD(Vk+1 — Vg + 1))J 19 >\Vk lék‘ ﬁlﬂ@)/’ (213)
where
02 _ 9(2)
@ -1
i 1—0(2)

)

: (
We set ug(z) = (In(vpyr — vp + 1)) % )\‘322)*1\&6(@)\. Then (see (2.11))

@_
lugl* 0y << A0 =B,
79(2) _1

o1 e
gl(T_j— o) )
J

lully » << (k41 — vk + 1Y Br, k=0,1,....

Thus, all the conditions of Lemma 1 hold for the sequence of functions {uy(z)}. Therefore,

N - 1-0(2)
=10l e ¥
Hz(ln(’/kﬂ—’/wrl))’ CNTTG ) ey <S
k=0 ’
2.14
N 9<2)§(1/9<2>71/9§.”) (2] 1-1/6® —
<< { Yl —m 1) 7
k=0

Now, it follows from inequalities (2.12), (2.13), and (2.14) that

N 6 55 (176 -1/6)

2 /0 .
{ Y (v —w+1) = A } << [ f2ll3 pez -
k=0

By (2.10), we find that f; ¢ L; o2 (M), 1< 6 < 9§1) < 400, j =1,...,m. This contradicts the
inclusion Eg o C L;; 02) (I"). The proof of Theorem 3 is complete. O

Remark 2. The results of L.A. Sherstneva [22] follow from Theorems 2 and 3 in the case m = 1.

3. Estimates of best approximations of functions with logarithmic smoothness

Now, let us prove estimates of the value E;(F )pﬂ’(z) for the classes F' = Bé%?l’;) and F' = Aé?é?{;).
Theorem 4. Let 1 < p; < oo and 1 <2 <9§1) <o forj=1,....m,andletl <1 <oo. If

a> > (1/62) —1/6), then BOAD < L* , (I™) and
j=1

P00 P02

£ << 1l 000
p,
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(07&,7—)
Proof. Letf¢€ Bﬁ,gu) .

in the form of the series

Then, by the definition of the class, this function can be represented

ZQQQV(f,j)a QQQV(f,j) € 3’[]22717
v=0

in the sense of convergence in the quasi-norm of the space L* e (I'") and

[e.9]

Vo . \T 1/7
> @@ (Nlz) 7| < +oo.
v=0
If 0@ <7< oo, then, using the Holder inequality and taking into account that
m
a> S (1/6@ — 1/(9](.1))7 we obtain
j=1

1/6(®

0y 55 (1/0 17670 5@
(Y27 L Qe (Nlp)” T <

v=0
w0 (35 (1/0D-1/0")-a) 1
= }

< {2 (e ()} {32 O . (3

v=0 v=0

00 r /T
<O X2 (1w (Dl 0) W

where

If 7 = 00, then

1 5 (1/62)-1/6M ) 62

{325 2 1@ (0" )

i ) (3.2)
0o V9(2)(Z(1/9(2)_1/651))—04) 1/6()

< sup 200 Que (Nllz g { d2
v=0

1/6?

vENp
If 7 < #®), then, using the Jensen inequality (see [17, p. 125]), we obtain

{ % u§(1/9<2)—1/9§1>)0<2)

Zz (1Qu (f >Hpgm>“”} {zzvm Qe (D)} - (33

Thus, (3.1)—(3.3) imply that the series

<, i”: (1/9(2)71/9]{1))9(2) . 9(2)
9 i=1 (HQzQ” (f)||ﬁ,§(1)) (3.4)

v=0

(0,a,7)
is convergent for every function f € B> YO

Taking into account the monotomclty of the best approximation and the properties of the norm,
it is easy to verify that
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o Z (1/6(® — 1/0(1)) 1 o iﬂ: (1760 — 1/0(1))
Inn (2) e (2)
Z ( y= - Ee o << ZQ g=1 ggu,...722u (f)ﬂg(l) <<
n=2

v (1/6@-1/0)@
<Y :
V=

(ISt

0(2)
Y (3.5)
B,0(1)
oo, Z (1/9(2) 1/9(1)) (2) o0
<< 22 i=1

N 9(2)
(1@ (Pl500)
I=v

Since 02 < 9](.1), j=1,..

.,m, we have

n

Z v 35 (16 —1/0D)p( n 3 (1/62-1/6)0@
9 i1

<< 2 9=t , n € Np.
v=0
Therefore, according to [14, Lemma 2.2], we find from (3.5) that
S (1/62)—1/00))0> —1 m
.- (lnn)g( ey o) N N
> . B (pa << 32 5 (1@ (D)™ (3.6)
n=2 v=0
Since the series (3.4) converges, it follows from (3.6) that
- S (1/6) — 1/6)6 —1
Z (ll’l TL)J ! 9(2)
n
n=2

n,...,n(f)p,g’(l) < Q.
Hence, by Theorem 3, we have f € L*6(2) (I™)

Let us estimate the quasi-norm || f ||p s+ By the quasi-norm property and the Holder inequality,
we obtain ’

115 gy << ZHQW

0 u2(1/0<2>71/0“))9(2) (2 1/6? &0
2 J * 0
<< ( g 2 =1 (HQzQ” (f)”,;,g’(l)) > :
v=0

Therefore, according to relations (2.2), (3.6), and (

Hp gy <<

3.7), we have
o0 uz<1/0<2> 1/657)0() o7 1/6®
Il << {322 (19 (NIl )" }

(3.8)
Taking into account (3.1)—(3.3) and (3.8), we obtain
11000 << { 3270 (1@ (1) 0) "} (3.9)
v=0
for every function f € BO«m),

5.0 The proof of Theorem 4 is complete
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Theorem 5. Let 1 <p; < oo and 1 <6 <9§»1) <ooforj=1,....m,andletl <1 <oo. If
a> > (1/6® —1/6\Y), then
j=1

—(a— 35 (1/0®—-1/6{Y))

En (Iaaf;lj)),,g@)x(log(MH)) = , MeN.

m

Proof. Let f € IBB(,OGO‘UT). We have a > 21(1/9(2) - 1/6?](.1) therefore, f € L 2)(]Im)
]:

by Theorem 4. Take a positive integer [ such that 22 < M o< 227 Then, using the best

approximation property and inequality (3.9), we have

0y 3 (1/0—-1/6(D)0

1/6)
EM(f)@Q@) < E221 a2 << { Z 2 I=

(I (Nlge)” 1 (310)

=

m
If 62 < 7, then by the Hélder inequality and in view of the fact that o > S (1/6(?) — 1/9](.1)),
j=1
(3.10) implies that (see formula (3.1))

= vTQ * T 1/
Exi(f), 000 s{22 (12 (£l 500) 7}
3.11
> v0(2)6(2(1/9(2) 1/6$7)~0) ) 525 G 2(1/6<2> 1/65)) (3.1)
{ 2 J= } << 2 J=1

v=l

for every function f € IB%(O(;J) in the case 8 < 7.

If 7 < 0@, then, arguing as in the proof of formula (3.3), by means of the Jensen inequality,
we find from (3.10) that

a= 3 (1/0-1/6(Y))
i=1 )

> T =
Eu(Dgae < { 227 (1Qa (Nl 50)7} 2 (3.12)

v=0

Now, taking into account that 22' < M < 22" by formulas (3.11) and (3.12), we obtain

(=32 (1/0-1/6())
En(f)p oo << (log(M +1)) =t

for every function f € IBB(,OG?I)T ) Thus, the upper estimates are proved.

Let us prove the lower estimates. Consider the function

—(n41)(at 30 1/0(D) 22 -
fo(@) =2 Z SR | (R )

=271 +1 kelps \Oye—1 J=1
where z € I and n € Ny. It is well known that

\ ~(nt)) (ot 3 100y 2 .
S0 s H Z Z H kj—2° ) 5 githa) _
p7

s=2n+1 =2"t141 keOys \Oys—1 J=1
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—(nt1)(at 35 176D 5~ 1760
<<z EY gt g BT gt

Thus,

u+1 2n+2

{ 2ym<‘ Z os(f2)|| - ) } VT _ o(n+1)a

Hence, Cy 1t e IB%,OG?I)T) for 1 < 6® < oo and 1 < 7 < oco. Next, by the definition of the best

approximation and the estimate

2n+2

Z Z Hk_251 ) (i(k.)

s=2nH141 kelys \Oys—1 =1

* m
n—
(

>>2 02
P02

we have
By (f2)500 = Cr i fall% g =
(n+1>(a+z 60y, X ol
ot IS ¥ [e-ztepsatal s
5=2nF1 41 k€0ss \Oys—1 J=1 b
— (1) (a— 35 (1/02) -1/0)))
>> 2 J=1 .
Taking into account that 22" < M < 22n+1, we obtain
(a= 3> (1/0—1/6{Y))
En(f2)p 90 >> (log(M +1)) 7=
for 1 <0®? < 0 and 1 <7 < . Thus, the proof of Theorem 5 is compete. ]

Theorem 6. Let 1 < p; < 00 and 1 < 62 <6?J(-1) <ooforj=1,...,m, and let 1 < 71 < 0.

Ify> Y (1/6@ —1/00) ~ 1/r, then
j=1

(0,7,7) —(y+1/7— % (1/9(2)71/%1)))
EM(Aﬁ,éd) )pa < (log(M +1)) = .

Proof Since Al é?l)T) nd B 0?;; 1/mm) coincide, the statement of Theorem 6 follows from

Theorem 5. 0

4. Conclusion
The best approximations of functions of the classes IB%;O(’;?{) ) and A(,O(;(q)) in the space L* 5002 (™)
have logarithmic order.

Note that estimates of the quantities EM(B(, (;’(Yl’)))@g(g) and EM(Aéoé?{;))ﬁ,g(g) are unknown in

the case 9§ ) =0 j=1,...,m
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Abstract: This paper deals with the existence and multiplicity of solutions for a class of quasilinear problems
involving p(z)-Laplace type equation, namely

—div (a(|Vu[P®)|Vu|P@) =2Ty) = \f(z, u) in Q,
n - a(|VuP(®)|Vu|P@) =2V + b(z) |[u|P(®) 2y = g(z,u) on Q.

Our technical approach is based on variational methods, especially, the mountain pass theorem and the sym-
metric mountain pass theorem.

Keywords: p(z)-Laplacian, Mountain pass theorem, Multiple solutions, Critical point theory.

1. Introduction

In this paper we study the nonlinear elliptic boundary value problem with Robin conditions

{_diV<a<\W!”<”>\Vu!p<$>2Vu>:Af<w7U> 4, (1.1)

n - a(|VulP®)| VuP@ =2V + b(z)|ulP® 2y = g(z,u) on 99N,

where € is an open bounded subset of RN (N > 2), with smooth boundary, n is the outer unit
normal vector on 95, b is a positive continuous function defined on RY, p € C (Q) with

1<p :=infp(x) <p" :=supp(x) < N
Q Q

and p(z) < p*(z) where
Np(x)
p(x) = N —p(@)
+00 if p(z)>N

if p(xz) <N,

for any = € Q. It is clear that the equation in question is elliptic since it describes phenomena that
do not change from moment to moment, and that the operator

Lu = —div (a(|Vu|P($) )|Vu|p(x)’2vu)

is an elliptic operator in divergence form.

Recently, the study of differential equations and variational problems involving p(x)-growth
conditions have been extensively investigated and received much attention because they can be
presented as models for many physical phenomena which arouse in the study of elastic mechan-
ics [32], electro-rheological fluid dynamics [27] and image processing [6], electrical resistivity and
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polycrystal plasticity [3, 4] and continuum mechanics [2] etc, for an overview of this subject, and
for more details we refer readers to [11] and [5, 10] and the references therein. The existence of
nontrivial solutions to nonlinear elliptic boundary value problems has been extensively studied by
many researchers [1, 7, 14, 15, 18, 21, 23, 24] and references therein.

It is known that the extension p(z)-Laplace operator possesses more complicated structure than
the p-Laplacian. For example, it is inhomogeneous and usually it does not have the so-called first
eigenvalue, since the infimum of its spectrum is zero.

However, to understand the role of the variable exponent, well, although most of the materials
can be accurately modeled with the help of the classical Lebesgue and Sobolev spaces LP and
WP where p is a fixed constant, there are some nonhomogeneous materials, for which this is not
adequate, e.g. the rheological fluids mentioned above, which are characterized by their ability to
drastically change their mechanical properties under the influence of an exterior electromagnetic
field. Thus it is necessary for the exponent p to be nonstandard, therefore, the spaces with variable
exponents are required. As an introduction and a history coverage to the subject of variable
exponent problems, we advice the reader to see the monograph [12] and the articles [16, 20].

Note that, the p(z)-Laplace operator in (1.1) is a special case of the divergence form operator
—div (a(|Vu[?™®))|Vul[P*)=2Vu) which appears in many nonlinear diffusion problems, in particular
in the mathematical modeling of non-Newtonian fluids. When

t

V1412

we have the generalized Capillary operator (which is essential in applied fields like industrial,
biomedical and pharmaceutical) initiated by W. Ni and J. Serrin [22].

Inspired by the works in [25] and [19], we study the existence and multiplicity of nontrivial solu-
tions the problem (1.1), via the mountain pass theorem and the Rabinowitz’s symmetric mountain
pass theorem [26].

We assume the following conditions:

a(t) =1+

(Ap) The function @ : R* — R is continuous and the mapping © : RY — R, given by
O(¢) = A(|¢]P™®)) is strictly convex, where A is the primitive of a, that is

A(t) = /0 " a(s)ds.

(A1) There exist two constants 0 < L < K such that L < a(t) < K for all ¢ > 0.

We assume that f,g : © x R — R are of Carathéodory functions, f(x,-) = g(z,:) = 0 and
satisfy:

(Fo) for all (z,t) € QxR |f(z,t)] < fi(z)|t|"®~1, such that

1<r :=infr(z) <r" :=supr(z) <p :=infp(z) < p" :=supp(x),
Q Q Q Q

(=)
where fi is nonnegative, measurable function and f; € LP(IZ;*T(Z) (Q);
(F1) for all (z,) € QxR |f(z,0)] = fala)|t[*@,

1<a :infa(z) <a’:=supa(z) <r”,
Q Q

where fo > 0 in some nonempty open set O C £2;
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(Go) for all (z,t) € 02 x R, |g(z,8)| < g1 (a) t}2) ",

1< p+ <q = lLlfq(-T) < q+ = Slipq(ﬂ?), q(x) < pa(x),
Q@ Q
where .
(N =Dp(x)
pa(m) = (p(x))a = N — p(x) f p(xz) <N,
oo it p(x)>N

and there exists a positive constants Cy such that 0 < g1 < Cy;

gz )t
(Gq) for all (z,t) € 9Q xR %g% Hr T 0

(G2) there exists u > pt such that puG(z,t) < g(z,t)t for all (z,t) € 9Q x R, where
t
G(z,t) = / g(x, s)ds.
0

The main result of this paper is as follow.

Theorem 1. Assume that (Ag)—(A1), (Fo)~(F1) and (Go)—(Gz) hold. Then there exists
A* > 0 such that for every X €]0, \*[, the problem (1.1) admits at least one nontrivial solution.
In addition, if we assume the following conditions:

(G3) there is a nonempty open set U C 9Q with G(z,t) > 0 for all (z,t) € U x RT,
(Gy4) the functions f and g are even,

then the problem (1.1) has infinitely many solutions for every A > 0.

The remainder of this paper is organized as follows, in Section 2 we introduce some technical
results and required hypotheses in order to solve our problem, in Section 3 we state some and prove
the main results of this work.

2. Preliminaries

In the sequel, let p(z) € C1 (), where
Ci () ={h:heC(Q),h(z) >1 for any z € Q}.

The variable exponent Lebesgue space is defined by
LP@)(Q) = {u : Q — R measurable and/ |u(2)[P@®) da < —i—oo}
Q

furnished with the Luxemburg norm

|ul o) () = [tlp(z) = inf {U >0 /Q ‘@‘p(ﬂc) dz < 1}-

Remark 1. Variable exponent Lebesgue spaces resemble to classical Lebesgue spaces in many
respects, they are separable Banach spaces and the Holder inequality holds. The inclusions be-
tween Lebesgue spaces are also naturally generalized, that is, if 0 < mes(2) < oo and p,q are
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variable exponents such that p(x) < ¢(z) a.e. in €2, then there exists a continuous embedding

LI@)(Q) — LPE)(Q).

The variable exponent Sobolev space is defined by
WHPE(Q) = {u € LP@(Q) : |[Vu| € LPD(Q)}

equipped with the norm
||uHW17P(I)(Q) = |U|Lp(z)(g) + |VU|Lp(z)(Q)-

Proposition 1 [16, 17]. The spaces LP@)(Q) and WP*)(Q) are separable, uniformly convez,
reflexive Banach spaces. The conjugate space of LP®)(Q) is LI®)(Q), where q(z) is the conjugate

function of p(x), i.e.,
1 1

+
p(z)  q(x)
for all z € Q. For u € LP®)(Q) and v € L) (Q) we have

| [ a@is| < (= + =) uholelye

Moreover, if hy, ho, hz :  — (1,00) are Lipschitz continuous functions such that

)

1+1+1
hi  ha  hs ’

then for any u € LM@)(Q), v € LM®)(Q), w € L"®)(Q), the following inequality holds (see [15,
Proposition 2.5])
1 1

1
< | — _
/Q|uvw|d:v = (hl + 5 + hy )|U|h1(x)|v|h2 ) [ Wl ()

Proposition 2 [13]. Let p(x) and q(z) be measurable functions such that p(z) € L>®(Q) and
1 < p(z)q(x) < oo, for a.e. x € Q. Letu € LI®(Q), u#0. Then

’u‘p(ar (z) <l= ‘u’ < Hu’p(x)’q(x) < ‘u’

p(il? q(z) p(:v q(z)’

[tlp@)qa) 2 1 = luly < Jul @ o < Julf,

p(z)q(z) p(x)q(x)"

In particular if p(x) = p is a constant, then

4l =l

Proposition 3 [16, 17]. Assume that the boundary of ) possesses the cone property and
p,r € C(Q) such that r(x) < p*(z) (r(z) < p*(z)) for all x € Q, then there is a continuous
(compact) embedding

whPe)(Q) — L'@(Q),

Proposition 4 [9]. Forp € C.(Q) and such r € C(99Q) that r(z) < p?(z) (r(x) < p?(z)) for
all z € 2, there is a continuous (compact) embedding

WirE)(Q) — L'@ (90).
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Proposition 5. [8, Theorem 2.1] For any u € WHP®)(Q), let
l[ullo == lu| e 90y + VUl Lo 0y -
Then ||ullp is a norm on WP@)(Q) which is equivalent to
[ullwrr@ @) = [ulpee @) + VUl Lee) @)

Now, for any u € X := WHP®)(Q) define

(z) (z)
Jufl := inf {o > 0:/ (V“—(“”) ’ dm—l—/ b(x)(ﬂ(p do, <1},
Q o o0N g
where b € L*°(2) and do, is the measure on the boundary 9€2. Then by Proposition 5, || - || is also
a norm on W1hP(*)(Q) which is equivalent to || - Wi () and || - ||o, the proof of this statement

can be found in [8, p. 551]. Now, we introduce the modular p : X — R defined by

plu) = / |VulP® da +/ b(z)|u(z)P® do,
Q [2/9]
for all w € X. Here, we give some relations between the norm || - || and the modular p.
Proposition 6 [16]. For u € X we have
(1) [lull <1(=1>1) & p(u) < 1= 1;> 1);
(i) If flul <1= JullP" < plu) < fJul’";
(iif) If [lull > 1= [[ul”” < plu) < [jul”"

Proposition 7 [29]. Suppose that f : Q@ x R — R is a Carathéodory function and satisfies the

growth condition
|Fa,t)| < c|t|*@/B@ 4 h(z),  for every z € Q, t €R,

where a, B € C4(Q), ¢ > 0 is constant and h € LP@(Q). Then N;(L®)(Q)) C LA®)(Q), where
Ny(u)(z) = f(z,u(x). Moreover, Ny is continuous from L*®)(Q) into L*@(Q) and maps bounded
set into bounded set.

As a consequence of Proposition 7, the Carathéodory function f defines an operator Ny which
is called the Nemytskii operator.

Definition 1. We say that u € X is weak solution of (1.1) if

/a(\Vu]p(x))\Vu]p(x)_ZVqudx+/ b(z)|u[P® 2 uvdo, :)\/ f(x,u)vdx—l—/ g(x, u)vdoy
Q o0 ) o9

forallv e X.

Now we introduce the Euler-Lagrange functional I, : X — R associated with problem (1.1)
defined by

u) = 1 u|P@))dz L:Uup(m)a— T, u)dr — T, u)do
N = [ —SAVU e+ | s @do, < [ Pede = [ Glado,

where .
F(z,t) ::/ f(z,s)ds.
0

Furthermore, the (weak) solutions of (1.1) are precisely the critical points of the functional Iy.
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Lemma 1 [31] . Let
L(u) = / LAV de +/ @) uf@do,.
o p() a0 p()
Then the mapping L : X — X™ is a strictly monotone, continuous bounded homeomorphism and is

of type (Sy.), namely assumptions u, — u and limsup L(uy)(u, — u) <0, imply u, — u.
n—-+o0o

By Proposition 7, we can see that the functional Iy is well defined on X and Iy € C'(X,R)
with its Fréchet derivative is giving by

I(u)-v = / a(|Vul[P @) | VuP@) 2Ty Vods + / b(z)|u[P® 2 uvdo,
Q 0N
—)\/f(:v,u)vdx—/ g(z,u)vdo,
Q o0

for all u,v € X.

Let X be a real Banach space and let be a functional I € C!(X,R). We say that I satisfies the
Palais-Smale condition on X ((PS)-condition, for short) if any sequence (u,) C X with (I(uy))
bounded and I'(u,) — 0 as n — oo, possesses a convergent subsequence. By (PS)-sequence for
I we understand a sequence (u,) C X which satisfies the conditions: (I(u,)) is bounded and
I'(uy,) — 0 as n — oo.

The main tools used in proving Theorem 1 are the well known mountain pass theorem and its
the symmetric mountain pass theorem.

Theorem 2 [26, Theorem 2.2]. Let X be a real Banach space and let I belong to C'(X,R)
satisfying the (PS)-condition. Suppose that I(0) = 0 and that the following conditions hold:

(I;) there exist p > 0 and o > 0 such that I(u) > o for ||u|| = p;
(Ip) there exists e € X with ||e|]| > p such that I(e) < 0.

Let

I'={yeC([0,1]; X) :7(0) = 0,7(1) =¢}, c= inf max I(v(t)),

then, c is a critical value of I.

Theorem 3 [28, Theorem 2.1]. Let X be a real Banach space and let I belong to C*(X,R) be
even, satisfies (PS)-condition and I1(0) =0. If X =Y @ Z with dimY < oo, and I satisfies

(I’1) there are constants p,> 0 such that I/sp,nz > 0

(I’2) there a finite dimensional subspace W C X, with dimY < dim W < oo and there is M > 0

such that max I(u) < M
ueW

(I’3) considering M > 0 given by (I’2), I satisfies (PS). for 0 <c¢ < M.

Then I possesses at least dim W — dim 'Y pairs of nontrivial critical points.
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3. Proof of Theorem 1

To prove Theorem 1 we recall some lemmas presented below.

Lemma 2. Assume that (Ay), (Fo) and (Gz) hold. Then the functional I satisfies the Palais—
Smale condition on X ((PS)-condition, for short) at any level d.

Proof. LetdecRandlet (u,) C X be (PS) sequence for I, then
I\(up) - d and Iy(u,) =0 as n— oo. (3.1)

First, we prove that sequence (u,) is bounded in X. Suppose (u,) unbounded, we may assume
|un || — +00 as n — oo.
By (2), (A1), (Fo) and Proposition 6 we have

1 1
I)\(un):/ —A(]Vun\p(m))dwr/m ﬂb(gc)\un,p(x)d%

o p(z) bz
—)\/ F(z,up)dx — G(z,up)doy
. Q o0 (3.2)
—+/ |V, P d:c—!—/ —b( )|t [P dax——/ fi(@)|upn "™ d:c—/ G(z,up)doy
min(L, 1 (x
> WDy - 2 [ @ e~ [ e
o0
From (3.2), (Fo) and Proposition 6 we obtain
1. 1 1
— I (up) - up = — / a(|Vun[P@) [V, PO da + = / b()|un [P do,
K HJa Ko
A 1
——/ [z, up)upde — —/ 9(x, up )updoy (3.3)
HJa K Joa
min(L, 1 - A (x 1
> B Dy =2 [ i@l @ =+ [ gt un)undon.
H HJao B Joa
Meanwhile, according to (Fy), Proposition 4 and Proposition 2 it yields
| @@ < [ 1@l e < 171 ol
? N e R (3.4)

- + +
<Al _pw  max <\un’;(x)=\un’;(x)> <Al _ e max( Crllunll™, Cot [lunll” >7
LIS (@) LI ()

where C,— and C,+ are constants of compact embedding X < LP(®)(Q). Using (3.1), (3.2), (3.3),
(3.4) and (G2) we obtain

1 min(L, 1
Ao 1t | > Ty ) = = ()t > min(L, 1)

- G(:U,un)dax— min(Z, 1)
o0 K

_ A
T / F1(@) a7

™ =2 / F1(@) [ @ dz— - / 92, 1 Yndo
H JoQ 35
11 (3:5)

zmin(L,1)<p—+—;)||un||p‘ A A /f1 ) '@ d:c+/( 9(, un)un =G, up) ) dor,

1 1 A N
. 11y, e (A LA ,
> min(L,1) (- M)uunu <T+U> Al e Crluall™,

Lr(@)=r(@) (Q)
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where d is defined in (3.1). Since p~ >+ (u,) is bounded.

Now, with standard arguments, we prove that any (PS)4 sequence (u,) in X has a convergent
subsequence. Indeed, the space X is a Banach reflexive space then there exists © € X such that,
up to subsequence still denoted by (u,) and by the Sobolev embedding, we obtain:

e u, —~u in X as n— oo
e uy(z) > u(x) ae in Q as n— oo;

o u, —u in LPP(Q) as n— oo;

p(z)
e u, > u in Lr@-1(Q) as n— oo O

Proposition 8. Ifu, — u in X as n — oo, then

lim [ f1(2)|un|" @ (u, — w)dz =0, (3.6)
n—oo 0
and
lim 91(@)|tn |7 (uy, — w)doy, = 0. (3.7)

P roof. To demonstrate (3.6), we use Propositions 1-4 we give

/ Fi(@)ua] O (uy = w)da < / Ifl(w)llunl’”(m)*llun — uldzx
Q

<3C1A] e maX<|un|

L@ (@) (Q) p(x) ’

where C' is positive constant. By the compact embedding X — Lp(“”)(Q) and the inequality
[tnlp@) = |Ulp@)] < Jun — ulpe), we obtain |u, — uly) — 0 in LP@)(Q) and [Un|p(z) = [Ulp@)-
Similar arguments establish (3.7).
Now, in virtue of (3.1) and Proposition 8, we have

lim sup/ a(|Vu, POV, PP 2V, (Vu, — Vu)da —i—/ b(2)|tn [P® 20, (uy, — u)do,
Q

n—00 oN

= limsup I, (un) - tp + lim sup)\/ f(z,un)(up — w)dx 4 lim sup/ g(x,up)(up — u)do, = 0.
n—oo n—oo Q n—oo JofN
Finally, by Lemma 1 u,, — » in X.
To finish the proof of the Theorem 1, we check the geometrical conditions of mountain pass
Theorem 2 for I,. Indeed
(I;) since the embeddings X < L'@(Q) (i := p,r,q) and X — L@ (9Q) (i := p,q) is are
compact, there exist positive constants C; such that

|uli(zy < Cillull- (3.8)

From (Gg)—(G1) it follows, for all € > 0, there exists C; > 0, such that

3

G(z,u) < —[uf” + Clul™™, forall (x,t) € 0Q xR, (3.9)
p
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thus, for v € X with || v [|[< 1. By (A1), (3.2), (3.4), (3.8) and (3.9), we have

min(L, 1), +  ACr|fil ppe)/e@—re) g + eCC N N
Iy(u) > P P~ - D g |7 = 222l P — Oy Cylu|
D P (3.10)
> [lullP" |C1 = ACa||ul"" P — Cyljul|T P
where o ]f ‘
in(L,1 C.C. 1| 1p(@)/(p(z)—r(2))
o = min(L, 1) _eC; by r|J1lpe 7p (Q)’ Cs = C,0,.
pt pt r
If p = |Jul|, we obtain
()
In(u) > p* [01 —ACop P c?,pqtp*] . (3.11)

A straightforward computation shows that the maximum of the function ) is

_ q+(p+ _ 7“+))\CQ
=\t —r1)Cs )

Inserting this into equation (3.11), we find that the right side is zero for

O g Ch ot

=
s Pm Cy

So, there exist p > 0 and ¢ > 0 such that I)(u) > p for ||u|]| = p, from which the demonstration
of (I) is completed.
Now, put
h(r) =17""G(x,7t) — G(z,t) Vt>1.

We have
B (t) =t (g(x, tr)tr — Gla, t1)) >0 V> 1

by (Gz). Hence, h(7) > h(1) for all 7 > 1 that is,
G(z,1t) > T™G(x,t) V(z,t) € 0N x R. (3.12)

Let u € X, for t > 1, by (Ap) and (3.12), we have

1 1
I (tu :/—A Vitu|P®) dﬂ:+/ —b(z tup(x)dax—)\/Fx,tu dr — Gz, tu)do,
A(tw) L 2@) ([Vtu["t*) aﬂp(x)(” | A (z,tu) - (z,tu)
1 1
<" (/ — A(|Vu[P®) dm—i—/ —b(x uW)dax)
o p(r) (V™) o0 p(z) (@)ul

rt A r(z) € + (z)
+t T—Jr/gfl(x)|u| d:v—C4t“/aQ [FMP + C:|u|?"" | doy.

This shows that I (tu) < 0.

Since I)(0) = 0, the mountain pass lemma implies the existence of a nontrivial weak solution u;
with Iy(u1) > .

Hence problem (1.1) has at least one nontrivial weak solution in X.

To complete the proof of the Theorem 1, one must check the conditions of the Theorem 3. So
we need some lemmas which we recall below.
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Remark 2. [30] As the Sobolev space X is a reflexive and separable Banach space, there exist
(en)nen+ C X and (fn)nen+ € X* such that f,,(en) = Opm, for any n,m € N* and

*

X =span{e, :n € N*}, X* =span{f,:n e N}

For k € N* denote by Xy, = span{ex}, Yi= @j X, Zp=0PX;.

Lemma 3. Assume that (Ag)-(A1), (Fo)~(F1) and (Go)—(G1) hold. Then there exists x>0,
k€N and p,0 > 0 such that I\/0B, N X}, > 6 for all0 < X < A.

P roof Similarly to (3.10), we have
In(w) = Jul”" [C1 = AChllul™ "] = Cylluf "
Taking p = ||ul|, we get
+ +_pt +
I(u) > pP [C1 = XCop™ 7P| = C3p”
Next, we take = Cy/Cq - per*”Jr > 0 so that
I(u) > 7" [C1 = ACap™ "] = Cp?" >0,

which shows that I verifies the condition (I’y) in Theorem 3. O

Finally, to show the condition (I’2) in Theorem 3, we use the following lemma.

Lemma 4. Assume that (Ag)—(A1) and (G2)—(Gs) hold. Then, given m € N, there ex-
ist a subspace W of X and a constant M,, > 0, independent of A\, such that dimW = m and
max I(u) < M,y,.
ue

Proof. Let Oand U be defined respectively as in (F;) and in (G3). We can build the space
W, in the same way as in [28, Lemma 4.3]. So, we consider vy, ...... ,Um such that v; € CF(Q),
supp v; Nsuppv; = 0, suppv; NO # 0 and suppv; NU # 0, where i =1,...,m, j=1,...,m, i # j.

By (2), we have

1 1
I (u :/—A VulP®) dg;+/ — b(z up(x)dax—)\/Fﬂf,de_ G(z,u)dog
A= o pay VD o e
< 20 sl JulP*) <3 [ Floade -~ [ Glavudon,
o0

where K is defined in (Ag).
For u € W, since suppu N O # () we get

1,K - ~
Ix(u) < %,’)max(ﬂu\lp Ml —/ Gz, u)doy = I(u).
[2/9]
Since N N
max Iy(u) < max [(u) = max I(v).
ueW\{0} ueW\{0} vEIB1 (0)NW\{0}
For t > 0 and u € 9B1(0) N W\{0} and & small enough, by (F1), (G2)—(Gs) and (3.9), we obtain
Totu) = 2D el el / G(x, tu)do,

<l = [ (S Cofup® ) do < Cat? ull” = ol
oQ \P
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where C5 = max(1, K)/p~ and C is the constant of embedding X — LI®)(9Q),

im I(tu) < i PT “] . :

Jim T(tu) < lim [0575 Cst (3.13)

Since p > p~, by (3.13) we get that there exist a subspace W of X and a constant M, > 0,

independent of A, such that dim W = m and max I\(u) < M,,. The proof of Lemma 4 is complete.[]
ue

According to Lemma 2, we also have that I satisfies (I’3). Since [,(0) = 0 and I, is even, we
may apply Theorem 3 to conclude that I has infinitely many nontrivial solutions.
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Abstract: In this article, we establish the existence of positive periodic solutions for second-order dynamic
equations on time scales. The main method used here is the Schauder fixed point theorem. The exponential
stability of positive periodic solutions is also studied. The results obtained here extend some results in the
literature. An example is also given to illustrate this work.
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1. Introduction

Time scales theory was initiated by Stefan Hilger in 1988 as a means of unifying theories from
discrete analysis and continuous analysis. Difference equations are defined on discrete sets while
differential equations are defined on an interval of the set of real numbers. However, dynamic
equations on time scales are very important in the physical applications because they are either
difference equations, differential equations or a combination of both. This means that dynamic
equations are defined on discrete, connected or combination of both types of sets. Hence, the theory
of time scales provides an extension of difference analysis and differential analysis, see [6, 7, 15, 17]
and the references therein.

Delay dynamic equations arise in many applications of different fields of science and engineering.
For example, these equations appear in applied sciences, physics, chemistry, biology, medicine, etc.
In particular, qualitative analysis such as positivity, periodicity and stability of solutions of dynamic
equations on time scales has received the attention of many authors, see [1-17] and the references
therein.

Let T be a periodic time scale such that ¢ty € T. In this paper, we are interested in the positivity,
periodicity and exponential stability of solutions of second-order dynamic equations. Inspired and
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motivated by the references in this paper, we consider the following second-order dynamic equation
222 () +a @) ) +q @) 2 (£) —r ()2 (1) =0, > to, (1.1)

with 22(ty) + az®(tg) = 0 and x(tg) = 1. Throughout this paper we assume that a > 0,
q,7 € Crq([to,00) NT,R), v, B € (0,00). To prove the positivity and periodicity of solutions of (1.1),
we convert (1.1) into an equivalent integral equation and then employ the Schauder fixed point the-
orem. The sufficient conditions for the exponential stability of positive solutions are also considered.
In the special case T = R, Dorociakova, Michalkova, Olach and Saga in [13] show the existence and
the exponential stability of positive solutions of (1.1). Then, the results presented in this paper
extend the main results in [13].

The rest of this work is organized as follows. In Section 2, we present some basic concepts
concerning the calculus on time scales that will be used to show our main results. We give some
properties of the exponential function on a time scale as well as the Schauder fixed point theorem.
We refer the reader to the monograph [18] for more details on the Schauder theorem. In Section 3,
we prove our main results for the existence of positive periodic solutions by using the Schauder
theorem, and we give an example to illustrate our existence results. In Section 4, we study the
exponential stability of a positive periodic solution of (1.1). In Section 5, we establish new sufficient
conditions for the existence and the exponential stability for a pipe-tank flow configuration.

2. Preliminaries

The theory of dynamic equations is a fairly new branch in mathematics (see [1-10, 14-17]).
Dynamic equations extend and unify the difference and differential equations. We assume that
most readers are familiar with the basic concepts of the dynamic equations on time scales and for
more details we refer to the books [6, 7, 17].

Definition 1 [6]. A time scale T is an arbitrary nonempty closed subset of R.

The definition of periodic time scales was introduced by Kaufmann and Raffoul [16]. The
following two definitions are found in [16].

Definition 2. A time scale T is said to be periodic provided there exists a T > 0 such that if
teT thent+T €T. ForT # R, the period of the time scale is the smallest positive T'.

Ezample 1 [16]. The following time scales are periodic.
1. T =2 . [2(¢ — 1)h,2ih], h > 0 has period T' = 2h.
2. T = hZ has period T = h.

3. T=R.

4. T={t=k—q™:k €Z, m € Ng} where 0 < ¢ < 1 and Ny is the natural numbers with zero,
has period T = 1.

Remark 1 [16]. All periodic time scales are unbounded above and below.

Definition 3. Let T # R be a periodic time scale with period T. The function f : T — R
1s said to be periodic with period w provided there exists a natural number n such that w = nT,
flt£w) = f(t) for all t € T and w is the smallest number such that f(t £w) = f(t). If T =R,

f is said to be periodic with period w > 0 provided w is the smallest positive number such that
fttw) = f(t) for allt € T.
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Definition 4 [6]. Let T be a time scale. The forward jump operator o : T — T is defined by
o()=inf{seT:s>t} forall teT,
while the graininess function p: T — [0,00) is defined by
u(t) =o()—t forall teT.

Remark 2 [16]. Let T be a periodic time scale with period T'. Then, the forward jump operator
o satisfies o(t £nT) = o(t) £ nT. Hence, pu(t £nT) = o(t £nT) — (t £ nT) = o(t) —t = pu(t). So,
u is a periodic function with period T

Definition 5 [6]. We say that the function f: T — R is requlated if its right-sided limits exist
at all right-dense points in T and its left-sided limits exist at all left-dense points in T.

Definition 6 [6]. We say that the function f : T — R is rd-continuous if it is continuous at
every right-dense point t € T and its left-sided limits exist, and is finite at every left-dense point
t € T. We denote the set of rd-continuous functions f: T — R by

Crd = Crd(T) = Crd(T’R)'
We denote the set of differentiable functions f : T — R and whose derivative is rd-continuous by
Crq = Cry(T) = C1y(T,R).

Definition 7 [6]. The delta derivative f>(t) of a function f : T — R at a point
t € TF = T\ {sup T} exists provided that for any given ¢ > 0, there exists a neighborhood U of t
such that

(F(0(t) = () = FAW) (o) — )] < 2lo(t) — 5| for all s €U.
We say that the function f» :TF — R is the delta derivative of f on T*.

Definition 8 [6]. A functionp: T — R is said to be regressive if 1+ u(t)p(t) # 0 for allt € T.
We denote the set of all rd-continuous and regressive functions p: T — R by R = R(T,R). We
define the set R* of all rd-continuous and positively regressive functions by

RT=RYT,R)={peR:1+pult)pt) >0, vVt € T}

Theorem 1 [6]. Suppose f : T — R is a regulated function. Then there exists a function F
which is pre-differentiable with region of differentiation D such that

FA(t)=f(t) foral teD.

Definition 9 [6]. Suppose f : T — R is a regulated function. We say that the function F as in
Theorem 1 is a pre-antiderivative of f. The indefinite integral of a requlated function f is defined

by
/f(t)At:F(t)—er,

where I is a pre-antiderivative of f and C is an arbitrary constant. The Cauchy integral is defined
by

t
/ f)At=F(t)—F(s) forall t,seT.
We say that a function F: T — R is an antiderivative of f : T — R if

FA()=f(t) forall teT"
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Theorem 2 [6]. Every rd-continuous function has an antiderivative.

Definition 10 [6]. For p € R, we define the generalized exponential function e, as the unique
solution of the initial value problem

22t) =p)xt), x(s)=1, where seT.

We give an explicit formula for ey(t,s) by

ep(t,s) = exp </st 0 (p(v))Av> Vs, t €T,

where

log(1 + pup) .
£u(p) = R

p if p=0,
with log is the principal logarithm function.

Lemma 1 [6]. For p,q € R, we define the functions p ® q and Sp by

poq)(t)=pt)+qt)+ut)p(t)q(t) VteT",

and
p(t)

T e

vt € TF,
which are elements of R.
Lemma 2 [6]. Let p,q € R. Then
(i) eo(t,s) =1 and ey(t,t) =1,

(i) ep(o(t),s) = (14 pu(t)p(t))ep(t, s),

1
(i) 7 = corlt:s).
(iv) ep(t,s) = m = ecp(s,t),

(v) ep(tss)ep(s,r) = ep(t,r),

o (o s>>A - _e;?((f)s)'

Lemma 3 [1]. Ifp e R", then

t
0 < ep(t,s) <exp (/ p(v)Av) vt e T.

The following Schauder fixed point theorem plays important role to prove the existence results
in the next section.

Theorem 3 [18, Schauder’s fixed point theorem|. Suppose that ) is a bounded closed convex

nonempty subset of a Banach space X. Let S : Q0 — Q be a completely continuous mapping. Then S
has a fixed point in §2.
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3. Positive periodic solutions

Next theorem guarantee the existence of positive w-periodic solutions of (1.1).

Theorem 4. Assume that there exist positive constants m and M, and a rd-continuous func-
tion k € Crq([to,00) NT,R) such that

and

a—keR",
0<m< €o(a—k) (t,to) <M, t>tg, (3.1)
t+w
/ Euis) [© (@ —k(s))]As =0, t>to, (3.2)
t

S

0o no® ) = [ [ (o [ 60 ta— ke av)

to to

s (3.3)
—q(s) exp (5 /to Euw)[©(a — k(v))]Av)} As, t>t.

Then (1.1) has a positive w-periodic solution.

Proof. Let X = BC.4([to,o0) N T,R) be the Banach space of all bounded rd-continuous
functions endowed with the supremum norm ||z|| = sup;s, [(t)|. Consider the bounded closed
convex nonempty subset 2 of X as follows

Q:{xGX:x(t+w):x(t), t>to, m<a(t) <M, t>t,

m%(t) /tt {r (s)z*(s) —q(s) 2P (s)] As=k(t), t > to},

and define the operator S : Q — X as follows

(Sa)(t) = exp (/t: buw | © (a- x%(s) /t: [ (v)2® (v) — q (v) @ﬂm)]m),

for t > to. We will prove that SQ C Q. By using (3.1), for every x € Q and t > ty we obtain

(Sz)(t) = exp ( /t : £uis) [@ <a - xol(s) / ) [r (v) 2° (v) — g (v) 2° (v) ] Av)} As>

to

= eo(a—k) (t, o) < M.

Also for x € Q and t > ty we have

t 1

(Sx)(t) = exp ( ; u(s) [@ <a — x(’—(s) /t: [7“ (v) 2% (v) — q (v) 2° (v)]Av)}As)

= €o(a—k) (t’ tO) > m.
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From (3.3), for every x € 2 and t > t; we obtain

105270 = ke ([ 6un[e (0 s [ @2 @) - a2 0] a0) s

to to

o(t)
— ke ([ €uo (0@ b)) As) = Kt)eoia s (0 (1) 1)

to

- /tt [7“ (s)exp <a t: Euw) [© (a — k(v))] Av) —q(s)exp <ﬁ /t: Eu) [© (a — E(v))] Avﬂ As

= / t [7(5) (52)° () = g (5) (S2)” (5)] As.

Finally we will prove that for z € Q, t > ¢y the function Sz is w-periodic. By using (3.2), for z € Q
and t > ty we get

(S2)(t +w) = exp ( /t :W bun] © (a- xal(s) / () 2® () — q (v) 2 (v)]a0)] As)

to

—o0 ([ 6ol (0= o [ P01 0) -2 )]a0)]as)

X exp </tt+w u(s) {@ (a — x%(s) /ts [ (v) 2 (v) — ¢ (v) 28 (@]Av)]As)
t+w ’
= so)0exn ([ Gl @ k) ]As) = (S0

So Sz is w-periodic on [tg,00) NT. Hence, SO C Q.
Now, we need to prove that the mapping S is completely continuous. So we will show that the
mapping S is continuous. Let z; € € be such that x; — x € Q as i — oo. For t > tg, we have

oo ([ G[o (0 ot [ @ 0) -0 0)]a0)]55)

(2

t@t(s) {@ (a— x%(s)/t: [r (v) 2 (v) — ¢ (v) zP (v)]Av)]As) i

to

|(Szi)(t) — (Sz)(t)] =

o

By applying the Lebesgue dominated convergence theorem we obtain that
lim || Sz; — Sz|| = 0.
1—> 00

Therefore S is continuous.

Next, we are going to prove that S is relatively compact by applying the Arzela—Ascoli the-
orem. The uniform boundedness of S follows from the definition of Q2. For ¢t > ¢ty and z € Q we
have

(s )] = | = (a- : /t [ (v) 2 (v) = g (v) 2 (v) ] Aw)

xo(t) to
o(t)
X exp ( / § (s)[
to

(_ 1 /S[T(v)xo‘(v)_Q(v)xﬁ(v)]Av)]As>

x"s

O)

—q(v) zP (v) ] Av) ‘

to

cexp ( tgw[ ( x(}()/s[ (o) a(v)—q(v)x%)}m)}m)
— 16 (@ — k(0] copop () < My, My >0,
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which implies that the family S is equicontinuous. By using the Arzela—Ascoli theorem S is
relatively compact. Therefore, S is completely continuous. By Theorem 3 there is an xy € §2 such
that Szg = z9. We see that x( is a positive w-periodic solution of (1.1). The proof is complete. [

To illustrate the applications of Theorem 4 we give the following example.

Ezample 2. Consider the dynamic equation on T = 7Z then u(t) =,
228 (1) +a @) (1) +q (D)’ () —r ()2 () =0, >t (3.4)

We take ty € T which

costy __ 1 cost __ 1
a=S"">0, k()=a- """ w=dm, a,f¢€(0,00).
s s

Then for the conditions (3.1), (3.2) and w = 47 we obtain

L+ut)(a—k(t) =e"">0, t>ty, then a—kecRT,

t+w t+4m 1
/t Eu [0 (a — k(s))] As = / 10w [14 1(5) (& (a— k() s

B t+4m 1 _ (a _ k‘(S)) o t+4m 1 B
—/t ;log [14',“(5)( _k(s))u(s)—i—l}AS— /t 7Tlog [1+ p(t) (a— k(s)) |As

t+4m 1 1
= —/ —cos (s) As = — cos(s)
¢ s 2

t+4m
= 0’ t> tO’

t

and

eota_iy(t,to) = exp / Euio [ © (a— k()] A

1(s)

We take m = e tand M = e, then

t
= exp/t 1 log [1+ u(s) (© (a — k(s))) ] As = eleostmeosto)2 ¢ > ¢,
0

0<m < eaparyltito) <M, t>t

Also, we put
o) = e% cost _Treé COStg*%(COSt*COStO) <a + %)efé costo’
and ) )
(6 = o3 COS tﬂ; o3 cost e_g(cos t—cos to)e—% cos to7
then

e

cost __ o(t)
kt)ectaon (7 (0. 10) = (0= S Jexp [ € [0 (0= K(s)) As

™

_ <a + l)efé(cos(t)qtcosto) . le%(cos(t)fcosm% t > to,
e ™
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and

/tt r(s)exp <a ts ) [© (a = k(v))] Av) —q(s)exp <ﬁ ts Euw) [© (a = Ek(v))] Av) As

0

tr,2Lcoss —Lcoss —Lcoss Lecoss
e2 —e 2 1\ _1 e 2 —e2 _1
— (a—i——)e 5 costo __ - e 5 costo As
t T 7T m
Iy 1 (cos t+costp) 11 (cost—cos tg)
:(a—l——e2 — —e2 , t>tg.
™ ™

All conditions of Theorem 4 are satisfied. Thus (3.4) has a positive w = 47-periodic solution
CE(t) = €5(a—k) (t,to) — e%(costfcosto)’ t > to,

with z(t9) = 1 and

22 (to) + az” (tg) = e~ 2 50

67% costy __ 6% cos tg
< ™

) + ae” st =,

4. Exponential stability of positive periodic solutions

In this section, we will prove the exponential stability of a positive w-periodic solution of (1.1).
Let x; be the positive w-periodic solution of (1.1) with the initial condition z (t9) = 1 and
22 (to) + ax§ (tg) = 0. Let = be the another positive w-periodic solution of (1.1) with the initial

condition x (tg) = ¢; >0, ¢; # 1 and 22 (tg) + ax® (tg) = 0. Let
y(t) =z (t) —x1 (t), t > to.

After integration of (1.1), we obtain

/ 258 (s) As+a/ (%) (s) As+/ [q(s)a” (s) — 7 (s)a™ (s) ] As =0,

to to to

SO
t

22 (t) — 22 (to) + az® (t) — az® (to) = / [ (s)2* (s) — q(s) P (s)]As.

to
Then

a2 (t) + ax® (t) = / [ (s) 2 (s) — q(s) P (s)]As.

to

In a similar way one can easily show that

D () + axd (t) = /t [ (s)z$ (s) — q(s) xf (s)]As.

Therefore

This implies
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By using the mean value theorem, we get

y2 (0 = ~ar )+ [ [r(aat )ols) = 21(s)) — a(o)a] 7 (5)w(o) — ()] As
o (4.1)

— a0+ [ [r(s) 0t (9~ a(s) 52 (9)] 9)ds, 1210

to

for x., o € [z, 1] or T4, o € 21, 7).
For m <z (t) < M, we suppose that the function

f(t,x(t) =—ax? (t) + /t [7" (s) 2% (s) — q(s)a” (s)} As, t>to,

to

is Lipschitzian in second argument.

Definition 11. Assume that x1 is the positive w-periodic solution of (1.1). If there exist
positive constants K, and X\ for every positive w-periodic solution x of (1.1) such that

0<me<z(t) <M, my<m, M >DM, z°(t)+ax’ (to) — x> (to) — az{ (tg) = 0

and
|z (t) — x1 (1)] < Ky eon (t,0) Vit > to,

then x1 is said to be exponentially stable.

In the next theorem, we prove the exponential stability of the positive periodic solution x
of (1.1).

Theorem 5. Assume that g, € Crq([to,00) N'T, (tg,00)) and there exist positive constants m
and M, and a function k € Crq([to,00)NT,R) such that (3.1)—(3.3) hold. Leta > 0,0 < a < <1
and there exist constants m., M, € (0,00) such that m, < m, M, > M and

am?~tr () = BMI g (t) <0 for t>to.
Then (1.1) has a positive w-periodic solution which is exponentially stable.

Proof Conditions (3.1)-(3.3) imply that (1.1) has a positive w-periodic solution x;. Let z
be a positive w-periodic solution of (1.1) such that m, < z(t) < M,,

2 (to) + az? (to) — = (to) — ax (to) = 0.
We prove that there exists A € (0,00) such that
[z (t) — 21 (8)] < Keyeon (£,0), T = to,

where K, = ey (to,0) |y(to)| + 1.
We define the Lyapunov function

L(t) = |y(t)|ex (t,0), t>ty, A€ (0,a).

For t > ty, we assume that L(t) < K,,. On the other hand there exists t, > ty such that
L(t.) = K5, and L(t) < K, for t € [to, ). By calculation of the upper left delta derivative of L(t)
along the solution of (4.1), we get

< —aly(Olen (1,0) + e (40) [ [r(s)az™ (5) = () B (5)] (o) As

to
+A |y0(t)| SHY (ta 0) , t=>1tp.

(L(1)*
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For ¢t = t, we have

tx

0 (L) £ O )y ()] er (t,0) +er (0) [ [r(s) ™ () ~a (5) B~ (5)] ()] As

to

<= @ () e (e 0) e (£,0) [ Jamd ™I (s) = BME 1 (5)] ()] As

<A =a) [y (t)lex (t,0) -

If y(t) > 0, t > to, then from (4.1) it follows that, for ¢ > to, the function y is decreasing.
If y(t) < 0, t > to, then y is increasing for ¢t > ty. We conclude that |y(¢)|, ¢ > to has decreasing
character. Then we obtain

0 < (L(t)® < (A —a)ly(t.)|ex (., 0) < (A —a) Ky <0,
which is a contradiction. Hence, we get
ly(t)| ex (t,0) < K, for t>ty andsome € (0,a).

The proof is complete. O

5. Application in a pipe-tank configuration

In [11], Cid et al. reformulated the problem of fluid motion in the pipe into the following
periodic boundary value problem

- _ 1 e _ u/ 2 —c w
WO a0 = g e — D e e D, 65.1)

u(0) = u(w), w(0) =u'(w),

where a > 0, b > 1, ¢ > 0 and e is w-periodic continuous on R. By using the change of variables
u = 2+ the singular problem (5.1) can be transformed to the following regular problem

{ 2" (t) +ax’ () +q )2 (t) —r(t)z*(t) =0, te0,u],
2(0) = x(w), 2'(0) =a'(w),
where

r(t)=(b+1e(t), qt)=0B+1e, a=——, =

with0 <a< g <1.
We will give new sufficient conditions ensuring the existence and the exponential stability of
positive w-periodic solutions of the following dynamic equation

B2 (W) +a @) )+ b+ 1) [l () —e(t)z*(t)] =0, >t (5.2)
With respect to Theorems 4 and 5, we obtain the following theorem.

Theorem 6. Assume thata >0, 0 < a < <1 and there exist positive constants m and M,
and a function k € Crq([to,00) N T,R) such that (3.1) and (3.2) hold and

E(t)enaiy (@ (£) o) = (b+ 1) / Sewp (a [ o= )] av)

s (53)
—cexp <5 t Euw) [© (a = k(v))] Av> As, t>ty.

Then (5.2) has a positive w-periodic solution.
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Theorem 7. Assume that e € Cpq([tg,00) NT, (tg,0)), a > 0,0 < a < <1, ¢> 0 and there
exist positive constants m and M, and a function k € Cpq([to, 00) NT,R) such that (3.1), (3.2) and
(5.3) hold. Let, in addition, there exist constants my, M, € (0,00) such that m, < m, M, > M and

am® e (t) — BMPle <0 for t >t

Then (5.2) has a positive w-periodic solution which is exponentially stable.

6. Conclusion

In this paper, we provided the existence and exponential stability of positive periodic solutions
with sufficient conditions for second-order dynamic equations on time scales. The main tools
of this paper are the fixed point method and the Lyapunov method. However, by introducing
new fixed mappings and suitable Lyapunov functionals, we get new existence and exponential
stability conditions. An example illustrating our results is presented. The obtained results have
a contribution to the related literature, and they improve and extend the results in [13] from the
case of second-order differential equations to that case with second-order dynamic equations on
time scales. It seems that the results of this paper can be extended to cover the case of delay
second-order dynamic equations.
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Abstract: This work aims to introduce and to study asymptotic almost automorphy in the context of
Sobolev-Schwartz distributions. Applications to linear ordinary differential equation and neutral difference
differential equations are also given.
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1. Introduction

The paper aims to study asymptotic almost automorphy in the context of functions and
Sobolev—Schwartz distributions, it is well known that the concept of almost automorphy is strictly
more general than the almost periodicity studied in a full generality by H. Bohr, see [4] and [8].
The concept of asymptotic almost periodicity as a perturbation of almost periodic functions by
functions that vanish at infinity belongs to M. Fréchet in [9], one of the main motives of which is
the introduction of this concept in obtaining the existence of an almost periodic solution to differ-
ential equations if they admit an asymptotic almost periodic solution. In the same vein as Fréchet
motivation, we study the existence of solutions of linear neutral difference differential equations
with variable coefficients in the framework of asymptotically almost automorphic distributions.
Almost periodicity in the framework of distributions extending the classical Bohr and Stepanov
almost periodicity [16] is considered by L. Schwartz [13]. The paper [7] deals with asymptotic
almost periodicity of distributions.

In [1] and [3], S. Bochner defined explicitly almost automorphic functions, where some basic
properties have been established. He studied linear difference differential equations in the framework
of almost automorphic functions in [2]. Almost automorphy of primitives and asymptotically almost
automorphic functions are also considered, see [12, 18].

We first investigated the almost automorphy in the settings of distributions and generalized
functions respectively in [6] and [5], then we addressed the issue of asymptotic almost automorphy
in these contexts, see the communication [17].

The paper is organized as follows: the second section studies asymptotically almost automorphic
functions following an appropriate definition, essential properties of these functions are proved;
the third section deals with smooth asymptotically almost automorphic functions. The fourth
section is dedicated to asymptotically almost automorphic distributions; we give their definition,
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characterizations and some of their properties. The last section is an application to linear neutral
difference differential equations of asymptotically almost automorphic distributions.

2. Asymptotically almost automorphic functions

It is worth noting that the definition of an asymptotically almost automorphic function depends
on the choice of authors, but in general the essential idea of the decomposition in the definition
of an asymptotically almost automorphic function is preserved. The differences in their definitions
lie in the domain of definition of the considered functions, their regularity and finally in the choice
of the interval of decomposition. We consider functions defined, continuous and bounded on the
whole space of real numbers R and the decomposition on the closed interval [0, 4o00[. So, we have
to precise some results on asymptotically almost automorphic functions. Let C, denotes the space
of bounded and continuous complex-valued functions defined on R, endowed with the norm |||
of uniform convergence on R, it is well-known that (Cp,||||,,) is a Banach algebra. Let w € R and
f,p functions, we recall that the translation operator 7, is defined by 7,f(-) = f(-+w), and ¢
by ¢(x) = ¢(—z). Denote J := [0, +00].

Definition 1. The space C4 o is the set of all bounded and continuous complez-valued functions
defined on R and vanishing at +oo.

We give some properties of the space Cy g which are proved in a straight way.

Proposition 1. The following is true:

1) The space C4 o is a Banach subalgebra of Cy.

2 TwC+,o C C+70, Yw e R.

4

(1)

(2)

(3) Cy0xCpCCyp.
(4) Ciox L' CCyp.
(5)

5

Let h € Cyy, if B exists and is uniformly continuous on J, then there exists a function
H € Cyp such that H=h' on J.

+oo T
(6) There exists H € C4 o a primitive of h on J if and only if [ h(t)dt < co and [ h(t)dt is
0 0
bounded on J.

Remark 1. In (5) if A’ exists and is uniformly continuous on R, then H = A’ on R.

+oo
Remark 2. If h is a locally integrable function, we denote by [ h(t)dt the improper integral,
0
+oo +00
and [ h(t)dt < oo means [ h(t)dt is finite.
0 0

Recall some properties of almost automorphic functions, see [1, 3, 12, 18].

Definition 2. A complex-valued function g defined and continuous on R is called almost au-
tomorphic if for any sequence (Sm)men C R, one can extract a subsequence (S, )i such that

g(z):= lm g(x+spy,) exists for every x € R,
k—4-o00
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and

lim §(x — sm,) =g(x) for every zeR.

k——~4o00

The space of almost automorphic functions on R is denoted by Cqgq.

Remark 3. The function ¢ is not necessary continuous but g € L*°(R).

Proposition 2. The following is true:
(1) The space Cqq is a Banach subalgebra of Cp.
(2) 7wCaa C Caq, Yw € R.
(3) Caq * L' C Cagq.
(4) Caa NCyp = {0}

(5) A primitive of an almost automorphic function is almost automorphic if and only if it is
bounded.

We give now the definition of an asymptotically almost automorphic function.

Definition 3. We say that a function f € Cy s asymptotically almost automorphic, if there
exist g € Coq and h € C4 o such that f = g+h on J. The space of asymptotically almost automorphic
functions is denoted by Cuaq.

Ezample 1. Cqq C Caaq and C4 o C Caaq-

It can be seen easly that the decomposition of an asymptotically almost automorphic function
is unique on J, so if f € Cyqq and f = g+ h on J, where g € Cy, and h € C4 o, the function g is said
the principal term of f and the function A is the corrective term of f, we denote them respectively
by faa and fcor- Then the notation f = (faa + fcor) € Caaa means that faa € Caa7 fcor € C—i—,O and
= faa+ feor on J.

Proposition 3. The following is true:
(1) 7wCaga C Cagas Yw € Ry
(2) Caaa X Caa C Caga-
(3) Caaa * L' C Caaa-
(4) Let f € Caaa and ¢ is a continuous function on C, then ¢ o f € Caaq-

(B) If f = (faa + feor) € Cagas then | faalloo < supgey|f(x)|. In particular, for f € Coq and
w € R? HfHOO = Suprw ’f(x)’

(6) Let (fm)meNn = (fm,aa + frm.cor)m C Caaa converges uniformly on J to a function f, then
there exists ¢ = (g + h) € Caaa, Such that ¢ = f on J, g € Cuq is the uniform limit on R of
(fm,aa)m and h € Cy g is the uniform limit on J of (fm.cor)m-
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P roof. The proofs of (1) and (2) are easy.

(3) Let ¢ € L' and = (faa + fcor) € Caaa- Since f = foq + (f - faa)a where (f - faa) € C+,0a
it follows from Proposition 2—(3) and Proposition 1-(4) that f % ¢ € Caaq. Now we show explicitly
the principal part and the corrective part of f x . For = € J, we have

0 +o00

(f*w)(x)=/f(y)w(w—y)dy= /f(y)w(w—y)der/(faa(y)+fcor(y))w(x—y)dy7
R —o0 . 0
:(faa*w)(x)+(fcor*¢)(x)+/(f_faa_fcor)(y)¢($_y)dy'

By Proposition 2-(3), (faa * ) € Caq and by Proposition 1-(4), (feor * ¢) € C4 . On the other
hand, for z € R,

0
/ (f — faa — fcor) (y)l/J (.%' - y) dy = / (f — faa — fcor) (1' - y) X]x,+oo| (y)¢ (y) dy.
e R

It is easy to see that the latter function is continuous and bounded on R and by the dominated
convergence theorem it vanishes at infinity. Then fx1) = (Vyq + Veor) € Coaa, Where Wy i= foax 1

0
and Uiy = feor * 1 +_f (f — faa — fcor) (’y)T/)( - y) dy.

(4) Let f = (faa + feor) € Caaa and ¢ be a continuous function on C, then it is well-known that
¢ (f) € Cp and also @ (faq) € Caq- On the other hand, it is easy to see that the function ¢ (f)—¢ (faq)
defined on R belongs to C4 . Consequently we have ¢ (f) = (¢ (f)ya + @ (/)eor) € Caaa, Where

¢(f)aa = ¢(faa) and ¢(f)co7~ = ¢(f) - ¢(faa) .
(5) Let f = (faa + feor) € Caaa and (sp,, ), a subsequence of (sp),,cy C J which tends to

infinity. Let € R and ko € Z, such that the sequence (z + s, ) p>k, C J tends to infinity, then
for k > ko, we have a

faa (2 + smy))| < |F (@ + smp) |+ | feor (€ + 5m,)] < Stg?lf(fﬂ)l + [ feor (4 s, )|

so Vx € R,

o)l = |+ s, )| < sup £ (2)]

It follows then

[faa(@)| = lm|foa(z = sm,)| < sup|f(x)], VzeR.

Consequently, we obtain the results.

(6) Let (fm)m = (fm.aa + fm,cor)m C Caaa converges uniformly to f on J, by (5) we have

an,aa - fm,aaHoo S sup ‘fn(x) - fm(x)‘7
zel]

hence (fim,aa),ey 18 @ Cauchy sequence in the Banach space Caa, i-€. (fin,aa) converges uniformly
on R to a function g € Cyy. Let’s define the function h by

_ (f_g)(x)’ xz Z 0,
W)‘{ (f - 9)(0), z<o.
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Then h € Cp and (fin,cor),, converges uniformly on J to h, i.e. lim h(z) = 0 hence h € Cy .

T—>+00

Define ¢ = g+ h on R, then ¢ € Cyqq and ¢ = f on J. O

The space (Caaa, ||||o) s complete and it is a consequence of point (6) .
Corollary 1. The space (Coqa, ||| o) % @ Banach subalgebra of Cy.
We have the following results on the derivative and the primitive.

Proposition 4. The following is true:

(1) Let f = (faa + feor) € Caaa be such that f' exists and is uniformly continuous on J, then
there exists ¢ = (g + h) € Caaa, such that ¢ = " on J, (fua) =g on R and (feor) = h on J.

(2) Let f = (faa+ feor) € Caaa be such that f is um’formly continuous on J, then there exists F' €
Caaa being a primitive of f on J if and only if ffaa t)dt is bounded on R, ffwr t)dt is

bounded on J, and f Jeor (1) dt < 0.
0

Proof (1) Let (om),,eny C J converging to zero and define the sequence (¢r,),,cn C Caaa by

bm (z) = f(erUm)_f(m), rE€R

Om

1
/f/x—l—Ham x € J.
0

then the sequence (¢y,),, converges uniformly to f’ on J and for x € J,

¢m (1’) = ¢m,aa (1') + ¢m,cor (1') 5

where
¢m,aa (1_) — faa (1' + O'm) - faa (1')7 (bm’wr (1‘) — fCOr (.%' + O’m) — fcor (x) .

Om Om
By (1), there exists ¢ = (g + h) € Caqq, such that ¢ = f" on J, g € Cyuq is the uniform limit of
(¢m,aa),, on R and h € Cy ¢ is the uniform limit of (¢ cor),, on J. Hence (foa) :== Um  ¢pmaa =g

m—>+0o0
on R and (feor) := lim @y cor = h on J.
m——+0oo

(2) If F = (Fyuq + Feor) € Caaq is a primitive of f on J, then F’ = f is uniformly continuous on J.
By (2), (Faa)" € Caq, there exists h € Cy ¢ such that (Fror)' = hon Jand F' = (Fyq) + (Feor)' on J.
Consequently, by Proposition 1-(6) and Proposition 2—(5), we obtain the result. Conversely, as

+oo
[ feor (t) dt < 0o and ffcor t) dt is bounded on J, by Proposition 1-(6) , there exits H € Cy
0
xX
which is a primitive on J of feor and as [ f4q (t) dt is bounded on R, by Proposition 2—(5), there

0
exits G € Cyq which is a primitive on R of f,,, so F':= G+ H is a primitive on J of f. O

Corollary 2. Let f = (faa + feor) € Caaa such that f' exists and is uniformly continuous on R,
then f" = (g4 h) € Caaa, where (faa) =g on R and (feor) = h on J.
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3. Smooth asymptotically almost automorphic functions

Let £ (I) be the space of infinitely derivable functions on I = R or J , and p € [1,+oc], the

space A
Do () :i={pe&():Vj€Zy, o9V e LP(I)}

endowed with the topology defined by the family of seminorms
|[lkpr = Z H‘P(i)HLP(Hy keZy,
J<k

is a Fréchet subalgebra of £ (I). The spaces Dr» (I) studied in [13] are connected with the classical
Sobolev spaces WP (I) , see [15]. We denote B (I) := Dre (I). Let B be the closure in B := B (R) of
the space D of smooth functions with compact support.

Remark 4. By the definition ¢ € B (J) requires that lir% o) () exists Vj € Z,.
T—r
>

Let B4 o be the space of smooth functions vanishing at infinity, i.e.
Bio={p€&R): VjeZy, o) €Cip}.
We endow B, ¢ with the topology induced by B.

Proposition 5. The following is true:

1) The space By o is a Fréchet subalgebra of B.

2 TwB+,O C B+70, Yw e R.

4

(1)

(2)

(3) ByoxBCByp.
(4) Byox* L' C By
(5)

) B+,O - CJD(] N B

(6) There exists H € By which is a primitive on J of h € By if and only if [ h(t)dt is
0

+o00o
bounded on J and [ h(t)dt < oco.
0
Proof (1)Itis easy to see that By o is an algebra and since B is complete, it suffices to show
that By ¢ is closed. Let (hy,)men be a sequence of B o that converges to h € B, i.e. Vi € Z, (h%))m
converges uniformly on R to h(Y). By Proposition 1-(1), h(¥) € Cio, Vi€ Zy,ie. he Bip.

(2) This inclusion is obvious.

(3) If ¢ € B and h € By, then by Leibniz’s formula and Proposition 1-(3), Vi € Z,,
(he)®) € Cy .
(4) Let ¢ € L' and h € By, then by Proposition 1-(4), Vi € Z, (h * w)(i) =h s € Cio0-

(5) It is clear that By g C C4 N B. Conversely, if h € C4 o N B, then A’ is uniformly continuous
on R, so by Remark 2, b’ € C4 o. By repeating this to all derivatives, we obtain that h € By .

(6) The necessity is a consequence of Proposition 1—-(6). To prove the sufficiency we need
the following preliminary result on extension operators, it can be obtained from [14]: there exist
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two sequences of real numbers (al)lEZ+ and (bl)leZ+ such that b < 0,Vl € Z,, and the operator
E :B(J) — B(R) defined by

fx) if x>0,
Ef(z) = {
Saif(bx) if <0
=0
T +o0
is linear and continuous. Suppose that [h(t)dt is bounded on J and [ h(t)dt < oco. By
0 0

Proposition 1-(6), there exits E € Cy ¢ such that E/ = h on J, so E is a smooth function on J
such that Vi € Z,, E® is bounded on J, i.e. E € B(J). Due to the extension result there ex-
ists a function H € Bsuch that H = Fon J. So H € BNC g = B4 and it is a primitive of h on J. [J

Recall the definition and some properties of the space of smooth almost automorphic functions,
see [6] for details.
Buo = {Lp €e&:Vjely, <p(]) € Caa}.
Proposition 6. The following is true:
1) Baa is a Fréchet subalgebra of B.

2) T7,Bua C Bua, Yw € R.

4

(1)

(2)

(3) Baa* L' C Bug.
(4) Bag = Caa N B.
(5)

5) Let f € Bao and F' is its primitive on R, then F € By, if and only if F' is bounded.

We now introduce smooth asymptotically almost automorphic functions.

Definition 4. The space of smooth asymptotically almost automorphic functions is denoted
and defined by
Baaa = {go e&: Vjely, go(J) S Caaa}.

Ezample 2. By C Buaa and B4 g C Bgaa-

We endow B,,, with the topology induced by B. The following proposition is proved in the
same way as Proposition 5 by using results of Propositions 3 and 4.

Proposition 7. The following is true:

1) The space Baaq is a Fréchet subalgebra of B.

2) TwBaaa C Baga, Yw € R.

4 aaa * L C Baaa

(1)
(2)
(3) Baaa % Baa C Baga-
(4) B
(5) B

aaa — Caaa m B



Asymptotic Almost Automorphy of Functions and Distributions 61

(6) There exists F € Bgqq being a primitive on J of f € Baaa if and only if [ faq (t) dt is bounded
0

T —+00
on R, [ feor (t)dt is bounded on J, [ feor (t)dt < oo.
0 0

Remark 5. Byag C Caaa NE.

We have the following result needed in the sequel.

Proposition 8. Let f € Buaa, i-6. [ = faa+ feor and forie N, fO) = Faai+ feors on J. Then
faa,i = (faa)(i) on R and fcor,i = (fcor)(i) on J.

Proof. If f € B, then f' is uniformly continuous on R and by Proposition 4-(2), we
have f' = (fua) + h on J, where (fu) € Caa, b € Cypo and (feor) = h on J. By hypothesis,
" = faa1 + feorn1 on J and since the decomposition of an asymptotically almost automorphic
function is unique, then (fu,)" = faa,1 on R and ( feor) = feorn on J. By repeating this to all
derivative, we obtain the desired result. ]

In order to prove the main result on linear neutral difference differential equations in the frame-
work of asymptotically almost automorphic distributions, we need the following characterization
of the space Byg,.

Proposition 9. Let g € &, the following statements are equivalent:

(1) g € Baa-
(2) For every sequence (pm),,eny C R there exist a subsequence (pm,), and g € B such that for
allz € R and i € Z4, we have

79 (z) = D (24 ppm,) and lim GO (x — pp,) = g9 (2). (3.1)

lim g¢
k—+o00 k—+o00
Proof (1) = (2) Let g€ Bam so Vi € Z+7 v(pm)mEN - R7 a(pmi,k)k - (pm)nu 3(.&2)@ C L™
such that Vx € R,

lim g(i) (T + pm,,) =: gi(x) and klim Gi(x = pmy,,) = g(i) ().
—+00

k—+o00

There exist subsequences (pm,, ,, )k, € Z4, of the sequence (py,)m such that

Vi<n, lim ¢9(z+pn ) =3ax), VreR (3.2)
k—+o00 ’
Indeed, the proof is done by induction, if g € Cg it is clear that (3.2) holds for n = 0. Now, let
n € N such that (3.2) holds. As g™*1) € C,,, there exists a subsequence (Pmnsry )k OF (P, )k
and gp41 € L* such that Vz € R,

(n—l—l)(

gn+1(z) == lim g Zz +pm(n+l),k)'

k—+o00

Furthermore, as Vi < n, Yz € R, the subsequence (g (x + Prmgnsny )k 18 extracted from

(g(i) (z + pm,, 1,))k then
lim g(l) (z + pm(n+1),k) = gi(z), VzeR

k——+o00
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By construction, Vk,i,€ Zy, mir < m(y1), and since k — m; 1y is strictly increasing
from N to N, then in particular we have m;; < m(1); < M(it1),i41), Vi € Z. This gives that
the map k —— my, is strictly increasing from N to N. The sequence (pp,, , )&, Which we denote by
(Pmy, )k, s extracted from the subsequences (p, , )k, @ € Z4, which is in fact extracted from the
sequence (pm,)m. Consequently,

lim ¢ (x + pm,) = Gi(x) exists Ve eR, VieZ,.

k—+o00

With the same steps we have that

lim Gi(x — pm,) = ¢ (x), VzeR, Viel,.

k——4o00

Let (07 )nen C J converging to zero and consider the sequence of functions (¢, )n ken defined
on R by the equality

. — . 1
(bn,k() = g( t Py F Un) g( +pmk) = A g,(' + Pmy T GO'n)dH

On

Since g € By, C B, then ¢’ is bounded and uniformly continuous on R, so

1 1
lim  lim d(+ pm, +00,)dd = lim lim g (- + pm, + 00,)db.

k—+oon—+0o0 [q n—+00 k—+oo J

Consequently, Va € R, klim lim ¢, k(z)= lim lim ¢, x(x) which gives that Vz € R,

— 400 n—400 n—+00 k—+o00

gi(z) = lim lim ¢pi(z)= lm lLm ¢, () := go(x).

k—+o00 n—+00 n——+0o0 k—4o00

By iterating to all derivatives, we obtain that gg € £ and g((f) =g; € L®°,VieZ,,ie. gy € B such
that relations (3.1) hold.
(2) = (1) is obvious. O

4. Asymptotically almost automorphic distributions

The space of LP—distributions, denoted by Dj,, is the topological dual of Drs, where
1/p+1/qg =1. The topological dual of B is denoted by D/Ll' The space of bounded distribu-
tions D). is denoted by B’. The translate 7,7, w € R, of a distribution T € D’ is defined by
(1T, @) = (T, 7—up) , Y € D.

Definition 5. By Bjﬁo we denote the space of distributions Q € B’ vanishing at infinity, i.e.
satisfying
lim (7,Q,¢) =0, VYepeD.

w—+—+00

We have the following characterizations of B, , , see [7].

Theorem 1. Let Q € B', the following assertions are equivalent:
(1) Qe Bﬁr,o-
(2) Qx¢ € Cyo, Vo eD.
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k .
(3) 3k € Zy and hj € Cy o, 0 < j <k, such that Q = Zo ny.
]:

We study some properties of the space B:L’O

Proposition 10. The following is true:

1) If Q € B, o, then QW) € B/, Vi € Zy.

w8 o C By, Yw €R.

By g xBcCB,

Bl o* D C B

Let Q € B, then Q € B;,O if and only if there exists a sequence (Ym),cn C Byo converging
to Q in B'.

Proof. (1) and (2) are obvious.

(3) Let p € B and Q € B, (, then by Theorem 1-(3), there exist (h;);<; C Ci 0, such that

k )
Q=3 n" So
1=0

w@:fjw ZZ () ) ) i),

=0 =0 j=0
By Proposition 1—-(3), ©Wh; e C+,0, hence pQ € B

(4) Let Q € B, then there exists (h;),o;, C Ci o such that Q = Z h( , and let S € D},
=0

by [13, Theorem X XV Section 8, Chapter VI], there exist (T,Z)j)j<m C L' such that S = Z Q,Z)j .
< =
Thus

kK m
Z Z (hi * ;) (Z+J
i—0 j=0
By Proposition 1-(4), h; * ¢; € C1 o, hence Q * S € B, ,
(5) Let ¢pm)men C B4 g such that lim ¢, = @Q in B'. For a fixed ¢ € D, the set

m—+0o0
U:={r_,0: 2 €R}
is bounded in D;1, so

sup [(m * @) (2) = (@ * ¢) (z)] = sup|(pm — Q, 7=P)|,

z€R rz€eR

= sup [(¢m — Q%) — 0,
el

m—-+00

ie. (dm * ©)men C  Cipo is uniformly convergent to (Q=*¢). By Proposition 1-(1),
Q* ¢ € Cyp, Yo €D, and by Theorem 1, we obtain () € B’+70
Conversely, let Q) € Bjﬁo and take a sequence of positive test functions (6,,),,cy such that

1
supp 0, C [O, E} and /Hm (x)dx = 1.
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Define ¢y, := 0,, * Q € By o , we have

and there exist | € Z4, C' > 0 such that
‘<Q,ém*¢—@>|§0‘ém*ap—¢| , Yo eDri.
1,1

By Minkowski’s inequality and the mean value theorem we obtain for ¢ € |0, 1],

1/m

| (B %)@ — O, < / 9m(y)</ !y\\w(””(wty)!dm)dy
0 R

< . 1 . .
< [ Wont) ([ 1650 )y < o a1l
R

0
SO
|6 x 0 —l,; < % [@liy11: Ve €Dpa.
Let U be a bounded set of D;1 and ¢ € U, then dM > 0 such that

- M
sup {Hm *p— @‘171 < E m~>—+>oo 07
pelU

which gives 6,, — Q in B'. O

We recall the definition, characterizations and some properties of almost automorphic distribu-
tions, see [6].

Definition 6. A distribution T € B’ is said almost automorphic if it satisfies one of the

following equivalent conditions:

(1) T+ ¢ € Caq, Yo €D.
k .
(2) Ik €Zy and gj € Caq, 0 < j <k, such that T = ) giZ).
=0

(3) For every sequence (Sm),en C R, there is a subsequence (S, ), such that

S:= lim 7, T existsin D,

k—+00 S
and
lim 75, S=T in D.
k—+o0 k

(4) There exists a sequence (Vm),eny C Baa converging to T in B'.

We denote by B.,, the space of almost automorphic distributions defined on R.

Proposition 11. The following is true:

(1) If T € B, then T® € B, Vi€ Z,.

aa’
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(2) 7B, C B,

aa’

Yw € R.

(3) B, x Buy C BL,.

) B,
(4) B/a * D/Ll - B;a'

a

(5) Buu NB o ={0}.
We now give the definition of asymptotically almost automorphic distributions.

Definition 7. A distribution T € B’ is said asymptotically almost automorphic if there exist
P € By, and Q € B!y 3 such that T = P+ Q on J. We denote by By, the space of asymptotically
almost automorphic distributions.

Remark 6. The equality T'= P + Q on J means that Vo € Dy, (T, ) = (P, ) +(Q, ¢) , where
Dy :={peD:suppp CJ}.

Proposition 12. The decomposition of an asymptotically almost automorphic distribution is
unique on J.

Proof. Let P,P, e B, and Q1,Qs € Bjﬁo such that T = P; + Q1 = P> + Q2 on J, then we
obtain that P — P, € B;,O’ by Proposition 11-(5), P, — P» = 0. Hence Q1 = Q2 on J. O

Notation 1. IfT € B,,, and T = P+Q on J, we call P the principal term and R the corrective

aaa
term of T and we denote them respectively by Ty, and T, This is summarized by the notation

T = (Taa + Tcor) € B,

aaa*

Example 3.
1. Caga C By

2. B, CB

aaa*
/ /
3. B+,0CB

aaa*

4. Blap & Blaa, where B, is the space of asymptotically almost periodic distributions of [7].

aaa’ aap

The following results characterize asymptotically almost automorphic distributions.

Theorem 2. Let T € B, the following assertions are equivalent:

(1) T eB,

aaa*

(2) 3(Om)men C Baaa such that lim 6, =T in B'.

n—-+o00

(3) T * ¢ € Caqa, Vo € D.

k .
(4) 3k € Zy and f; € Coga, 0 < j < k, such that T = Zo .
]:
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Proof (1)=(2) Let T € B,

aaa’

by definition T' = T, + T, on J. By the characterization

of B, there exists (¢m),,en C Baa such that lirerl ©m = Ty, in B'. It is easy to prove that
m——+00
T — Tua € B, , so by Proposition 10-(5) there exists (¢m),,eny C B0 such that mligtloo Yy =

T —Toq in B'. Set O, := @ + U, m € N, then (0,,),,cy € Baaa and we have T'— 0, = (T —Tq) —
U + (Tag — ¢m). Hence we obtain  lim 6, =T in B'.

n—-+4o0o

(2) = (3) As in the proof of Proposition 10-(5), if (¢m),,ery C Baaa is such that lim ¢, =T

m——+00

in B, then for V¢ € D we have

sup [(¢m * @) (z) — (T x ) ()| = sup [(pm — T, 7—2p)| —> 0.
z€R z€R m—+00

That is (¢m * ©)en C Caaa converges uniformly on R to (T ¢), it follows that T * ¢ € Caga,
Yo € D.

(3) = (4) For n € Z,, consider the function

wnfl

E, (37) = (n— 1)"
0, x < 0.

xz > 0.

Then E, € C" 2, suppE, C J and Ey(Ln) = ). Take a function v € D such that v = 1 in the
neighborhood of 0, a direct calculus gives (yEn)(n) =0 + (,, where

n—1
n _
Cn = Z <k>7(" B EF e D,

k=0

As T € B/, we have
T = (vE, * T)(") — T %y,

where T * (;, € Cgaq- It remains to show that vE, T € Cyqq for a suitable n. There exist m € Z
and C > 0 such that

|<T’71Z)>| §C|w|m,1? vaDLl-
Take n = m + 2, then vE, 2 € D}y, where

DY}y = {<p eC™: Vj<m, oU) e Ll} endowed with the norm | - |, 1.

We have D — Dy1 — D7, and there exists a sequence (), cy C D such that (), converges to
vEn+2 with respect to the norm |- |, 1, so

(T % 0r) (x) — (T * yEmy2) (2)] ‘<T7 Toobp — T ('VYEVm+2)>| )
C ‘Tf:vék — Tz ('?Em+2)|

C |9k - 7Em+2|

IN

m,1’

IN

m,1

consequently,

sup [(T * O) (x) — (T % vEp2) (x)] < Cl0k — vEmy2l,,; — 0.
z€R " k=400

i.e. the sequence of functions (T * 0y),cn C Caaq converges uniformly on R to T * vE}, 2, hence
T * ’YEm-l—Q € Caaa-
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k .
(4)=1Q)Let T = > f](]), where f; € Coaar j =0,...,k, so
7=0

Z ]aa+zfjcor on J.

Then by Theorem 1 and Definition 6, P = Z fj(Jaa € B, and Q = Z f] € By 5. Therefore

cor

T=P+Qonl, ie T € B, O

Remark 7. Connected with this theorem, let us quote the preprint [10]. The authors thank the
referee for pointing out the recent work [11].

We have the following properties of B/,

Proposition 13. The following is true:

(1) IfT € By, then Vi € Zy, T® = (TS + TS)) € Bl
(2) TwBiag C Bhaq: Yw € Ry

(3) Baaa X Baa C Biga-

(4) Biaa * Diy C Biga-

P r oo f The proof of the assertions (1)—(3) follows from the definition, the uniqueness of the
decomposition and the same properties satisfied by the space B/,

(4) Let T € B!

aaa’

koo
by the previous Theorem, there exist (f;);<; C Caaa such that T'= 3 fl-(z).
- i=0
Let S € D}, by [13, Theorem XXV, Section 8, Chapter VI], there exists (T/’j)jgm C L' such that

S = z 1/1;-]). Thus
7=0

kK m
(T+8) =D (fixu))H
1=0 7=0
By Proposition 7-(4), fi *x ¥; € Cyaq- By [13, Theorem XXVI, Section 8, Chapter VI] we have
B« D}, C B, hence S+ T € By,,. O

5. Linear neutral difference differential equations

A linear neutral difference differential equation is an equation

P q i

d
Lou:= ZZaij@iju—i— Kxu=f,

i=0 j=0

where (a55);<), j<q C Baa, K € L' and w = (w;);, C RY.
By the properties of the space B, it is clear that LB,

aaaq C BI
this section we need the following result.

taa- Lo prove the main result of
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Lemma 1. Let T € B',g,5 € B and ($;)men a sequence of real numbers such that

T:= lim 7, T in D, (5.1)
m—+0o0
and ‘ ‘
g9 (z) = lim 76,99 (z), VzeR, VjeZy, (5.2)
then

lim 7, (gT)=gT in D.

n—-+o0o

Proof. Let (sy),en,T € B and g,§ € B such that (5.1) and (5.2) hold. As T € B/, 3C > 0,
dJl € Z4, such that

|<T’71Z)>| < C |71Z)|l,1, \V/TIZ) € DLl'
So Vp € D,

|<Tsm(gT) - §T7 <P>‘ =

|
= | (Tsn T, 075 g) — (T.30)|,
< |<TSmT - T’ LE]SDM + |<7—smTa (Tsmg — g)@ﬂ,
< [T = T,0) | + C|(To9 = D)1
l
< (mnT = T.30)| + C Y | (a9 = 0 [ 1

1=0

The lemma is proved due to (5.1) and the following estimate

m—r 00

[CWENDRIFESS (]) / |99 (@ + 5m) = §9@)| | (@)|dw — 0,
Jj=0 R
which is due to the dominated convergence theorem. O

The main result of this section is the following.

Theorem 3. Let S € B),,, the equation L,T = S has a solution T € Bl,, on J if and only if
there exist V € By, and W € B!, ,, such that

L,V=5, on R (5.3)

and

LW =S8.,, on . (5.4)
P roof. Suppose that equations (5.3) and (5.4) are satisfied, then
L,(V+W)=L,V+L,W=_S44+Scor =5 on .

SoT =V +W eB,, is a solution on J of L,T = S.

Conversely, let T € B;,, be a solution on J of the equation L,T = S and let (s,,),,cy be a
sequence of real numbers which converges to +00. As Sy, Tha € B, and Scor, Teor € B;,o, and by
Proposition 9, there is a subsequence (s, ), of (s,,) converging to +oo and functions a;; € B such

that Vo € R, Vi < p, Vj < g, we have

kEI-lI—loo Tom, Qij (¥) = a5 (z) exists and kgr—ir—loo Tsm, Gij (2) = a5 (), (5.5)
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and the following limits exist in D’,

lim 7, Ty, =)V and lim T_SmkV:Taa,

k—+o00 Smp k—+o00
lim 75, S, =P and lim 75, P =S4,
k—+o0 k k—+o00 i
lim 7, Teor =0 and lim 75, Scor =0.
k—+o0 k k—+o00 4§

Let ¢ € D, we have

<7—smk (LOJT)7 Qp> = (_1)Z<Ta T—w;j (al’jT*Smk QD) (Z)> + <K * Tsimy, T, 90>a

(—1)i<7'sm]€ T, 7, (gm'sm,c al-j)(i)> + <K * o, T go>,

where

p q dl’
Lng = E E Tsmkaij%ij + K *.
=0 j=0

On [—$m,, +oo[ we have 7,,, S =17, LT, ie.
Tsmk Saa + Tsmk Scor = Tsmk (LwTaa) + Tsmk (Lchor) = (Lw,kTsmk Taa) + (Lw,kTsmk Tcor)a
By (5.5), (5.6), (5.7) and Lemma 1, the limits

lim (Tsw Saa + T, Seor) = lim (LL,JJ@TSWc Taa) + lim (LL,JJ@TSWc Teor),

k—+oo k—+o0 k—r+o00

give

where

Consequently by (5.6) we obtain

lim 75, P= lim (Ew,kasmkV) on R,

k—+o0 k k—+o0

where

which gives
Sea = LyTye on R

Finally, the equation Suq + Scor = LiTaq + LwTeor on J implies

Scor:Lchor on v]]7
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hence the conclusion is true. O

Remark 8. The proof of the theorem appeals to Lemma 1 and particulary to Proposition 9

characterisating the introduced space of smooth asymptotically almost automorphic functions.

Remark 9. The result of the theorem remains valid if we consider systems. Other problems

can be tackled within the space of asymptotically almost automorphic distributions.

(1) T e B,

The following result concerns primitives.

Corollary 3. Let S € B, the following propositions are equivalent:

aaa’

haa 'S a primitive of S on J .

(2) There exist V € B, a primitive on R of Saq and W € B:L’O a primitive of Seor on J such

10.

11.

12.

13.
14.

15.

16.

17.

18.

that
T=V+W on .
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Abstract: The reachable sets of nonlinear systems are usually quite complicated. They, as a rule, are
non-convex and arranged to have rather complex behavior. In this paper, the asymptotic behavior of reachable
sets of nonlinear control-affine systems on small time intervals is studied. We assume that the initial state of
the system is fixed, and the control is bounded in the La-norm. The subject of the study is the applicability
of the linearization method for a sufficiently small length of the time interval. We provide sufficient conditions
under which the reachable set of a nonlinear system is convex and asymptotically equal to the reachable set
of a linearized system. The concept of asymptotic equality is defined in terms of the Banach-Mazur metric
in the space of sets. The conditions depend on the behavior of the controllability Gramian of the linearized
system — the smallest eigenvalue of the Gramian should not tend to zero too quickly when the length of the
time interval tends to zero. The indicated asymptotic behavior occurs for a reasonably wide class of second-
order nonlinear control systems but can be violated for systems of higher dimension. The results of numerical
simulation illustrate the theoretical conclusions of the paper.

Key words: Nonlinear control systems, Small-time reachable sets, Asymptotics, Integral constraints, Lin-
earization.

1. Introduction

The paper explores the properties of reachable sets of control-affine nonlinear systems with
integral constraints over small time intervals. The geometric structure of reachable sets plays an
important role in control theory, in particular, in solving problems of control synthesis. Small-
time reachable sets under pointwise (geometric) constraints on control were studied by C.Lobry,
H. Sussmann, A.J.Krener, H. Schattler, and C.I.Byrnes (see, for example, [12, 19]). In general,
the reachable sets of nonlinear systems are not convex and may have a quite complicated structure
[1, 3, 11, 13-15, 20, 21]. When some of the parameters of a control system are small (initial
deviations from the equilibrium position, disturbances at the input of the system, etc.), the behavior
of the system can often be judged by the action of its linear approximation. Here we find out under
what conditions this linearization approach is applicable when constructing reachable sets on small
time intervals. Will these sets be close to reachable sets of a linearized system? In this paper,
we study reachable sets for control-affine systems on small time intervals with integral quadratic
constraints on the controls. Reachable sets of nonlinear systems with integral constraints were
studied in [5-7, 16]. If a system is linear, its reachable set is an ellipsoid in the state space.
Therefore, an ellipsoid is the reachable set of a linearized system. To establish the proximity
of the reachable sets of original and linearized systems, it is necessary first to find out in which

!This work is supported by the Research and Education Center of IMM UB of RAS in the framework
of the Ural Mathematical Center (project “Set-Valued Dynamics in Control and Estimation Problems for
Dynamical Systems with Uncertainty”).
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cases the reachable set of the original nonlinear system is convex. B. Polyak [17] proved that a
nonlinear image of a small ball in a Hilbert space is convex under some regularity assumptions on
the mapping. Using this result, he showed that reachable sets of a nonlinear control system are
convex if constraints on the control are given by a ball of a sufficiently small radius in Ly and the
linearized system is controllable [16]. Using a time change, we reduce the problem of constructing
the reachable set of a system on a small time interval to a similar problem on a unit interval.
With this replacement, the integral constraints are given by a ball of small radius, and we apply
Theorem 1 from [17] to propose sufficient conditions for the convexity of small-time reachable sets.
The application of these conditions requires a study of the asymptotic behavior of the controllability
Gramian of the linearized system depending on a small parameter.

Another question is how to evaluate the degree of proximity of reachable sets for small lengths
of time intervals. These sets contract to a single-point set as the interval length tends to zero,
so the Hausdorff metric is not enough for this purpose. Here we use the concept of asymptotic
equality of sets introduced in [4] and based on the Banach—-Mazur metric.

The paper is arranged as follows. In Section 1, we introduce the concept of asymptotic equality
of sets using the Banach—Mazur metric. We prove several auxiliary statements concerning the
connection of this concept with the properties of support functions. In Section 2, we consider
relations between the images of a Hilbert ball under nonlinear mapping depending on a small
parameter and under its linear approximation. Further, we apply these results to the study of the
asymptotic behavior of the reachable sets of nonlinear systems with integral control constraints.
We formulate sufficient conditions for the asymptotic equality of reachable sets of nonlinear and
linearized systems. These conditions depend on the asymptotic behavior of the controllability
Gramian of the linearized system. The asymptotic behavior of the smallest eigenvalue of the
controllability Gramian for a time-invariant linear control system with a single input is studied
in Section 3. In Section 4, we apply the obtained asymptotics to the study of reachable sets
for affine-control nonlinear systems on a small time interval. We give two examples of nonlinear
two-dimensional systems and present the results of numerical simulations.

2. Asymptotic equality of sets

Let X,Y C R” be convex compact sets. We assume that the zero vector is an interior point
of each of these sets. The Banach—-Mazur distance p(X,Y’) between X and Y is defined by the
equality

p(X,Y):=log (r(X,Y)-r(Y,X)), r(X,Y)=inf {t>1:t1X DY}.

For convex closed sets X and Y, the inclusion tX D Y holds if and only if
to(ylX) = o(ylY), VyeR", |yll=1,
where 6(y|X) is the support function of the set X:
§(y|X) :=sup{(y,z):z € X}, yeR™

Hence, we have the formula

— maXx su 5(y|X)
e {1’ o 0(u[Y) } 21)

Note that, due to the condition 0 € int Y, the inequality d(y|Y") > 0 holds for ||y| # 0.
Suppose further that the sets under consideration depend on a small positive parameter e,
X = X(e) and Y = Y (¢) are convex compact sets, and the zero vector is an interior point of each
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of these sets for 0 < ¢ < g9. We also assume that the multivalued mappings X (¢) and Y (¢) are
bounded. The sets X (¢) and Y (g) are called asymptotically equal [4] if p(X(¢),Y (¢)) = 0ase — 0.
We use the notation

0yl X(e)) .
A9 = 5urey XD = Suxe)

Formula (2.1) implies the following statement.

Lemma 1. In order to p(X(€),Y (¢)) = 0 as € — 0, it is necessary and sufficient that

lir%AXy(y,a) =1 uniformly in y, |y| = 1. (2.2)
e—

Proof. It follows from (2.2) that lim.o supj, =1 Axy(y,e) = 1. Since Axy(y,e) -
Ayx(y,e) = 1, we have limeo supj,=1 Ayx(y,e) = 1. From formula (2.1), we find that
r(X(e),Y(e)) = 1 and r(Y(e), X(¢)) — 1; therefore, p(X(¢),Y (¢)) — 0 as € — 0.

To prove the necessity of condition (2.2), suppose, on the contrary, that this condition is vio-
lated. Then there exist 1 > ¢ > 0 and a sequence €, — 0 such that the following relations are valid
for an infinite number of the sequence terms:

sup Axy(y,ex) > 140 or sup Axy(y,ex) <1—o0.
llyll=1 lyll=1

In the former case, we have (X (ex), Y (ex)) > 140 and, therefore, p(X (gx), Y (ex)) > log(1+0) > 0.
In the latter case, we obtain

AXY(yagk) S 1— g, vy? HyH = 17

and hence

sup Ayx(y,e1) 2 ——.
lyll=1 -

This implies that
o
p(X(er), Y (ex)) > log <1 + E) >0

for an infinite number of the sequence terms e;. This contradicts the convergence of p(X (ex), Y (ex))
to zero. 0

The condition p(X(¢),Y (¢)) — 0 implies that h(X(e),Y (¢)) — 0 as € — 0, where h denotes
the Hausdorff distance between the sets. Indeed, by Lemma 1, relation (2.2) holds in this case.
Therefore, for any o > 0, there exists € such that the inequalities

AXY(yae) <l+o, AYX(y’e) <l+o
hold for all y € R", ||y|| =1, 0 < ¢ < &. These inequalities imply the estimate
HX ()Y (@) = sup [3(01X(6)) = S0IY ()] < omax{ sup S(uIY (e)), sup S X))},
yll= vll= yll=

which means that h(X(¢),Y (¢)) - 0 as e — 0.
The converse is not true, as the following example shows. Let

X(e)={zeR?*:|z1|<e, |22 <}, Y(e)={zeR?:2]+a3<e}

Then h(X(e),Y (¢)) = (V2 —1)e = 0 and p(X(g),Y (¢)) = logv2 > 0. Nevertheless, under the
additional assumption about the rate of convergence of the Hausdorff distance between the sets,
we prove in Theorem 1 that p(X(¢),Y (¢)) - 0 as e — 0.

For A C R", define dyin(A) := inf)j, =1 6(y|A).
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Theorem 1. The following conditions are sufficient for p(X(¢),Y (¢)) = 0 ase — 0:

lim h(X (), Y (e)) = 0, lim MLV E)

e—0 =0 OImin(Y(€)) =0

Proof. Let h(e) =h(X(e),Y(g)) and d(¢) = dmin(Y (€)). From the equality

h(e) = h(X(e), Y (¢)) = P, 6yl X (e)) = d(ylY ()],
yll=

it follows that
—h(e) < 6(y[X(e)) —d(y|Y (e)) < h(e)

for all y € R™, ||y|| = 1. Dividing these inequalities by a positive value d(y|Y (g)), we get

wup JWIX(E) - h(e) h(e)
||y||£1 6(ylY (e)) 1' = ||y||£1 6(ylY (e)) = d(e)’

Dividing these inequalities by d(y|X (¢)) and taking into account that, in view of the conditions of
the theorem, dpmin(g) — h(e) > 0 for sufficiently small ¢, we get

6<y|Y<e>>_1'<Sup he) k()

W WX (@) T R WX (@) T 8(e) — h(e)

From these inequalities, we obtain relations (2.2) and hence, by Lemma 1, p(X(¢),Y (¢)) — 0 as
e — 0. O

Note that the definition of p(X,Y") is symmetrical with respect to the sets X and Y. Therefore,
in the statement of the theorem, 0,y (Y (¢)) can be replaced by dpin(X(€)).

3. Small-time reachable sets of nonlinear systems

3.1. Auxiliary results

Let X and Y be Banach spaces. Denote by Bx (a, pug) C X the ball of radius o centered at a.
Consider a mapping F; : Bx(a, ) — Y depending on a parameter ¢, 0 < ¢ < &p.

Assumption 1. The mapping F.(x) has a Fréchet derivative with respect to x, which satisfies
the Lipschitz condition on Bx(a, )

HFEI(xl) - Fal(xQ)H < L(&’)H.%'l - -%'QH, T1,T2 € BX(a7,u'0)7 GRS (0750]7 (31)
where L(¢) is a function bounded on (0, ep].

Let a function p(e) map (0, 9] to (0, o]. Assume that p(e) — 0 as € — 0. Denote by G, the image
of the ball Bx(a, x(¢)) under the mapping F:

Ge :={F.(z) : x € Bx(a,pu(e))}.
Theorem 2. Suppose that condition (3.1) holds. Then
h((co Gz — Fe(a)), pule) F(a)Bx (0,1)) < L()u’(e),

where h is the Hausdorff distance between sets and co G denotes the convex hull of the set G.
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P roof. The proof follows from the proof of Theorem 1 in [10]. g

Let X and Y be real Hilbert spaces. Suppose that a mapping F' : X D Bx(a,uo) — Y is
differentiable and its Frechét derivative F” satisfies the Lipschitz condition with constant L. Let
a mapping F' be regular at the point a, i.e., let the operator F’'(a) : X — Y be a surjection. The
latter property implies the existence of a positive number 7 such that ||F'(a)*y| > 7||y| for all
y € Y, which is equivalent to the inequality

(F'(a)F'(a)"y, y) > vly|l?

for all y € Y, where v = 4?2 is the smallest eigenvalue of the self-adjoint operator F’(a)F’(a)*. Here
(+,+) is the bilinear form for the duality between Y and the space Y* conjugate to Y, F’(a)* stands
for the operator adjoint to a bounded linear operator F’(a). In [17, Theorem 1], it is shown that,
if the inequality

2L

holds, then the image of the ball Bx(a, i), i.e., the set G = {F(z) : € Bx(a, )}, is convex.

In what follows, we assume that X is a Hilbert space and ¥ = R" is a finite-dimensional
Fuclidean space. Consider the family of operators F. assuming that each mapping F; is regular at
the point a. Denote by v(g) the smallest eigenvalue of the operator (matrix)

u< min{#oa G } (32)

W, := Fl(a)F.(a)*.

Note that in this case the set E. := F/(a)Bx(0,1) is a finite-dimensional ellipsoid defined by the
relation
E. = {x e R™: xTngx < 1},

and \/v(e) is the length of its smallest semiaxis. Theorem 2 implies the following statement.
Corollary 1. Suppose that u(e) < \/v(e)/(2L(g)). Then the set G is convex and
h(Ge, Fe(a) + p(e) Be) < L(e)p®(e).

P roof. The convexity of G. follows from inequality (3.2). Hence, under the conditions of
the corollary, G. = co G. Using Theorem 2, we get

h(Ge, Fe(a) + p(e)E:) = h((co G — F(a)), 11(e)F. (a)Bx (0, 1)) < L(e)p?(e).

Corollary 2. Suppose that u(e)L(e)/\/v(e) — 0 as € — 0. Then the set G. is convex for
sufficiently small € and
p(GE F.(a),p(e )Eg) —0 as € — 0.

Proof. Since pu(e L (e)/\/v(e) = O we have wu(e)L(e)/+/v(e) < 1/2 for all sufficiently small
For these ¢, we have u(e) < /v(e)/(2L(¢)), hence, G, is convex. Consider two convex compact

sets depending on e:
X(e) =G: — F.(a), Y(e)=pu(e)E:.

Calculating the value §(g) = dmin(Y (¢)) (see Theorem 1), we get

S(y|Y(e)) = nu(e)Vy  Wey, 5(€)=”m”1n15(y\Y( g)) = u(e)vr(e).
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Since 6(¢) > 0 for ¢ > 0, we have 0 € intY(¢). It follows from Lyusternik’s theorem [2] that
F.(a) € int G¢ for ¢ > 0. Thus, the zero vector is an interior point of X(e) and Y (e) for all
sufficiently small positive €.
In view of the inequality h(X(g),Y (¢)) < L(e)u(e)?, we have
AXELYE) _ LEME? _ w&Le)
5(e) MENZCRRNZD

By Theorem 1, we find that p(X(¢),Y (¢)) — 0. O

Thereby, the set Ge — F.(a) is asymptotically equal to u(e)E.. This means that the image
of the ball B(a,pu(e)) under the nonlinear transformation F; is close in shape to the ellipsoid
F.(a)+p(e)E.. The latter is the result of transforming the ball by means of a linear approximation
of F. at the point a.

3.2. Small-time reachable sets
Consider a nonlinear control-affine system

i(t) = fi(z(t) + falz@®)u(t), 0<t<e<e 2(0) =2’ (3.3)

IN

where x € R™ and u € R" are state and control inputs, respectively, and £ > 0. The initial state
20 is assumed to be fixed. Denote by I3[0, 2] the Hilbert space of square integrable functions
[0,&] — R". Constraints on controls are given in the form

u(-) € B(0, p),

where B(0, p1) := {u(-) € L2[0,&] : (u(-),u(:)) < p?} is a ball of radius p > 0 centered at zero and

WMmowwm»ﬁmd=AZWWMMt

Suppose that, for any u(-) € B(0, u), there exists a unique solution x(¢,u(+)) of system (3.3),
this solution is defined on [0,&], and all trajectories starting from 2° and corresponding to the
controls from the ball B(0, i) belong to a compact set D. Assume also that the functions f; and
f2 have Lipschitz continuous derivatives on D.

Let G(g, 1) be the reachable set of system (3.3) at time e € [0, £] under integral constraints

Ge,p) = {z € R" : Ju(-) € B(0,pn), z = z(g,u(-))}.
Since [[u(-)[lLy0,e] < [u(-)|lLo(0,4, the set G(e, 1) can be written as follows:

Glep) ={z € R : Ju(), [[u()llLopo.q < p @ = 2(e,u()}

We study the behavior of reachable sets G(e, 1) under the assumption that € is a small number.
Using a time change, we reduce the problem of describing reachable sets on the time interval [0, £] to
a similar problem on the interval [0, 1] for another system whose equations and integral constraints
on the control depend on e.

Representing ¢ in the form ¢t = e7, we set y(7) = xz(e7) and v(7) = eu(er). Then

(1) = fi(y(r)) + faly(r))o(r), 0<7 <1, y(0) =2’ (3.4)
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with the following constraint on the new control v(+):

/0 0T (B)o(t)dt < (uy/2) (3.5)

The trajectories of system (3.4), (3.5) belong to the compact set D if e <&.
Define u(e) := uy/e. Let G(1, 1) be the reachable set of system (3.4):

G(1,p) :={y € R": Fu(-) € B0, ) C L[0,1], y = y(1,v(-))}.

Hereinafter, we use the same notation B(0,u) for balls in the spaces L3[0,b] with different b.
Besides, for simplicity, we omit the time interval in the notation of the space Lo if this does not
cause misunderstanding.

Define a family of mappings F; : L2[0,1] — R”™ by the equality F.(v(-)) = y<(1,v(:)), where
Ye(t,v(+)) is the solution of system (3.4) corresponding to v(-). Since y(1,v(:)) = z(t1,u(-)), we
have the equality

G(L,p(e) = Gle,p) = {Fe(v(") : v(-) € B(0, u(e)) }-
The mapping F.(v(-)) is differentiable; its derivative is defined as follows [10]:
Fl(v(-)Av() = Ay(1, Av()),
where Ay(7) is the solution of system (3.4) linearized along the trajectory (y(r,v(:)),v("))
Ay(r) = eA(T)Ay(T) + B(1)Av(t), 7€[0,1], Ay(0)=0. (3.6)

Here

Am = D)+ 3 Ly, B0 = pue).
=1

The following statement is true.

Proposition 1. [8, 9] The mapping F.(v(-)) is Lipschitz continuous on B(0, u(e)) with the
constant L(e) = Lo + Lie (Lo,L1 > 0). If all elements of the matriz fo in the equation of the
system are independent of the state (i.e., fo(x) = fo is a constant matriz), then Ly = 0.

We can use Corollary 2 proved above to describe the reachable sets on small time intervals. In
this case, a = 0 € Ly is the zero control and the derivative F/(0) is defined by equation (3.6)
corresponding to system (3.4) linearized along the trajectory (y(7,0),0). Here y(7,0) is a solution
of (3.4) with v(7) =0, 7 € [0,1]. In this case,

A = Ly, BE) = pwe))

Consider a linear control system
(1) =eA(r)z(r) + B(m)u(r), 7€]10,1], (3.7)
with continuous matrices A(7) and B(7).
Definition 1. The symmetric matriz W.(7) defined by the equality

/ X.(1,5)B(s)B" ()X (7, 5)ds, (3.8)

where X.(7,s) is the fundamental Cauchy matriz of system (3.7) (X.(1,s) = eA(T)X.(T,s),
X(s,8) =1) is called the controllability Gramian of the control system (3.7).
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Differentiating equality (3.8), it is easy to see that W.(t) is a solution of the linear differential
equation
Wo(r) = eA(T)Wo(7) + eWo(7)AT (1) + B(1)BT (1), W.(0) = 0.

The system is completely controllable on the interval [0, 1] if and only if W(1) is positive definite.
It is known (see, for example, [14, 16]) that, in this case, the reachable set under the constraint

1
/ w' (T)u(r)dr < p?
0

is an ellipsoid defined as the set of solutions of the inequality = W_
From the above, we can conclude that the matrix W, = F/(0)F.(0) Comcndes with the con-

trollability Gramian W.(1) of system (3.6) and the ellipsoid ju(¢)E. = G(e, p) is the reachable set

at time 1 of system (3.6) under constraint (3.5). Note that F;(0) equals to z(e,0). Taking into

account that u(e) = u+/e, we arrive at the following statement.

| A

(D)=
( *

Theorem 3. Let v(e) be the smallest eigenvalue of the controllability Gramian W2 (1) of the
linearized system (3.6). Suppose that L(e)\/e/y/v(e) = 0 as € — 0. Then the reachable set G(e, )
is convez for sufficiently small € and

p(Gle, p) — (e,0),G(e, 1)) = 0 as € — 0,
where G(e, 1) is the reachable set of the linearized system (3.6).

Using the reverse time change, it is easy to show that G(s, 1)) is the reachable set at time e for
the linearized system (3.3). Thus, Theorem 3 states that, under proper asymptotic behavior of the
smallest eigenvalue of the controllability Gramian, the small-time reachable set is asymptotically
equal to the reachable set of the linearized system. The asymptotic behavior of the Gramian for
the case of linear autonomous systems is studied in the next section.

4. Time-invariant systems on a small time interval

4.1. Asymptotics of the smallest eigenvalue of the controllability Gramian

Consider a linear time-invariant control system
z(t) = eAx(t) + Bu(t), te€][0,1], (4.1)

where z € R™, u € R", and € > 0 is a small parameter. If the pair (A, B) is completely controllable,
then (¢4, B) is also controllable for all € # 0. In this case, the smallest eigenvalue of the controlla-
bility Gramian v(e) = v(W.(1)) is positive for all ¢ > 0. In this section, we study the asymptotic
behavior of v(e) for small e.

Consider the controllability Gramian W, (t) of system (4.1). The matrix W,(t), t > 0, is positive
definite for every € # 0 if and only if the pair (A, B) is completely controllable. Let us look for
We(t) as the sum of series in powers of e:

We(t) = Vo(t) + eVi(t) + 2Vo(t) + -+, Ve(0)=0, k=0,1,.... (4.2)
Differentiating (4.2) and equating coefficients at equal powers of ¢, we get

Vo(t) = BB, Vi(t) = AVi_1(t) + Vi 1(AT, k=1,2,.... (4.3)
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Integrating equations (4.3), we get
ti+1

Vo(t) =tly, Vi(t) = mAUi,

i=1,2,...,

where

Uyo=BB', U =AU_14+U,_1A", k=1,2,....
Thus, for W, = W.(1), we have

o0 k

13
D 4.4
We kz_o CESEG (4.4)

In view of the estimate ||Ux| < 2||A|||Ux—1]| < 2%||A||¥||Uo]|, series (4.4) and (4.2) are majorized
by the converging series
oo
(2e[lAID*

Uol|.
vl

k=0

Here [|A] is the spectral matrix norm induced by the Euclidean vector norm. As a result, we find
that the matrix W, = W.(1) is represented as the sum of series (4.4) uniformly convergent on every
bounded subset of R.

Note that all matrices Uy in (4.4) are symmetric but not necessarily positive semi-definite.
For Uy, we obviously have v(Up) > 0. If v(Up) > 0, then there exists a > 0 such that v(W;) > «a
for sufficiently small e. Further, we assume that v(Uy) = 0, hence v(W;.) — 0 as € — 0.

Definition 2. [18] A pair (A, B) is linearly equivalent to a pair (Ay, By) if there exists a
nonsingular matriz S such that Ay = SAS™! and B; = SB.

Linear equivalent pairs generate equations of the same control system in different coordinate sys-
tems. A pair (A, B) is controllable iff (A;, By) is controllable. The asymptotic behavior of the
controllability Gramians of linear equivalent pairs is the same.

Proposition 2. [9, Lemma 1] Let (A, B) and (A1, B1) be linearly equivalent pairs, and let
W, and W2 be the corresponding controllability Gramians. There exist o > 0 and 3 > 0 such that

av(We) < V(Wel) < Buv(We)
for all .

Consider systems with single control. In this case, A is an nxn matrix and B is an n-dimensional
column-vector.

Theorem 4. [9, Theorem 1] Assume that a system is completely controllable. If n = 2, then
there exist o > 0 and B > 0 such that the following inequality holds for all sufficiently small € > 0:

ae® < v(W.) < Be2.
If n > 3, then there exists 8 > 0 such that

0 < v(W,) < ge?n2
for all sufficiently small € > 0.

The proof of this theorem is based on reducing the control system to the Frobenius form.
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4.2. Small-time reachable sets of time-invariant systems
Consider an autonomous control system with a single input
i(t) = f(x(t)) + Bu(t), x(0)=2° 0<t<e, (4.5)

where z € R, u € R, f : R® — R"” is a continuously differential mapping, B is an n x 1 matrix
(a column-vector), and z° is a fixed initial state, with control variables subjected to the quadratic

integral constraints
&€
/ u?(t)dt < p?.
0

Suppose, as above, that there exists a compact set D C R"™ containing all trajectories of
system (4.5) and that f(x) has a Lipschitz continuous derivative on this set.

Denote by A(t) = a—(x(t,O)) the matrix of the system linearized along the trajectory z(t,0)
x
corresponding to the zero control. Suppose that f(z") = 0. In this case, 2(¢,0) = 0 and, hence,
of of

A(t) = 5 (0(t,0) = = (2°) = A

is a constant matrix. Let W, be the controllability Gramian of the pair (¢4, B) on the interval
[0,1], and let v(g) be the smallest eigenvalue of W,. If the pair (A, B) is controllable, then, by
Theorem 4, v(e) > ae? if n = 2 and v(W.) < Be* if n > 3 for some a, 8 > 0.

From Theorem 3 we obtain the following statement.

Corollary 3. Let n = 2, and let system (4.5) linearized at the point x° be completely control-
lable. Then the reachable set G(e, ) is convex for all sufficiently small € and asymptotically equal
to the reachable set of the linearized system.

Proof In the conditions of the theorem we have L(g) = Lje (see Proposition 1) and

v(e) > ae?. This implies that L(e)\/e/\/v(e) < (L1/v/a)y/z — 0 as e — 0. O

Note than the sufficient conditions for the convexity of G(e) are not satisfied for a system with
a single input for n > 3.

4.3. Examples

As an illustrative example, consider the Duffing oscillator
I1 = To, @:—ml—10m§’+u, 0<t<e (4.6)

which describes the motion of a nonlinear stiff spring on impact of an external force u, with integral

constraints .
/ u?(t)dt < p
0

and zero initial state x1(0) = 0, x2(0) = 0.
Consider the Lyapunov-type function
L o

5 1
_lel + 556% + 55[?2.

V(m) = V(ml,ﬁl?g) = 5

Differentiating V' (z(t)) along an arbitrary trajectory of the system and applying an analog of
Grownwall’s Lemma [23], we find that all trajectories of system (4.6) belong to the compact set
D= {r e R?:V(x) < pu’c} (see [22]).
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Figure 1. Reachable sets of Duffing oscillator

System (4.6) linearized along x(t) = 0 after a time change
&1 =exy, Xo=—x1+u, z(0)=(0,0), 0<7<1,

is completely controllable. From Corollary 3 it follows that, for small €, the reachable sets G(¢) in
this example are convex sets close in shape to ellipsoids.

The results of the numerical simulation are shown in the figure that follows. These results
are obtained with the use of an algorithm based on Pontryagin’s maximum principle for boundary
trajectories.

Fig. 1 shows the results of numerical simulation for this example. Its left-hand side exhibits
the plot of the boundaries of the reachable set at times € = 0.5,0.7, 0.9,1.2, and 1.5, respectively.
A larger set in the figure corresponds to a larger value of €. This plot indicates that the reachable
sets for smaller values of € are convex and look like ellipsoids. The right-hand side of the figure
corresponds to smaller €. Here the boundaries of reachable sets of the nonlinear system are shown
in blue and of the linearized system in red. Note that the reachable sets contract to zero as € — 0.
In order to make the picture more informative, we multiply each of the sets by a scaling factor s(e)
depending on e. The resulting ellipsoids tend to a degenerate ellipsoid (vertical segment) as e — 0.

As another example, consider a bilinear system

T1 = Touj — T1U2,
To = —T1U1 — T2U2,

with initial state given by the equalities z1(0) = 1 and z2(0) = 0. It is known that, under control
constraints in the form

i@ <1, Jup(@)] <1, 0<t<e,

the reachable set G(e) is non-convex for any e > 0 [18]. Consider further the integral constraints
on the control

[ w0+ bw)ar<1.
0

All trajectories of the system belong to a compact set on the plane. This fact could be easily proved
by using the transition to the polar coordinates. The matrices A and B of the system linearized
along the trajectory x(t) = (1,0) have the following form:

(09w (4 3
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The system is completely controllable and the controllability Gramian W; is independent of ¢:

_ T (10
won (10,

Since (W) = v(e) and the Lipschitz constant L(e) is independent of €, we have

L(e)ve/\/v(e) =0

as € — 0. Consequently, the reachable sets G(g) are convex for sufficiently small ¢ and asymptoti-
cally equal to ellipsoids (see also [10]).
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OPTIMAL CONTROL FOR A CONTROLLED
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Abstract: In this paper, we investigate the problem of optimal control for an ill-posed wave equation
without using the extra hypothesis of Slater i.e. the set of admissible controls has a non-empty interior. Firstly,
by a controllability approach, we make the ill-posed wave equation a well-posed equation with some incomplete
data initial condition. The missing data requires us to use the no-regret control notion introduced by Lions to
control distributed systems with incomplete data. After approximating the no-regret control by a low-regret
control sequence, we characterize the optimal control by a singular optimality system.

Keywords: Ill-posed wave equation, No-regret control, Incomplete data, Carleman estimates, Null-
controllability.

1. Introduction

The first systematic study of optimal control of ill-posed problems was by J.L. Lions in his
book “Control of distributed singular systems” [11], exactly when he focused on an ill-posed heat
equation (backward heat equation). In his study, he required the set of admissible controls U,
to have a non-empty interior. This condition is the so-called Slater hypothesis. Regrettably, a
difficulty starts when we need to use some sets like the positive cone (L2)+7 which has an empty
interior, as a set of admissible controls, where the hypothesis of Slater doesn’t hold. To avoid such
kind of obstacle, we propose to take a different approach to the regularization approach proposed in
[3] and [5], to get an optimality system characterizing the optimal control without requiring Slater
extra-hypothesis, it’s the controllability approach.

The aim of our work is to generalize existing results [3, 5] where we seek to get an optimality
system characterizing the optimal control for an ill-posed wave equation [4, 5], to reach our goal, we
start by assuming that when taking the control in some dense space of L? (Q), the problem becomes
well-posed. Then, by null-controllability of the well-posed wave equation, we seek to retrieve the
second order time condition in the ill-posed equation. Hence, we get an optimal control problem
for a controlled wave equation with incomplete data where we apply the no-regret control method
introduced by Lions [12] (the original idea was introduced by Savage in [15]) for optimal control
problems with incomplete data.

On the contrary of [5], this work leads us to characterize the optimal control by an optimality
system which has a simpler form than the one given in [5], this will be very beneficial in a numerical
analysis viewpoint.

! This work was supported by the Directorate-General for Scientific Research and Technological Develop-
ment (DGRSDT).
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A few studies have been published in the context of optimal control of PDEs with missing data
after that by Lions himself [13].

Later, many papers are published such as [14] and [9] where authors studied an age-structured
population dynamics of incomplete data. In [1], authors applied the notion of no-regret control on
a fractional wave equation with incomplete data. Afterward, a control coupled systems and a wave
equation both with incomplete data were treated in [6] and [7] respectively, extended recently to
more general and abstract systems in [8] .

Actually, the method of no-regret control consists of taking only controls v such that

J(v,9) <J(0,9),

(J is the cost function) for every missing data g, where we guarantee the belonging of the optimal
control to this set of controls. To avoid the difficulty of characterizing the no-regret control, we
should relax the definition by making a quadratic perturbation in no-regret control definition, i.e.

J(v,9) < J(0,9) +7gl*, ~>0.

In this way, we define a sequence of low-regret controls expected to be converging to the no-
regret control.

The recent paper is organized as follows: in the next section we present some preliminaries for
the main problem, in the third section we prove existence and uniqueness for the controllability
problem, in the fourth we introduce the optimal control problem with missing data, in the fifth,
we give an optimality system for the optimal control problem, and we finish with a conclusion.

2. Preliminaries

Let © ¢ RY be an open bounded domain with smooth boundary T, T is a non-empty subset
of I, denote @ = Qx (0,7), ¥ =Tx (0,7), X9 =Ty x (0,7) and T > 0. Consider the following
wave equation given by:

y' =Dy =v in Q,
y(2,00=0, y(@T)=0 inQ, (2.1)
y(z,t) =0 on X,

where v is a distributed control in
Ul ={ve Li (Q) : v > 0 almost everywhere in Q},
it’s the closed convex cone (L% (Q))Jr, where

Lz (Q) = {w € L? (Q) such that pw € L* (Q)}

and p is a positive function defined on @ such that 1/p is bounded in Q. It’s well known that (2.1)
is ill-posed [5].
On the other hand, let’s consider a null controllability problem for the following wave equation:

y' —Ay=v in Q,
_ / _ :
Yy (1’, 0) - 07 Yy (.%', O) =g m Qa (22)
(2,1) = 0 on X,
yiE 0 on ¥\,

where g € L? () is a missing initial condition.
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The following geometric and time conditions hold:

Jwg ¢ Q such that {z € 90 : (x — x¢) .v (z) > 0} C I, (2.3)
T > 2 sup |z — xg],
e

and v (z) denotes the external unit normal vector at .

Note that for every (v,g;0) € U, x L? () x L* (%), the system (2.2)—(2.4) has a unique
solution y (v, g;0) = y (v, g;0) (x,t) in some sense (see [10, Ch. 4, p. 325]).

Actually, we want to find a function § € L? (I'g x (0,7T')) such that for every v € U?, and every
missing initial condition g € L? (Q2) the solution of (2.2) verifies the following null controllability
property

y(z,T) =y (2, T) = 0. (2.5)

In this way, by the controllability of (2.2) we retrieve the initial condition 3’ (x,0) in (2.1) but
with an unknown value and (2.1) becomes a well-posed equation with missing data.

After this, we want to find a control function v in U”; solution to the following optimal control
problem

int J, (v,9) such that Jy (v.9) = Iy (v,9) ~ wall + N [, (2.6)
v ad
where y, is a target function in L? (Q), N > 0 all are given.

Now, let’s prove the existence of a solution for the null-controllability problem (2.2)—(2.5).

3. Existence for the null-controllability problem (2.2)—(2.5)

Before treating the controllability problem (2.2)—(2.5) we announce the following theorem giv-
ing a so-called Carleman inequality type, which will be the main tool to solve the controllability
problem.

Theorem 1. Denote the operator L = 9%/0t*> — A in distribution sense, under the geometric
and time conditions (2.3)-(2.4) there exists a C? weighted positive function p defined on Q such
that 1/p is bounded in @ and C = C (2, T,Tg, p) > 0 such that:

/ / laf” dwdt<C[/ /Qp | Lq/? dxdt+/ /FO—‘aq‘ det} (3.1)

Oy
_ 2 pes) . 2 Oyp
qev_{@eL (0,75 Hy () : Lo € L2(Q), 52|

for every

e L2 (3o) }

0

where
2 1 1 g 2
L?(0,T;Hy () = {gp :[0,T] — Hy (2) measurable such that /0 |l (t)HH%(Q) dt < oo}

P roof It leads from a Carleman inequality, it can be found in [2, Theorem 1.1].
The inequality (3.1) allows us to introduce the following real inner product:

1 Or 0s
—L L ——dlI’ 2
(r,s) / T sdxdt—i—/ /Fo 20y0yd dt (3.2)

on V the Hilbert space completion of V, with its associated norm || - ||, = \/a (-, ). O
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Remark 1. We can characterize the structure of V as a subspace of a weighted Sobolev space.
Indeed, let H,(Q) be the weighted Hilbert space defined by

T
H,(Q) = {v € L*(Q) such that: /0 /Q% |v)? dadt < oo}7

endowed with the natural norm

1/2
I a0 = (/ / |- \dmdt) .

This shows that V' is embedded continuously in H,(Q) as
3C > 0: |[vllg, @) < Clvll, forevery veV.

By the boundedness of 1/p? on @, we also see that L? (Q) is continuously embedded in H,(Q).

Proposition 1. Fiz (v,g) € U2, x L?(Q). Define on V the linear form

l(v,g) (8 / /vsdwdt—i—/gs( ) dx,

then there exists a unique solution p (v,g) € V to the following variational equation:
a(r,s) =lwg (), VseV. (3.3)
Also, we have
30> 0: [F(0.9)lla < C (vl 2oy + 9l ) (3.4)
Moreover, if we choose

1 0p(v,9)
p?  Ov

(3.5)

1
= —L~ =
y(v,g) PR (v,9), 6(v,g9) 5’

the pair {y (v,g),0 (v,g)} is a solution of the null controllability problem (2.2)—(2.5).

P r o o f. The result is obtained by application of the Lax—Milgram theorem with using Carle-
man inequality (3.1) to prove that the inner product (3.2) is coercive. Using (3.3) and integration
by parts we get the null controllability property (2.5). O

4. Optimal control of the controlled wave equation with incomplete data

In this principal section, we focus on the following controlled wave equation missing initial

condition

y'— Ay =v in Q,

_ ' _ :
y(m,O) _0 ) y (CC,O) _g m Q’ (41)
_ 0 (Ua g) on 207

Y710 on I\,

with
y(z,T)=0, o (2,T)=0, (4.2)

where 0 (v, g) is given by (3.5).
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We solve the optimal control problem (4.1), (4.2), (2.6) regardless of the values of the missing
initial condition g, where L2 (Q) endowed with the inner product (-,-) p = (P p)2() and the
associated norm || - ||, = 1/(:,")p-

In order to ensure the existence of the optimal control for (4.1), (4.2), (2.6) we need an extra
hypothesis of Slater (see [11, Ch. 4, Remark 1.4]) which requires that

U?, has a non-empty interior. (4.3)

Unfortunately, the extra hypothesis (4.3) is not fulfilled by Ugd because it’s well known
that (L? (Q))Jr has an empty interior.

However, we propose an approach where there is no need to (4.3), it’s the method of no-regret
control which was introduced by J.L. Lions in [12], to solve optimal control problems with some
incomplete data.

First of all, let’s give a definition of the no-regret control for the controlled system with missing
data (4.1), (4.2), (2.6).

Definition 1 [12]. We say that u € U?, is a no-regret control for (4.1), (4.2), (2.6) if u is the
solution of:

nf ) J (v,g) —J. (0, ) 4.4
vérllfgd(g;lgl()ﬂ) ( p (’U g) P ( g)) ) ( )

In the following lemma, we try to rewrite the main quantity in the last definition to isolate the
missing data in some way.

Lemma 1. Let M be an operator defined from L*(Q) to L? (Xq) by Mg = g_p (0,9), where
v

p(v,g) is the unique solution to (3.3). Then, M is a linear bounded operator on L* (), and we
have

Jy(v,9) —J,(0,9) = J, (v,0) — J, (0,0) +2(S (v) ,g)LQ(Q) ) (4.5)

where S is also a linear bounded operator from U?, to L?(Q) given by
S (v) =p(v,0)(0) = M* (0 (v,0)).

P r oo f. It’sclear that M is linear, also M is bounded. In fact, we know that p (v, 0) solves (3.3)
for every s € V', we choose an s such that

Ls=0 in Q,
s(z,0) =g, §(x,00=0 1in Q,

ds M on X,
w g on ¥\ %o

to get

1 (T
Yo P Jo Jry

From linearity in (3.3), we get y (v,g9) = y (v,0) +y (0,9) + v (0,0), and by a simple calculation
we get

aﬁ(oag) 2 /T/ 1 8ﬁ(07g) 2 2
7 < e e — = .
£y ‘ dldt < o e pz‘ EY ‘ dr'dt H9HL2(Q)

Jo(v,9) = Jp(0,9) = J, (v,0) = J, (0,0) + 2 (y (v,0),y(0,9)), .
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Use Green formula to prove
(y (U7 O) Y (079))p = (Lﬁ(’l), 0) Y (07 g))LQ(Q)

= (5(0.0). Ly (0.9)) 20y~ (22D

D) pasyy T @00 020

~ 300 090 — (T S 0.9)
= (50,0 (0).9) ooy — (V" (61(0.0)) ) 0

We know that 6 (v,0) : U?, — L* (5) solves (3.4), choose s = p(v,0) and use (4.2) to find
mf—/ / ap (drdt</ / —‘819 ‘dl“dt</ /vvadxdt
Yo p To FO aV

< Jloll, 17 (v, 0)ll 51,y < Cllll3 4
which proves that 6 (v,0) is bounded. Moreover, the map p(v,0) (0) : U?, — L? () is contin-
uous. In fact, by a Carleman estimate given in [2, Corollary 2.8]|, under the same condition of
Theorem 1 there exists a C? weighted positive function p on @ such that 1/p is bounded in @ and
C=C(QT,Ty,p) >0 such that:

/ ) (]dxdt<0[/ /Qp]Lq\ dxdt—i—/ /I‘o

for every ¢ € V. Choose ¢ = p (v,0) to find

_q

det}

e 2 [/T/1 P, 0F : ] 2
/U’O 0 dmdt S C - Lp ’U,O dxdt + 9 ’U,O S C v .
/Q,,W (v,0) (0)] ] 1m0 16 (v, 0)1Z2(s,) | < C Il

Finally, S is also a linear bounded operator. ]

Unfortunately, we encounter a big difficulty when characterizing the no-regret control where we
need to know the structure of the set

{veU?f :(S(v) 19) 12y = 0 for every g in L*(Q) },

which is difficult to do, this requires on us to relax no-regret control definition by making some
quadratic perturbation, then, we announce:

Definition 2 [12]. We say that uy, € U?, is a low-regret control for (4.1), (4.2), (2.6) if u, is
the solution of the problem:

inf (sup € L*(Q) (J,(v,9) = J,(0,9) = lglay) ) 7> 0.

vGUgd g

From (4.5), we get for all v € U?,

sup (I, (v,9) = J, (0,9) = 7 913200 )
geL?(Q)

= Jp (0,0) =, (0,0)+ sup (2(5(0),9)12) — 7 l9ll3e))
geL?(Q)

1
= Jp (U,O) - Jp (070) + ; HS(U)H%Q(Q)
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Thus, our optimal control problem is transformed into a standard optimal control problem
(i.e. a problem with complete data) given by

inf 7 (v), (4.6)
vEU(fd
where )
T3 () =y (0.0) = 1, 0.0) + ~ S @)} (4.7)

Lemma 2. The problem (4.1), (4.2), (2.6), (4.6), (4.7) has a unique solution u, € U",.
Proof. We have for every v € U?, . J,) (v) > —J,(0,0) = — Hyd”i then d, = inf 7, (v)
veld?,

exists. Let (v,)) be a minimizing sequence such that d, = lim J,' (v1). We know that
n—oo

1
Ty (W) = Jp (v3,0) = J, (0,0) + 5 15 W l72() < dy + 1.

This implies the following bounds

1
V7
where C., is a positive constant independent of n. Then, there exists u, such that v, — u, weakly

in U?; (closed), also y (v3,0) = y (uy,0) weakly in L2 (Q) because of continuity w.r.t. the data.
Since S is bounded, then

loall, < Gy ly (03, 0)l, < &, 15 (i)l 20y < G

S (v])) — S (uy) weakly in L*(Q),
with
J; (uy) < liminf 77 (v])
and we conclude that
J,) (uy) = Uielllff:fdjl;y (v).

Since 7, (v) is strictly convex, u. is unique. O

It still remains to obtain an optimality system giving a characterization for low-regret control
u~ as follows

Theorem 2. The low-regret control u, € U?, which is a solution to (4.1), (4.2), (2.6), (4.6),
(4.7) is characterized by the following optimality system

Ly’y = U~; Lp'y =Yy —Yd mn Q,
Yy (2,0) =0, ¢ (2,0)=0, py(2,0)=0, p(z,0)=0,
Yy (2, 7) =0, v, (z,T)=0; py(z,T)=0, pi(z,7)=0 1nQ, (4.8)
| 0(uy,0) A, on X,
7Y 0 7 Pyr=1 o, on ¥\ o,
where v > 0, Y, =y (uy,0) and py = p (uy), with the following variational inequality
1
<T* (Lpy) + Nuy + ;S*S (uy),v — UV)p >0 VYoeelU’, (4.9)

where T : v — y (v,0) from UY, to L2 (Q) is a linear bounded operator.
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Proof. A first order necessary condition of Euler-Lagrange [10] for (4.6), (4.7) gives for
every v € U?,

(¥ (uy,0) = Ya, y (v — uy,0)) , + N (uy, v —uy) , + % (S(uy),S(v— uw))Lg(Q) > 0. (4.10)

Denote y, = y (u,0) and let 0, = o (uy) be the unique solution of the following variational
equation

a(oy,q) = /Q (yy — ya) gdzdt Yqe V. (4.11)
Consider the pair (p,, A\y) given by

1 1 0o
py=—=Loy,, M= —5—2| |,
7T 2 " 2 0w .

then (p,, Ay) is the solution of the following backward wave equation

Lpy =yy — Ya in Q,

Py (z,T) =0, pfy (z,T7)=0 in Q, (4.12)
o )"Y on 20, ’

Pr=9 0 on Y\,

with the null controllability propriety

py (2,0) = pl, (,0) = 0.

Rewrite the optimality condition (4.10) to be in the following form

1
(Lpy, y (v — uy,0) )p + (Nu7 + =5%S (uy) ,v — uy> >0 YoeU’,

Y p

where

(Loysy (v = 4,0)), = (" (Lpy) v =), Ve UL,
which gives optimality condition (4.9).

The boundedness of T' follows from the continuity of the solution to (2.2), (2.5) w.r.t. data. [

5. No-regret control optimality system (Optimal control for the ill-posed wave
equation)

In this section, we will give an optimality system characterizing the optimal control (or the
no-regret control) solution to (4.1), (4.2), (2.6), (4.4) by taking the limits of wu, y, py,6 (u,,0)
and Ay when v — 0.

Theorem 3. There exists a positive constant C' independent of v such that

lasll, <€ gy —wall, <€, llwnll, <€ 1S (w))ll 2y < CVA, (5.1a)
loll, < o 18 (s 0)ll oy < G 1M lli2gsyy < - (5.1b)

Il s o2 m300) < €5 IPA e 0,122 < ©
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Proof. Letuyis the unique solution for (4.1), (4.2), (2.6), (4.6), (4.7), then
. 1
7 (1) < 37 (0) = 0 . Jy 1, 0) + 8 () ey < 75 0.0

which give (5.1a).
Choose ¢ = 0, in (4.11) with Lax-Milgram theorem stability estimates to prove that

3C>0: oy, < C,

where C is independent of 7. From continuity and (5.1a), we deduce the boundedness of 6 (u.,0)
and Ay in L? ().
Multiply (4.12) by pl,, integrate by parts, and use (5.1a) with (5.1b) to find

2 2 2 2
pryHLoo(07T;L2(Q)) + Hp'y”L“’(O,T;H(}(Q)) S C (Hy’Y - deLQ(Q) + H)"YHLQ(EO)) S C.
]

Lemma 3. The low-regret control u~ solution to (4.1), (4.2), (2.6), (4.6), (4.7) converges in
U?, to the no-regret control u solution to (4.1), (4.2), (2.6), (4.4).

Proof. By (5.1a), we have
1Ly, < €
and
u, — u weakly in U(fd,
yy —y weakly in L?) Q).
And by (5.1b) we have
0 (u,,0) = 6 (u,0) weakly in L? (Zp).

We conclude that y solves

Ly=u in @,
y(0)=0, y(©0)=0 nQ,
y(T)=0, ¥ (T)=0 0,

[ 6(u,0) on X,
y= { 0 on Y\ 3.

Again, from (5.1a)
S (uy) — 0 strongly in L? (%),

then (S (u),9)12(q) = 0 for every g in L? (), which means that u is a no-regret control solution
to (4.1), (4.2), (2.6), (4.4). O

Finally, we can announce the following our main theorem characterizing the optimal control for
the ill-posed wave equation (4.2).

Theorem 4. The no-regret control u € UL, solution to (4.1), (4.2), (2.6), (4.5) is characterized
by the following optimality system

Ly = u; Lp=y—yq in Q,
y(z,0) =0, ¢ (2,00=0, p(z,00=0, p'(x,0)=0,
y(x,T)=0, ¢ (z,7)=0; p(z,T)=0, p (x,T)=0 in Q, (5.2)

— 0 (u’ 0) . _ A on EO;
Y=193 o ) P=19 9 on X\ Xo,
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where A = lir%)w, y =1y (u,0) and p = p(u), with the following variational inequality
Y

(T*(Lp)+Np2u+S*S(u),v—u) >0 YoeU.

L2(Q)
Proof. We have already proved the convergence of y, to y, and u, to u in the proof of
Lemma 3. For the rest, use (5.1a) to get

I1Lp4ll, < C,

and (5.1b), to find
A, — A weakly in L? (%),

Passing to the limit when v — 0 in (4.8) we obtain the optimality system (5.2). O

6. Conclusion

To sum up, our work leads to solving the optimal control problem for an ill-posed wave equation
without requiring the extra hypothesis of Slater. The main idea was to make a null controllability
approach to deal with a well-posed equation with a missing initial condition. Then, we have applied
the no-regret control method to solve the optimal control with incomplete data. The optimality
system describing the optimal control is built by an overdetermined optimal state and adjoint state.
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Abstract: In this paper, we study the growth of solutions of higher order linear differential equations
with meromorphic coefficients of ¢-order on the complex plane. By considering the concepts of ¢-order and
p-type, we will extend and improve many previous results due to Chyzhykov—-Semochko, Belaidi, Cao—Xu—Chen,
Kinnunen.
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1. Introduction

Let us consider the following linear differential equations

FO + A1 (2) fE D o+ Ag(2) f = 0, (1.1)
FO + A (2)f5 ) o+ Ag(2)f = F(2), (1.2)

where k > 2, Ay # 0 and F' # 0. It is well-known that if the coefficients Ag, A1,...,Ar_1 and
F are entire functions, then all solutions of (1.1) and (1.2) are entire. The equation (1.1) has at
least one solution of infinite order if some of coefficients are transcendental. For more details about
the growth of solutions of equations (1.1) and (1.2), the reader can refer to [14]. In this paper,
we use the standard notations of Nevanlinna value distribution theory of meromorphic functions
(see [10, 14, 18, 22]). The term meromorphic function throughout this paper means meromorphic
in the whole complex plane C. This will not be recalled in the next statements.

To study the growth of meromorphic functions, we recall the following definitions. For all r € R,
we define exp; r = expr = e’ and exp, 7 = exp(exp,7), p € N = {1,2,... }. Inductively, for all
r € (0,+00) large enough, we define log; r = logr and log,, 1 7 = log(log, r), p € N. We also denote
expgr =1 = logyr, exp_;r =log, r and log_; r = exp; .

Definition 1 [13]. The iterated p-order of a meromorphic function f is defined by

. log, T(r, f)
pp(f) = 171011)112101)?

, pEN,

where T'(r, f) is the Nevanlinna characteristic function of f. If f is an entire function, then the
iterated p-order is defined as

1 M(r,
5.(f) = limsup et M (1)
r—+00 log r

= Pp(f),

where M(r, f) = max{|f(2)| : |z| = r} is the mazimum modulus of f.
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Note that p1(f) = p(f) is the usual order and py(f) is the hyper-order.

Definition 2 [13]. The growth index of the iterated p-order of a meromorphic function f is
defined by

0 if f is rational,
i(f)=4q min{j € N:p;(f) <+oo}  if fis transcendental andp; (f) < 400 for some j € N,
+00 if pj (f) = +oo for all j € N.

Historically, Bernal [4] was the first one who introduced the idea of the iterated order to study
the growth of solutions of complex differential equations. In [13], Kinnunen considered the growth
of solutions of equations (1.1) and (1.2) with entire coefficients of a finite iterated p-order and
extended many previous results obtained for the usual order and the hyper-order.

Theorem A [13]. Let Ay (2),...,Ak_1(2) be entire functions such that i (Ap) = p (0<p<o0).
If either max{i(A;): j=1,2,...,k =1} <p or max{p, (4;): j =1,2,...,k =1} < pp(Ao), then
every solution f # 0 of equation (1.1) satisfies i (f) =p+1 and ppi1 (f) = pp (Ao) -

In [3], the second author has extended Theorem A when most of the coefficients
Ap(2),...,Ak_1(2) have the same order by using the concept of iterated p-type as follows.

Theorem B [3]. Let Ay (z),...,Ax_1(z) be entire functions, and let i (Ag) =p (0 < p < 00).
Assume that

max{pp (4;) :j =1,2,....k =1} < pp(Ao) =p (0 <p <+00)

and
max{7, (4;) : pp (4;) = pp (A0)} <Tp(Ao) =7 (0 <7 < +00),
where v 1)
N . log,, M (r,
7 (f) = Timsup—=r——

Then, every solution f # 0 of equation (1.1) satisfies i (f) =p+1 and ppy1 (f) = pp (Ao) = p.

In [5], Cao-Xu—Chen improved Theorems A and B by considering meromorphic coefficients
instead of entire coefficients. In [16], Liu-Tu-Shi made a small modification in the original definition
of [p,ql-order introduced by Juneja—Kapoor-Bajpai [11] in order to study the growth of entire
solutions of equations (1.1) and (1.2). After that, Li and Cao [15] investigated the growth of
meromorphic solutions of equations (1.1) and (1.2) with meromorphic coefficients of [p, ¢]-order
which improved many results in [3, 5, 13, 16].

Definition 3 [15, 16]. Let p > q > 1 be integers. The [p, q]-order of transcendental meromor-
phic function f is defined by

log, T'(r, f)
= limsup—22 =)
Ppal(f) i log, r

If f is transcendental entire function, then

log,, 1 M(r, f)
= limsu —optl 0 .
Ao f) i log,r

Note that p, 1)(f) = pp(f) is the iterated p-order (see [13, 14]).
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Definition 4 [15]. The [p,q]-type of a meromorphic function f with [p,q|-order py, 4(f) €
(0,400) is defined by

log, 1 T'(r, f)
— 1 14 .
T[pv(I] (f) ;Ejjiop (logq—l r)p[PvQ] (f)

Definition 5 [15]. Let p > q > 1 be integers. The [p, q]-convergence exponent of the sequence
of zeros of a meromorphic function f is defined by

I N 1
Apg (f) = lim sup 28 N (1 1/f)

)
r—+400 10gq r

where N (r,1/f) is the integrated counting function of zeros of f in {z:|z| <r}. Similarly, the
[p, q]-convergence exponent of the sequence of distinct zeros of f is defined by

< : log, N (r,1/f)
M () =B g

)

where N (r,1/f) is the integrated counting function of distinct zeros of f in {z: |z| <r}.

Here, we give two results due to Li-Cao in [15] concerning the growth of meromorphic solutions of
equations (1.1) and (1.2) when the coefficients are meromorphic functions of [p, g]-order.

Theorem C [15]. Let Ay, Ay, ..., Ax_1 be meromorphic functions such that

1 .
max {p[p,q}(Aj)a)‘[p,q} <A—O> i=1,...,k— 1} < p[p,q}(Ao) < Ho00.

Then every meromorphic solution f #Z 0 whose poles are of uniformly bounded multiplicities of
equation (1.1) satisfies ppi1,4(f) = ppp,g(Ao)-

If there exist some other coefficients A;(j = 1,...,k — 1) having the same [p, gl-order as Ay,
then we have the following result.

Theorem D [15]. Let Ao, Ay,..., Ax_1 be meromorphic functions such that \j, g (1/40) <
Plp,q(Ao) and

max{pp,q(A4;5) :j=1,....,k =1} = pp 4(Ao) < 400,
max{ 7, 4(A;) : Pp,q(A5) = ppg(Ao) > 0,5 =1,....k =1} < 71 4(Ao)-
Then any non-zero meromorphic solution f whose poles are of uniformly bounded multiplicities
of (1.1) satisfies pips1,4)(f) = Pip,q1(Ao)-

It is clear that Theorem C and Theorem D improve respectively Theorem A and Theorem B
from entire coefficients of iterated p-order to meromorphic coefficients of [p, g]-order. Recently,
Chyzhykov and Semochko [7] showed that both definitions of iterated p-order and [p, g]-order have
the disadvantage that they do not cover arbitrary growth (see [7, Example 1.4]). They introduced

more general scale to measure the growth of entire solutions of equation (1.1) called the ¢-order

(see [20]).

Definition 6 [7]. Let ¢ be an increasing unbounded function on [1,+00). The @-orders of a
meromorphic function f are defined by
(eT(r1))y

0 . 1 . (T'(r, f))
= limsup———, = lim supm————.
Po(f) H+oop log r Po(J) H+o<l>) log r

If f is an entire function, then the p-orders are defined by

ﬁg(f) = limsupM, ﬁslé,(f) = limSupM.

r—too  logrT F—+00 log r
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Definition 7 [1]. Let ¢ be an increasing unbounded function on [1,+00). We define the p-types
of a meromorphic function f with @-order € (0,4+00) by
0 . e 9)) ) . e?(T(r.f)
TSO(f) = lim Supw7 TSO(f) = lim SUPW

r—4oo PP r—+00

If f is an entire function, then the p-types are defined as

0 i ePM(r.f)) i e (log M(r.f))
Tolf) = limsup=FZrr—,  Tp(f) = lim sup— 75—
By symbol ® we define the class of positive unbounded increasing functions on [1,4+00), such that
ct
t lowly, i. ., Ve > 0 Tim 2L&)
(') grows slowly, i. e., Ve > Hm ()

Ezample 1. Let f be a meromorphic function. One can see that ¢(r) = log, r, (p > 2) belongs
to the class ® and ¢(r) = logr ¢ ®. Moreover, the p;(f) order of the function f coincides
with its iterated p-order, i. e., p}o(f) = pp(f). As a particular case, for ¢ = log, € ® we have
p?og2( f) = p1(f) and pllog2( f) = p2(f) which are respectively the usual order and the hyper-order

of f.
The following result due to Chyzhykov—Semochko [7] investigates the growth of entire solutions
of equation (1.1) when the coefficients are entire functions of p-order.

Theorem E [7]. Let p € ® and Ag, A, ..., Ar_1 be entire functions such that
max{pg(Aj),j =1,...,k—1} < p?o(AO).
Then every solution f # 0 of (1.1) satisfies p}o(f) = pg(Ao).

We recall that the linear measure of a set E C (0, +00) is defined by

+o0o
m(E) = /0 xe(t)dt

and the logarithmic measure of a set F' C (1,+00) is defined by

Im(F) = /1 o XFt ® 4

where x4 is the characteristic function of a set A. The upper density of a set E C (0,400) is

defined by

- E
densE = lim supw.
r—+00 r

The upper logarithmic density of a set F' C (1,400) is defined by

_ Fnll
log densF = lim SUPM.
r——+00 IOg r

Definition 8 [10, 22]. Fora € C = CU{oo}, the deficiency of a with respect to a meromorphic
function f is defined as

e 1/(f-a) o N(r,1/(f—a))
O(a.f) =iy = i T

d (00, f) =lim infM =1—1lim supw

r—+oo T (7“, f) r—+400 T (Ta f) .

a # 00,
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Recently, the second author has studied the growth of entire solutions of equation (1.1) when
the coefficients are entire functions of w-order and obtained the following results.

Theorem F [2]|. Let G be a set of complex numbers z satisfying log dens {|z| : z € G} > 0. Let
@ € ® and let Ag, Ay, ..., Ap_1 be entire functions satisfying
max{pg(Aj) :7=0,1,...;k—1} <a (0<a<+o0).

Suppose, there exists a real number ( satisfies 0 < B < a such that for any given € (0 < 2e < a—f),
we have

T(r, Ag) > log (¢~ (v — €) log 7))
and
T(T’AJ)SIOg(Qpil(IBIOgT))a Jj=1...,k-1

as |z| = 400 for z € G. Then every non-zero solution f of equation (1.1) satisfies p}a(f) = .

Theorem G [1]. Let Ay (z),...,Ax_1(2) be entire functions, and let ¢ € ®. Assume that
max{ﬁg(Aj) cj=1,...,k—1} §ﬁg(A0) =p<+4oo (0<p<+00)
and
max{%g (4;) : ﬁg (A)) = ﬁ?o (Ao)} < 7:2 (Ag) =7 (0<7T<+400).
Then every solution f # 0 of (1.1) satisfies ,630 (f) = ;33 (Ao) -

2. Main results

The aim of this paper is to investigate the growth of meromorphic solutions of equations (1.1)
and (1.2) with meromorphic coefficients of finite ¢-order. By using the concept of y-order, we can
cover arbitrary growth of solutions of equations (1.1) and (1.2) which improves several results in
[1-3, 5, 7, 13]. To do that, we firstly introduce the following quantities by an analogous manner
with the definitions of the @-orders.

Definition 9. Let ¢ be an increasing unbounded function on [1,+00). We define the ¢-
convergence exponents of the sequence of zeros of a meromorphic function f by

N(r,1/f)
Ag(f) = lim supiw (e ) , )\}p(f) = lim sup—(p (N 1/f))
r—+o00 log r r—4o00 log r

Similarly, the notations Xg(f) and 5\30(!)") can be used to denote the p-convergence exponents of the
sequence of distinct zeros of f.

Now, we list our main results.

Theorem 1. Let ¢ € ® and Ay, A1, ..., Ax_1 be meromorphic functions. Suppose, there exists
one coefficient As (s € {0,1,...,k —1}) such that

1 ) .
max{p?o(Aj),)\?o (A_> :7=0,1,...,k—1 (j # s)} < p?o(AS) < +o0.

Then every transcendental meromorphic solution f whose poles are of uniformly bounded multiplic-
ities of (1.1) satisfies

pp(f) < Pp(As) < p(f).
Furthermore, if all solutions of (1.1) are meromorphic solutions, then there is at least one mero-
morphic solution, say fi, verifies p;(fl) = pg(AO).
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Remark 1. By setting ¢ (r) =log, 17 (p > 1) in Theorem 1, we obtain Theorem 2.2 in [5].

Theorem 2. Let ¢ € ® and Ag, Ay, ..., Ar_1 be meromorphic functions such that

1
max{)\g <A_o> ,pg(Aj) cj=1,...,k— 1} < ,08,(/10) < +o0.

Then every non-zero meromorphic solution f whose poles are of uniformly bounded multiplicities

of (1.1) satisfies p;(f) = pg(Ao).

Remark 2. Clearly, Theorem 2 is an extension of Theorem E from entire solutions of equa-
tion (1.1) to the case of meromorphic solutions of equation (1.1) with meromorphic coefficients
instead of entire coefficients. Furthermore, by setting ¢ (r) = log,.; 7 (p > 1) in Theorem 2, we
obtain Theorem A when the coefficients of (1.1) are entire functions.

If there exist some other coefficients A; (j = 1,...,k — 1) having the same g-order as Ay, then
we have the following result.

Theorem 3. Let o€ ® and Ay, A1,...,Ar_1 be meromorphic functions such that
)\g (1/A) < pS,(AO) and
max{pg(Aj) j=1,...,k—1} < pg(Ao) = po < +00,
max{Tg(Aj) : p?o(Aj) = pg(Ao) >0,j=1,....k—1} < TS(A()) =700 <7< +00). (22)
Then any non-zero meromorphic solution f whose poles are of uniformly bounded multiplicities

of (1.1) satisfies ,oslo(f) = pg(Ao).

Remark 3. Namely, Theorem 3 extends Theorem G from entire solutions of equation (1.1) to
meromorphic solutions. Furthermore, by setting ¢(r) = log,,;r (p > 1) in Theorem 3, we obtain
Theorem 2.1 in [5] and Theorem B when the coefficients of (1.1) are entire functions.

Theorem 4. Let ¢ € ® and Ay, A1,..., A1, F Z 0 be meromorphic functions such that
A (1/40) < pd(Ao) and

max {p}o(F),pg(Aj) j=1,...,k—1} < pg,(Ao) < ~00. (2.3)

Then every meromorphic solution f whose poles are of uniformly bounded multiplicities of (1.2)
satisfies B

Mo () = 25 (F) = pp(f) = pp(Ao)
with at most one exceptional solution fo satisfying ,oslo(fo) < pg(AO).

Remark 4. Theorem 4 is a counterpart of Theorem 1.6 in [15]. Moreover, if we choose ¢ (1) =
log, .17 (p > 1) in Theorem 4, then we obtain a special case of Theorem 2.6 in [21].

Theorem 5. Let o € ® and Ay, A1,...,Ax_1, F Z 0 be meromorphic functions such that
max{p?o(Aj) :7=0,...,k—1} < ,oslo(F).

If all solutions f of (1.2) are meromorphic functions whose poles are of uniformly bounded multi-
plicities, then there holds pl,(f) = pL,(F) for all solutions of (1.2).

Remark 5. Theorem 5 is a counterpart of Theorem 1.7 in [15]. Furthermore, if we choose
@ (r) =log,,17 (p>1) in Theorem 5, then we obtain a special case in [13, Remark 4.1, p. 399]
when the coefficients of equation (1.1) are entire functions.
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Theorem 6. Let G C (1,400) be a set of complex numbers z satisfying
log dens{|z| : z € G} > 0.
Let ¢ € ® and Ay, Ay, ..., Ax_1 be meromorphic functions satisfying ¢ (0o, Ag) = > 0 and
max{pg(Aj) :7=0,1,...;k—1}<a (0<a<+o0).

Suppose, there exists a real number [ satisfies 0 < f < a such that for any given € (0 < 2e < a—f3),
we have

T(r,Ag) > log (go_l((oz —¢)log 7“)) (2.4)

and
T(r,Aj) <log (gofl(ﬁlogr)), j=1...,k—1 (2.5)
as |z| =r — 400 for z € G. Then every non-zero meromorphic solution of equation (1.1) satisfies

po(f) = a.

Remark 6. Theorem 6 extends Theorem F from entire solutions of equation (1.1) to meromor-
phic solutions.

Theorem 7. Let G C (1,400) be a set of complex numbers z satisfying
log dens{|z| : z € G} > 0.

Let o € ® and Ag, A1, ..., Ax_1, F # 0 be meromorphic functions satisfying

max{pg(Aj) j=0,1,...)k—1}<a (0<a<+ox0).

Suppose, there exists a real number [ satisfies 0 < f < a such that for any given € (0 < 2e < a—f3),
we have

[4o(2)] = ¢~ ((a —¢) log ) (2.6)
and
|A;(2)] <9 ' (Blogr), j=1,....,k—1 (2.7)
as |z| =r — 400 for z € G. Then, the following conclusions hold

(i) If p}p(F) > «, then all meromorphic solutions f whose poles are of uniformly bounded multi-
plicities of equation (1.2) satisfy p}o(f) = p;(F).

(ii) If p;(F) < a, then every meromorphic solution f whose poles are of uniformly bounded
multiplicities of (1.2) satisfies
31 31 _ 1 _
)‘cp(f) _)‘cp(f)_pgo(f) =o

with at most one exceptional solution fo satisfying p;(fo) < a.

Remark 7. Clearly, Theorem 7 is an improvement of Theorem 1.15 in [2] from entire solutions of
equation (1.2) to meromorphic solutions. Furthermore, Theorem 7 is a counterpart of Theorem 1.8
in [15].
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3. Preliminary lemmas

Proposition 1 [7]. If ¢ € @, then

~'(logz™)

Ym >0,Vk>0: 1 xk — 400, X — 400, (3.1)
logp'((1+46

Vo >0 —8% (A +9)z) — 400, T — +o00. (3.2)
log o~ ()

Remark 8 [7]. We can see that (3.2) implies that

Ve > 0,0(ct) < o(t€) < (1+o0(1)e(t), t— +oo. (3.3)

Proposition 2 [7]. Let ¢ € ® and f be an entire function. Then
PL(f) = L), §=0,1

Lemma 1 [6]. Let f be a meromorphic solution of equation (1.1), suppose that not all coeffi-
k—1

= > T(r,Aj), then the
7=0

cients A; are constants. Given a real number v > 1, and denoting T (r)

inequalities

logm(r, f) < T(r){(logr)logT(r)}” if s=0,
logm(r, f) < 7 (r) {log T(r)}? if s>0

take place outside of an exceptional set Egs with fts_l dt < 400.
Es

Lemma 2 [8]. Let fi, fa,...,fx be linearly independent meromorphic solutions of equa-
tion (1.1) with meromorphic coefficients Ay, Ay, ..., Ax_1. Then

m(r, Aj) :O<10g( max T(r,fi))>, j=0,1,....k—1.

1<i<k

Lemma 3 [9]. Let f be a transcendental meromorphic function and let a > 1 be a given con-
stant. Then, there exists a set Ey C (1,4+00) with finite logarithmic measure and a constant B, > 0
that depends only on o and i,j (j > i > 0) such that for all z satisfying |z| = r ¢ [0,1] U E1, we
have
9 (z2)
f0(2)

< . {1 D oge g rian )}

Lemma 4 [12]. Let f be a meromorphic function and ¢ € ®. Then
P =pl(f) for j=0.1.

Lemma 5 [7, 12]. Let ¢ € ® and fi, fo be two meromorphic functions. Then
() pb(fi+ f2) < max{pb(f1). ph(f2) } and plh(fife) < max{pb(f1). ph(f2) } for j=D0.1.

(i) If ph(f1) < ph(fa), then ph(f1 + f2) = ph(fifa) = ph(f2) for j =0, 1.
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Lemma 6. Let ¢ € ® and f be a meromorphic function. Then, for any set Eo C [0,400) with
finite linear measure, there exists a sequence {ry,r, ¢ Ea} such that

rn—=+oo  logry

gp(eT(rnyf))

_ 1 : _ 0
—p¢(f), <resp. rnlgpkoo log 7y, —p¢(f)>-

P roof. The definition of p;(f) implies that there exists a sequence {s,,n > 1},s, — +o00

such that (T(s0. 1))
. @ Sns _ 1
snlinioo logs, Pe(f):

Setting m(FE2) = § < +o0. Then, for 7, € sy, s, + 0 + 1]\ E2, we have

o(T(rn, f)) > (T (sn, f)) _ (T(sn; f))
-_ 1 .
log 7y log(sn +0 +1) log s,, + log (1 + o+ >
Sn
Hence T T
rndee 1087 2 og s, + log (1 - >
Sn
By
(T, [)) _ 4 o(T'(r, f)) _ 4
1 — <1 —_— =
oo logr, — fﬁi‘;p log r Po(f);
we deduce that (T(ra. 1)
. 2 Tn, 1
rnlgftloo log r = relf):
Similar proof for pg( f). O

Lemma 7. Let ¢ € ® and f be a meromorphic function satisfying 0 < pg(f) < 400 and
0< Tg(f) < +oo. Then, for any given n < Tg(f), there exists a set B3 C [0,400) with infinite
logarithmic measure such that for all r € E3, we have

(") > log(y P2 )).

Proof We denote pg( f) = po and Tg( f) = 70. The definition of Tg( f) implies that there
exists a sequence {r,,, m > 1} tending to +oo satisfying

1 eip(eT(rm 7f))
1 —>7° <r and Im ———— =179.
< + m m ml m—+0o0 7“'32 0

Then, for any given € (0 < € < 79 — 1), there exists an integer my such that for all m > mq, we

have .
# D) S (7 — e)rto. (3.4)

Since n < 19 — €, there exists an integer mo such that for all m > mo, we have

m \"° n
S > . 3.9
<m+1> TO— € (3:5)

Taking m > ms = max{mj, ma}, it follows from (3.4) and (3.5) that for any r € [rp,, (1 + 1/m) ry,]

po

T(r, f T(rm,f mr

(e ))ze‘p(e ( ))>(To—€)r£;’2(7'0—5)< +1> > nrPo,
m
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Thus .
p(e" ")) > Tog(nrret)),
+oo
Setting 3 = |J [rm, (1 +1/m)ry], then the logarithmic measure Im(E3) of E5 satisfies
m=ms3
(1+1/m)rm
1
Z / log <1 + E) = +00.
m=ms3s m=ms3
O
Lemma 8. Let Ag, A1, ..., Ax_1, F # 0 be meromorphic functions and let f be a meromorphic
solution of equation (1.2). If max {pl(F), pL(4;):j =0,1,....k =1} < pL(f), then
Loy — 2\l — o1
P r oo f. Equation (1.2) can be written as
1 1 /f®) fE=1) f
If f has a zero at zy of order [ > k and if Ag, Ay, ..., Ar_1 are all analytic at zg, then F' has a zero
at zg of order at least [ — k. Then
k-1
1 1 1
n<r,—) Sk-ﬁ(r,—)—i—n(r,—)—i— n(r, A;
f f F = ( J)
and
1 1 k-1
N(rg) <k N(r )+N< =)+ YNG4y, (3.7)
7 ) E) T
By the lemma of logarithmic derivative [10] and (3.6), we get that
1 1
m(r,f> <m< >+ZmrA)+O(logr+logT( ) (3.8)

holds for all |z| = r ¢ Ey, where Ey is a set of finite linear measure. By (3.7), (3.8) and the
Nevanlinna’s first main theorem, we obtain

T(r, f) = T<r, %) +0(1) = m<r, %) + N<r, %) +0(1)

k—1
<k-N(r, %) +T(r, F) + Y T(r, A7) + Olog r + log T(r. f))
=0

holds for all sufficiently large r ¢ E4. We denote

p=max {py(F),p,(4;) (j =0,1,....k—1)}.
According to Lemma 6, there exists a sequence {ry,r, ¢ E4} such that

i P f))

rn—4oo  logry,

= pglo(f) = pP1-
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So, if r, ¢ Ey, then for any given ¢ (0 < 2 < p; — ) we get

T(rn, f) = ¢ (o1 — ) log 7). (3.10)
We have
- max  {T(rn, F),T(rn, 4j)} < o N (u+e)logry), (3.11)
§=0,1,....k—1
O(logry, +logT(ry, f)) = o(T(rn, f))- (3.12)

Since £ (0 < 2¢ < p; — u), then from (3.10), (3.11) and Proposition 1, we obtain

max

{T(rn, F) T(rp,A;j) } < exp {log o Y ((u+¢)log rn)}
§=0,1,....k—1

T(rn, f)" T(rn, f) J ~ exp{log=t((p1 —¢)logry)}

)
= oxp {log o~ (1 + ) log ) —log o~ ((p1 — ) log 1) } (3.13)
(

log ™! ((p1 — €) log m)) 1
=expq|1— log ¢ w+e)logry,)r — 0
{< log =1 ((n + €)logs) (<) )
as r, — +oo. By substituting (3.12) and (3.13) into (3.9) we deduce that for sufficiently large
rn & Ey, there holds
- 1
(1= 0T ) < (1. ).

From this inequality, by the monotonicity of ¢ and (3.3), we obtain p,, Lif) < AL »(f). In addition,
we have by definition that X;(f) < A;(f) < p;(f) Hence A} o(f) = )\1( ) 30( ) O

Lemma 9. Let f be a meromorphic function. If pg(f) = p < 400, then p;(f) =0.

Proof Suppose that pg(f) = p < +00. Then, for any given ¢ > 0 and sufficiently large r,
we have

T(r, f) < log(¢™ ((p+¢)log)).
By Karamata’s theorem (see [19]), it follows that p(e!) = t°) as t — +o0. Hence,

T log T'(r. )
pL(f) = i sup 2L i qp P
r—s+oo  logrT r—+00 log r
log T o(1) log1 -1 + o)l o(1)
_ imeup 08T o losloaleT (p F )logr)) T
00 log r r—-+00 log r

4. Proofs of the main results

Proof of Theorem 1. (i) We first prove that pj(f) < p(As) < pl(f) holds for every
transcendental meromorphic function satisfying (1.1). From equation (1.1), we know that the poles
of f can only occur at the poles of Ag, A1,..., Ar_1, note that the multiplicities of poles of f are
uniformly bounded, so we have

k—1
N(r,f) <CiN(r, f) < ClzN(r, Aj) <Cmax{N(r,A;):j=0,1,...,k =1} <O(T(r, As)),
=0



106 M. A. Kara and B. Belaidi

where C' and C are two suitable positive constants. Hence
T(r, f) <m(r, f) + O(T(r, As)).
This inequality and Lemma 1 lead to
T(r, f) < m(r, f) + O(T(r, Ay)) < O(eT A oelos T AT = >
outside of an exceptional set Ey with finite logarithmic measure. By the monotonicity of the

function ¢ and (3.3), we obtain p}p(f) < ,08,(/13).
On the other hand, equation (1.1) can be written as

f(k f(k 1) f(s+1) f(sfl) f
—As = f()+Ak 1= 7 +"'+As+1fT+A371W—|—"'+AOW
(k) (k—1) (s+1) (s—1)
:f{s) <ff + Ak 1ff +- +As+1ff +As—1ff +"'+Ao>-

By the lemma of logarithmic derivative and the fact that

( f{><T( f”T<“ %):T<r,f>+T<r,f<s>>+o<1>:0<T<nf>>,

it follows that

T(r,As) < N(r, Ag) + Zm(r, Aj) +O(logr +logT(r, f)) +O(T(r, f)) (4.1)
JFs

which holds for all |z| = r ¢ E5 where Ej is a set of finite linear measure. By Lemma 6, it follows
that there exists a sequence {r,, n > 1}, r, — 400 such that for |z,| = r, ¢ E5

(el As))

li = p0(A,) =
rn—l>m+oo log ), P s) = o
and so
T(rn, As) > log(p~ (9o — £) log ). (42)

Under the assumption 1 = max {pg(Aj), )\g (1/As): j# s} < pg(AS) = pp, we have
N (rn, Ag) < log(e ™t ((n +¢)logry)), (4.3)
m(ry, Aj) < T(rp, Aj) <log(¢~'((n+e)logr)), j # s

provided for any given ¢ that verifies 0 < 2e < pg — 1. Substituting (4.2), (4.3) and (4.4) into (4.1),
we get

(1= o(1))log(¢™((po — €)log ) < O(logry +1og T(rn, f)) + O(T(rn, f)) = O(T(rs, [))-
Applying (3.3), one can deduce that p)(As) = po < p2(f).

(il) Now, we prove that there exists at least one meromorphic solution that satisfies
pu(f) = p%(As). Let {f1, fo, ..., fx} be a solution base of equation (1.1). By Lemma 2, we have

m(r,As) _
e gO(lgfgckT(r fz)) se{l,2,...,k—1}.
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1
If N(r,As) > m(r, As), so T'(r, As) < 2N(r, As), then ,08,(/13) < )\8, <A_s> . This contradicts our
assumption \ <—> < p(A,) and asserts that N(r, As) < m(r, A,). Hence, for sufficiently large r,

we have
T(r,As) m(r,As) )
e =0(e ) < 0(112% T(r, fz)).

This implies that there exists at least one solution of {fi, fo,..., fx}, say fi, that satisfies
eT(nAs) < O(T(r, f1)). By this inequality and (3.3) and the monotonicity of ¢, we obtain

P0(As) < ph(f1).

We have proved in the first part that pj,(f1) < p(As). Therefore, pl,(f1) = p%(As). O

Proof of Theorem 2. Assume that f is a non-zero meromorphic solution whose poles are
of uniformly bounded multiplicities of (1.1). Equation (1.1) can be written as

(k) (k—1) '
Ao=—<fT+Ak1f +---+A1L>.

f f

By the lemma of logarithmic derivative and the above equation, we have

kol k £
m(r, Ag) < Zm(r, Aj) + Zm <7“, T) +0O(1)
j=1 7=1

. (4.5)
<> m(r,4;) + O(logr +log T(r, f))
j=1

holds possibly outside of an exceptional set Eg C (0,+00) with finite linear measure. From this
inequality, it follows

T(r,Ag) = m(r,Ag) + N(r, Ag)

k-1 (4.6)

< N(r,Ao) + Y _m(r,A;) + O(logr + log T'(r, f))
j=1

holds for r ¢ E¢. By Lemma 6, it follows that there exists a sequence {r,, n > 1}, r, — 400 such
that for |z,| =1, ¢ Eg
p(eT o))

li =Y (Ap) =
L s Pp(Ao) = po
and so
T(rn, Ag) > log(¢™ " ((po — ) log 4,)) (4.7)

under the assumption 1 = max {pQ (4;), A} (1/A¢) : j # 0} < pl(Ao) = po, we have

N(rn, Ag) <log(¢ ' ((n+e)logry)), (4.8)
m(rn, A;) < T(rn, Aj) <log(e™ ' ((n+¢€)logry)), j#0

provided for any given ¢ that verifies 0 < 2 < pg — 7. Substituting (4.7), (4.8) and (4.9) into (4.6),
we get

(1—o(1))log(((po — €)log ) < O(logry, +log T(rn, [)).
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Applying (3.3), one can deduce that ,08,(/10) =po < ,oslo(f)
On the other hand, from Theorem 1, we have pg (Ag) > p;( f). We deduce finally that every
meromorphic solution f # 0 whose poles are of uniformly bounded multiplicities of (1.1) satisfies

po(f) = p(Ao). O

Proof of Theorem 3. Assume that f is a non-zero meromorphic solution whose poles are
of uniformly bounded multiplicities of (1.1). If A}, (1/Ag) < pY(Ao) and

max{pg(Aj) j=1,...,k—-1} < pg(Ao) < +o0,
then by Theorem 2, we obtain pj, (f) = p, (Ao) . Suppose that XY (1/Ap) < pQ(Ag) and

max{p (A7) = L,....k— 1} = p% (Ag) = po (0 < po < +00),
max{TS (A) ipg (4)) = P?o (Ao)} < Tg (Ao) =70 (0 < 79 < +00).

Then, there exists a set J C {1,...,k — 1} such that ,08, (A)) = pg (Ao) =po (j € J)and 7'3 (A)) <
Tg (Ao) =10 (j € J). Hence, there exist two constants 51 and 3y such that

maX{Tg(Aj) jEeEJI< B < Ba< Tg(AO) =T0.
The definition of the type Tg(Aj) implies that for r sufficiently large
emrAi) < o TrnA) < Lp_l(log(ﬂlr"o)), jed (4.10)
and
i) < (ThA) < =1 (log(r0)) < o (log(Brr™)), j€{1,....k—1}\J, (4.11)

where 0 < pJ < po. Since \g = )‘8; (1/Ag) < pg(AO) = po, then for any given € (0 < 2 < py — o)
and sufficiently large r, we have

Vo) < o7 log(r079)) < ™! (log (1)) < ™! (log(Bir™)). (4.12)

By Lemma 7, there exists a set E3 C [1,400) with infinite logarithmic measure such that for all
r € E3, we have

el (rAo) - cp*l(log(ﬁgrpo)). (4.13)
By substituting (4.10), (4.11), (4.12) and (4.13) into (4.6), we obtain
(1~ o(1)) log(¢™ ! [log(B2r™)]) < O(logr +log T'(r, f)) (4.14)

for all r € F3\Eg. Since E3\ Fg is a set of infinite logarithmic measure, then there exists a sequence
of points |z,| = r, € E3\Es tending to +oo. Hence, by (4.14) we have

(1= o(1)) log (¢ ' [log(B2rf?)]) < O(logry + log T'(rn, f))

holds for all z, satisfying |z,| = r, € E3\Eg as |z,| = r, — +o0o. By the monotonicity of
@~ and (3.3), we obtain p)(Ag) < pL(f). By Theorem 1, we have pl(f) < pJ(Ag). Therefore
p}o(f) = pg(Ao) which completes the proof. O

Proof of Theorem 4. Since all solutions of equation (1.2) are meromorphic functions, all
solutions of the homogeneous differential equation (1.1) corresponding to equation (1.2) are also
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meromorphic functions. We assume that {f1,..., fr} is a meromorphic solution base of (1.1), then
any solution of (1.2) has the form

f=ah+eafot-+afr (4.15)
where c¢q, ¢s, ..., ¢, are meromorphic functions satisfying
G=F-Gi(fr,.. i fo) Wi fi), G=1,2,... K, (4.16)

where G;(f1,..., fi) are differential polynomials in {fi,..., fi} and their derivatives and
W=Y(f1,..., fr) is the Wronskian of {fi,..., fx}. We have by Theorem 2

pL(fi) =p2(Ao), J=1,....k

By Lemma 4, Lemma 5, (4.15) and (4.16), we get

pglo(f) < max{p}o(fj) ( J=1,... ’k) ’pglo(F)} = PS;(AO)

In order to show that all solutions f of equation (1.2) satisfy pi,( f) = pg(AO) with at most one
exceptional solution, say f1, satisfying p}o( f1) < pS,(AO), we suppose that there exist two distinct
meromorphic solutions f; and fo of equation (1.2) satisfying p;(fl) < pg(Ao), i = 1,2. Then,
f = f1 — f2 is also a non-zero meromorphic solution of (1.1) and satisfies

po(f) = pb(fi = f2) < max{pl(f1), pj(f2)} < pib(Ao)

which contradicts Theorem 2. By (2.3) for all solutions f of equation (1.2) satisfying pj(f) =
pg(AO), by Lemma 9, we have

max{pglo(F)’pglo(A]) (] =0,1,...,k— 1)} = pglo(F) < Pg(AO) = pglo(f)

By Lemma 8, we have S\glz,(f) = )\;(f) = p}o(f) and hence Theorem 4 is proved. O

Proof of Theorem 5. Let f be a meromorphic solution of equation (1.2) and {fi,..., fx}
be a meromorphic solution base of (1.1) corresponding to equation (1.2). By a similar discussion
as in the proof of Theorem 4, it follows from Lemma 4, Lemma 5, (4.15) and (4.16) that

po(f) < max{py(f;) (7 ="1..... k), pp(F)}.
By the first part of the proof of Theorem 1, one can show easily that
pp(f;) < max{p)(A;):j=0,....k—1} (4.17)
for j=1,..., k. We obtain from the assumptions of Theorem 5 that p;(fj) < p;(F) and thus
pp(f) < py(F).

On the other hand, by Lemma 4, Lemma 5 and a simple order comparison from equation (1.2),
we get

pp(F) < max{p,(4;) (j=0,....k=1),p5(f)}-
Since pslo(Aj) < ,og,(Aj) < pslo(F) (j=0,...,k—1), then

po(F) < pL(f).
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Therefore, ,oslo(f) = ,oslo(F). O

Proof of Theorem 6. Assume that f is a non-zero meromorphic solution whose poles are
of uniformly bounded multiplicities of (1.1). Set G; = {|z| = r : z € G}, since logdens{|z| : z €

d
G} > 0, then G is a set with / &~ oo. Set

G, T
.. .m(r, Ag)
) Ag) =1 f————==9 . 4.1
(00, do) =liminf 725 =0>0 (4.18)
Thus, for sufficiently large r, we have
1
m (r, Ag) > §5T (r,Ap) . (4.19)

By substituting (2.4), (2.5) and (4.19) into (4.5), we obtain for sufficiently large  and any given e
0<2e<a—p)

< T(r,A;) + O(logr +log T(r, f))

< (k—1)log (gp_l(ﬁ 10g7“)) + O(logr +log T'(r, f)),

it follows that
(1 —o(1))log (¢~ ((a — &) logr)) < O(logr + log T(r, f)) (4.20)

holds for all z satisfying |z| = r € G1 \ Eg as |z| = r — 4o00. Since G; \ Fjg is a set of infinite
logarithmic measure, then there exists a sequence of points |z,| = r, € G1 \ Eg tending to 4.
Hence, by (4.20) we have

(1 —o(1))log (¢~ ((ar =€) log 7)) < O(log 7y +log T'(1n, [))

holds for all z,, satisfying |z,| = r, € G1 \ Eg as |z,| = r, — +00. By the monotonicity of ¢~
arbitrariness of ¢ (0 < 2¢ < a — 3), one can obtain p;(f) > a.

On the other hand, it follows by a similar proof as in the first part of Theorem 1 that
pu(f) < a. Therefore pl(f) = o O

L and

Proof of Theorem 7. (i) If p}o(F) > «, then it follows from Theorem 5 that p}a(f) = p;(F).
(i) If p,(F) < v, we prove that p; = p(f) = « for any non-zero meromorphic solution whose
poles are of uniformly bounded multiplicities of (1.1). We show firstly that p; = p;( f) > a

Without loss of the generality, we suppose the contrary p; < 8 < a. Set Go = {|z| =7 : z € G},

— dr
since log dens{|z| : z € G} > 0, then G is a set with /— = +00. From Lemma 3, there exists a set
r

G2
Ey C (1,400) with finite logarithmic measure and a constant B > 0 such that for all z satisfying
|z| = r ¢ [0,1] U Eq, we have

'f(j)(z)
(

5 < B[T(2r, /)], j=1,... k. (4.21)
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If f is a non-zero meromorphic solution of equation (1.1), then

7 (2) PG | E)
|Ag ()] < ‘ e + |Ak-1 (2) |‘ e |+ + A1 (2) \‘ ol (4.22)
By the definition of p; = p}p(f) and substituting (2.6), (2.7), (4.21) into (4.22), we obtain
v (e —e)logr) < |Ao(2)] < k B o~ (Blogr)[T(2r, f)]**!
<kBy !(Blogr) [w‘l <(p1 + g) log 27“)]k+1 (4.23)

< o7 (B+ S1082r) ] <78 +2)10g )

holds for all z satisfying |z] = r € G2\ ([0,1] U Ey) as |z| = r — +o0. Since Gy \ Ej is a set of
infinite logarithmic measure, then there exists a sequence of points |z,| = r, € G2 \ F;j tending
to +o00. Hence, by (4.23) we have

¢ (o —e)logry) < ¢! ((B+¢)logry)

holds for all z, satisfying |z,| = r, € G2\ F1 as |z,| = r, — +oc0. By the monotonicity of ¢!

and arbitrariness of (0 < 2¢ < a — [3), one can see that o < /5 which contradicts our assumption.
Then, py(f) > a.
On the other hand, it follows by a similar proof in Theorem 1 that

pp(f) < .

Therefore pi,( f) = a. In order to show that all solutions f of equation (1.2) satisfy ,030( f) = a with
at most one exceptional solution, say fy, satisfying p}o( fo) < a, we suppose that there exist two
distinct meromorphic solutions fy and f; of equation (1.2) satisfying max { p(},( fo), pi,( )} < e
Then, f = fo — f§ is also a non-zero meromorphic solution of (1.1) and satisfies

pp(f) = pp(fo = f5) < max {py,(fo), pp (f3)} <

which contradicts the proof of the first part of (ii). By assumptions of Theorem 7, for all solutions f
of equation (1.2) satisfying ,oslo(f) = «, we have by Lemma 9

max{py (F), pp(A;), j=0,1,....k =1} = p(F) < a = p,(f).

By using Lemma 8, we obtain X;(f) = )\glz,(f) = p;(f) and hence

Mo(F) = Ap(F) = py(f) = a

with at most one exceptional solution fy satisfying pi,(f 0) < a.

5. Conclusion

In this paper, by using the concepts of p-order and p-type, we have studied the growth of mero-
morphic solutions of higher order linear differential equations when among meromorphic coefficients
having the maximal p-order, exactly one has its (p-type stricly greater than others. Many previous
results due to Chyzhykov—Semochko, Belaidi, Cao—Xu—Chen, Kinnunen have been extended. Now,
it is interesting to study the growth of meromorphic solutions of such equations by using the con-
cept of («, 5)-order called the generalized order introduced by Sheremeta [20], see the recent paper
of Mulyava—Sheremeta—Trukhan [17].
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Abstract: The variance of Shannon information related to the random variable X, which is called varentropy,
is a measurement that indicates, how the information content of X is scattered around its entropy and explains
its various applications in information theory, computer sciences, and statistics. In this paper, we introduce a
new generalized varentropy based on the Tsallis entropy and also obtain some results and bounds for it. We
compare the varentropy with the Tsallis varentropy. Moreover, we explain the Tsallis varentropy of the order
statistics and analyse this concept in residual (past) lifetime distributions and then introduce two new classes
of distributions by them.

Keywords: Generalized varentropy, Past Tsallis varentropy, Residual Tsallis varentropy, Tsallis varentropy,
Varentropy.

1. Introduction

Nowadays, the use of information measures has an essential role in analyzing statistical issues
and is greatly considered by the statisticians. Shannon [21] introduced a measure of uncertainty for
the discrete random variable X with probability mass function P(z) to form into E(—log P(X)),
which is a basis for the information theory. The generalization of Shannon’s measure for continuous
random variable X with density function f(z) and support S, which is named a differential entropy,
reads as follows:

h(X) = —/Sf(:v) log f(x)dz. (1.1)

This measure is the expectation of random variable (—log f(X)) and has recently attracted the
attention of researchers.

In computer sciences, the variance of (—logp(X)) of the discrete random variable X is called
the varentropy. This measure is an essential factor of the optimal code length calculation in the
data compression process, dispersion of sources, and so on. To conduct further studies, we refer
the reader to [3, 7, 15]. Since the varentropy was defined for discrete random variables, in this
paper, we focus on the varentropy for continuous random variables, and we discuss it under the
same name.

Let X be a continuous random variable with density function f. Then the varentropy of X is
defined as

VE(X) = Var (- log f(X)) = E[log f(X) - h(X)]", (1:2)

where VE(X) is called the varentropy of X. Unfortunately, there are not many studies on the
varentropy in the field of statistics. Song [22] introduced V E (of course not with that name), as
an intrinsic measure of distributions shape, which can be an excellent alternative for the kurtosis
measure. When the traditional kurtosis measure is not measurable, as Student’s t distributions
with degrees of freedom less than four, Cauchy and Pareto distributions, V' F is a measure that can
be used to compare the heavy-tailed distributions instead of kurtosis measure.
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Liu [16] studied V E under the concept of information volatility and introduced some mathe-
matical properties of it. He calculated V' E for some distributions and showed that V E of gamma,
beta (with parameters (a,a) when o < 2 — /2 ) and normal distributions are more than less
than, and equal to 1/2 respectively, and that VE of the uniform distributions is zero. Therefore
V E can separate the gamma, normal, beta and uniform distributions. He showed that V E of the
generalized Gaussian distribution is exactly the reciprocal of its shape parameter, which gives us
a new method to estimate this parameter. Zografos [29] found an empirical estimator for Song’s
measure in the elliptic multivariate distributions. Enomoto et al. [13] considered the multivariate
normality test based on the sample measure of multivariate kurtosis defined by Song [22]. Afhami
et al. [2] introduced the goodness of fit test based on entropy and varentropy of k-record values for
the generalized Pareto distribution and more recently, in addition to the above, the application of
the varentropy in reliability theory has been conducted in [10].

A generalization of the Shannon entropy is the Tsallis entropy (see [23]). Let X be a continuous
random variable with density function f. Then the Tsallis entropy of order « for X is defined as

1
1-a)

It(X,«a) = (/ fYx)de —1), a>0, a#l, (1.3)

and if @ — 1, then the Tsallis entropy is reduced to (1.1). The Tsallis entropy has many applications
in physics, statistical mechanics and image processing. The properties of the Tsallis entropy have
been investigated by several authors, see papers [17, 24, 25, 28].

On the other hand, the concentration of measure principle is one of the cornerstones in geometric
functional analysis and probability theory, and it is widely used in many other areas. Hence
the concentration property of information content (—log f(X)) is one of the central interests in
information theory, and it has great relevance with various other areas such as probability theory,
and the varentropy is the measure of this concentration. Suppose that X and Y are two random
variables with the same Shannon entropy; for example, the Shannon entropy is zero in both standard
uniform and the exponential (with the parameter e) distributions. Can we say that the uncertainty
criterion is the same in both random variables? In our opinion, our confidence in the measured
value depends on the degree of information dispersion around the entropy. Therefore, for random
variables with the less varentropy the uncertainty criteria are more appropriate. This concept is
valid for the measure of the Tsallis uncertainty information, and if two random variables have the
same Tsallis entropy, the Tsallis varentropy indicates which of these random variables has the more
appropriate criterion for Tsallis uncertainty.

The purpose of this paper is to generalize Shannon’s varentropy based on the Tsallis entropy,
and compare its properties with Shannon’s varentropy and extend it in the field of order statistics
and reliability theory.

This paper contains the following sections. The generalized varentropy which we call TV E is
introduced in Section 2. We also obtain some of its properties and compare TV E with V E in this
section. In Section 3 we discuss the Tsallis varentropy of the order statistics. In Section 4, we study
TV E in lifetime researches and achieve some bounds for it by hazard rate and reversed hazard rate
functions. Moreover, we examine the effects of system’s age on TV E. Finally, in Section 5, we
introduce two new classes of distributions by residual and past Tsallis varentropy.

2. Introduction of Tsallis Varentropy

Let X be a continuous random variable with density function f. Then Tsallis entropy of order «
for X is the expectation of a random variable (f*(X) —1)/(1 — «) and TV E is the variance of it.
Following what was said above, we define TV E and introduce some properties of this measure.
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Definition 1. For the continuous random variable X with density function f, the Tsallis var-
entropy of order a for X is defined as follows:

TVE(X,a) = ﬁ\far X)) a>0 al

—a)
— ﬁ(/f&x—l(x)dx_ (/fa(.%')d.%')2>, (2.1)

where TV E(X, «) is the Tsallis varentropy of order o for X. It is clear that when o — 1, (2.1)
implies (1.2).

For example, if X ~ Exp () with density function f(z) = 8e=% (x >0, 6 > 0), then

1 9204—2 aa—l 2 92@—2 1
TEV(X,a) = - = = 2.2
Vix.e) (1_a)2<2a—1 ( a )) 22a—1) *72 22)

We see that lim1 TVE(X,a) = 1 and that TVE(X,1) = 1 is the Shannon varentropy of the
a—

exponential distribution.

Remark 1. If X ~ Exp (f) and 0 < a <1/2, then TVE(X, «) diverges to infinity.

Theorem 1. X has a uniform distribution if and only if TVE(X,a) =0 for all a > 0.

Proof. If X ~U(a,b) with density function f(z) =1/(b—a) a <z <b, then

TEV(X,a) = (b—a)> > - ((b—a)")?] =0.

el

On the other hand, if TV E(X,a) = 0, then Var (f* (X)) = 0, so f(X) is almost surely constant.
Suppose that f(X) = ¢ (if a < X < b) is the support of X, then

b b 1
/af(x)dx:/acdx and c=

Liu [16] showed that if X is a continuous random variable with symmetric density function f
with respect to x = a, then VE(|X|) = VE(X).

O

Proposition 1. Suppose that X is a continuous random wvariable with a symmetric density
function f with respect to x = a. Then

TVE(X|,a) =2**2TVE(X, ).

P roof. Without loss of generality suppose a = 0. In this case the density function g(z) of
the random variable |X| is g(z) = f(—z) + f(z) = 2f(z), and hence

TVE(X], @) = ﬁ(/om (2f (@))**Hda — [/OOO (Qf(x))adx]2>

_ %( / Z 7 w)de — | / Z fo‘(x)dx]2> — 922027V E(X, ).
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1
For example, if X has the Laplace distribution with density function f(x) = %6*1/ Blzl then

we can show that

(2/8)2—2(1’ 1
TVE(X =" —.
VE(X,a) a?(2a—1)’ “~3
On the other hand if X ~ Laplace (0, 5), then | X| ~ Exp (1/5). Therefore by using (2.2), we have
(1/B)*? 1
TVE(X = —.

It implies that TV E(|X|,a) = 22 2TVE(X,a). It is obvious that if @ — 1, then VE(|X|) =
VE(X).

One of the most important properties of V E is the following:

The varentropy is a scale and location invariant measure so VE(aX 4+ b) = VE(X) for all
a,b € R. This property implies that in the location and scale family of distributions, VE is
independent of the distribution parameters. Therefore the empirical estimation of V E can separate
the distribution of this family. Now the question arises, is TV E an affine invariant measure? To
answer this question, let us look at the following theorem and at the next example.

Theorem 2. Suppose that X is a continuous random wvariable and that f(x) is its density
function. Then
TVE(aX +b,0) = > *TVE(X, ).

Proof IfY =g(X) and g(X) is a strictly monotone function of X, then

_ flew)
) = G
It is easy to see that x)
B 1 f(X) a1
Therefore if g(X) = aX + b, then TVE(aX +b,a) = > 2*TVE(X, a). O

Theorem 2 implies that in the location and scale family of distributions, the Tsallis varentropy
is independent of the location parameter but it depends on the scale parameter.
For example, if X ~ N(u,0?), then TVE of X is

_ 1/v/2a0—1-1 1
1a>< / a /a Oé>§

(1-a?®

TEV(X,a) = (2r0?)

We can see that if « — 1, TVE(X,1) = VE(X) = 1/2, and TV E is reduced to VE of normal

distribution, then we can see that TV E is dependent on the scale parameter o2.

Definition 2. The Tsallis varentropy of order a for a random vector X = (X1, Xo,...., Xy)
with joint density function f(x), is defined as follows:

1

TVE(X,a) = Toa?

_ N 2
< Rnf2 1(X)dx—( Rnf (X)dX) >, a>0, a#l

Theorem 3. If X is an n-dimensional random variable, then for any invertible n X n matriz
A and any n x 1 vector B we have TVE(AX + B,a) = AP **TVE(X,«), where |A] is the
determinant of the matriz A.
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Table 1. Comparison VE(X) and TVE(X,a) (here ¢(-), I'(:) and B(a,b) are trigamma, gamma and beta
functions respectively).

Distribution Density function VE(X) TVE(X,«)
1
uniform (a, b) f(z) = 0 0
b—a
. f(z) = e b f2e2 1
tial 1 —_, -
exponentia 6>0, >0 2220 1)’ a>3
F(@) = e e 2, (20)> 2 1
Laplace 1 —_, -
aplace c>0 a?(2a— 1)’ a>2
-) — 0 ; 0+1 . 1 2—2a )20 1 1
Pareto f(@) = 08°/2", 0+1)°%x = 6 - ‘
8>0,0>0 >0 602 (1—a)? | 0(6+1)(2a—1)—0 [a(0+1)—1]?

| “ e—(e—n)?/(20%) 1 (1—a)-2(amotye( L1 1
norma. r)= —— = —Q To -, o -
\V2mo? 2 ‘ V2a—-1 o) 2
0
30 a2 (2a—1)(0—1)+1)
fla) = —sat~le™, : (1o T) 2 i) (2u DO-D+1
gamma I'(0) (0—1)24(0)—0+2 az
0>0, A>0,2>0 N[C(a(0=1)+1)]; a>}
(9)( M)m(e 1)+2 92

9)\26’ 2 H2a=1)(0-1)+071)
2(1 1)

(20— 1)9 001461

flx) = PN 30~1e=00)

Jeibull P(1)(1-071% + 20711
Weibu 050, A>0, 250 p(—07)"+ r? A(6—1)+61)
20~ 10(9 1)+20-1]
m— n—1 1-2a
o) = ® (1—-2) 7 _ _ %{B((mq)(mfl)ﬂ, (20—1)(n—1)+1)
beta B(m,n) (m=1)%(m) + (n—12h(n) | (17
0<z<l,m>0 n>0 —B~(m,n)B2(a(m — 1)+1,u(n—1)+1)}
T 2 2
| fz) = /0, 1, 2071522 [ T(a)  T%((a+1)/2)
Rayleigh . 6’7 s> 0 Zl»(l) = a)z {(2(1 —1)° - ot }
P r o o f. The proof is similar to Theorem 2 in the n-dimensional spaces. O

Remark 2. Theorems 2 and 3 indicate that TV E is a location-invariant measure but is not the
scale-invariant, unless o — 1.

Remark 3. If X and Y are two random variables, X ~ Exp (), Y ~ N(u,0?) and Var (X) =
Var (V) then

1
TVE(X,0) = k(@) TVE(Y.a), a> g,

where
Voo —1
k(o) = (2m)e 1O VEA T
av2a —1

and if @ — 1, then VE(X) =2VE(Y).
In Table 1, we compare the VE and TV E for some continuous distributions.

Theorem 4. Let Xq, Xo,... X, be independent random wvariables with joint density func-
tion f(x). Then
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TVE(Xy,Xs,...,Xn, e [[{0-a)’TVE(X;,a) + (1 — a)Ir(X,0) + 1)}
(-0 (2.3)

n
2H{ 1—aITX,,a)+1]}
1—a i1

and when a — 1, (2.3) reduces to
n
TVE(Xy, Xa,..., Xn, 1) = VE(X1, Xa,..., Xn) = Y _VE(X

Proof. If Xy,Xs,...,X, are independent random variables, we know that

Var(HX) HVar( )+ E2(X HE2 (2.4)

Since f(x1), ..., f(7,) are marginal density functions of f(x) and f*~1(X7), ..., f*1(X,) are inde-
pendent random variables, (2.4) implies that

TVE(X1, Xs, . Xp,q) = ﬁ\/ar (Hfo‘_l(Xi))
i=1

= [T var (F ) + B2 (00) = —— [ B2 (x)
(1 — Oé) i=1 (1 B Oé) P

Equation (1.3) indicates that E(f* 1(X)) = (1 — a)I7(X,a) + 1, and (2.1) implies
Var (f* X)) = (1 — a)*TVE(X, ).

Therefore
TVE(X1, Xo, ..., Xn, ) = ﬁ [[{( - TVE(X:,a) + [(1 - a)Ir(Xs, ) +1]°)
=1
_ﬁ T1{10 = ) Ir(Xisa) + 17}
=1

It is obvious that when o — 1, by using L’hopital’s rule, we have

TVE(X1, X, .., X, 1) = VE(X1, Xo, .., X)) = Y VE(X;).
i=1

Corollary 1. If X and Y are two independent random wvariables with joint density func-
tion f(x,y) and marginal density functions fx(x) and fy(y), respectively, then

TVE((X,Y),a) = (1 —a)*TVE(X,a)TVE(Y,a) + TVE(X,a)[(1 — a)I7(Y,a) + 1)

+HTVE(Y, o)[(1 — a)Ir(X, a) +11%, (2:5)

where I7(X, a) and It(Y,a) are Tsallis entropies of X and Y respectively, and (2.5) implies that
TVE((X,Y),1) = VE(X,Y) = VE(X) + VE(Y).
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Corollary 2. By using (2.5), the following inequalities are valid:

(a) TVE((X,Y),a) > (1 - a)’TVE(X,a)TVE(Y,a).
(b) TVE((X,Y),a) > TVE(X,a)[(1 — a)Ip(Y,a) + 1> + TVE(Y, a)[(1 — o) Ip(X, &) + 1)

Corollary 3. If X1, Xo, ..., X,, are iid random variables, then using Theorem 4 we have

1

1oy
_ ﬁ{[(l — Oz)IT(Xl,Oé) + 1]2}n

TVE(Xy,Xs,...,Xn,a) = {(1 - )*TVE(X1,a) + [(1 — a)Ip(X1,a) + 1]*}"

Theorem 5. Let X and Y be two random wvariables with joint density function f(x,y) and
conditional density function f(zly). If

E(f*7X|Y)) - B(F72(Y) = [B(f7HXY)P, (2.6)

then
TVE((X,Y),a) > (1—a) *Cov (f**(X[|Y), f*72(Y)), (2.7)

and the equality established when X and Y are independent.

P roof. The joint density of X and Y is f(x,y) = f(z|y) - f(y) therefore,
1
TVE((X,Y),a) = m\/&r (f*HXY) - fH(Y)
1

=0 _ap {B(fP2(XY) - f2272(Y) = BN XY) - fo7 )P

Using covariance definition we have

Cov (f2*72(X[Y), f2272(Y)) = B(f**4(X|Y), f2272(Y) = E(f*7*(X[Y) - B(f**7(Y),

therefore,
TVEB((X,Y),0) = sz (Cov (72 (XJY), S272(0) + B(P (X)) - B (0)
—[B(TH Y)Y
If (2.6) holds, then (2.7) will be easily obtained. O

3. Tsallis varentropy of order a for order statistics

Suppose that X1, Xo, ..., X,, are independent and identically distributed observations from den-
sity and cumulative function f and F', respectively. If we arrange of X1, Xo, ..., X, from the smallest
to the largest denoted as X1., < Xo., < --- < X,,.,, and f;.,, denotes the density function of the ith
order statistic, then

fnl®) = G F@ T = F@P @),
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where

1
B(a,b) = / 211 —2)tdz, a>0, b>0.
0

The order statistics have many applications in probability and statistics, as the characterization
of distributions, goodness-of-fit test, reliability engineering, and many other problems. For more
information, we refer the reader to [4, 8]. The order statistics also have been studied widely
in information theory in [5, 12, 18, 26, 27]. Furthermore, the stochastic order is also has many
applications in finance, risk theory, management science and biomathematics. For example, we
refer the reader to scholarly researches such as [1, 6, 9, 11, 14, 19, 20]. In this section, we introduce
the Tsallis varentropy of order « for the ith order statistic. This measure can be one of the
useful information measures for system designers. We know that one of the systems in reliability
engineering is an (n — i + 1)-out-of-n system, and the system is active, when at least (n — i+ 1)
components are operating. Assume that Xi, X5, ..., X,; denote the identical lifetime of the system
components. Then the ith order statistic indicates the lifetime of the systems. In special cases,
X1., and X,,.,, are the lifetime of the series and parallel systems, respectively. Therefore the Tsallis
entropy of the ith order statistic is a measure of the uncertainty of the lifetime system and the
Tsallis varentropy is the volatility of this information.

Definition 3. Let X1, Xo, ..., X,, be a random sample from a continuous distribution with den-
sity function f. Let X;., denotes the ith order statistic. The Tsallis varentropy of ith order statistics
1s defined as:

1 a— — a— a 2
TVE(Xins0) = g Var () = (1= )2 [ iy = ([ satolan)’},
where S is the support of X;.n.

In the following theorem we introduce a method for calculating the Tsallis varentropy for ith order
statistic.

Theorem 6. Suppose that X is a continuous random variable with density function f and
cumulative distribution function F', and let X;., denote the ith order statistic. Then the Tsallis
varentropy of X;., can be expressed as:

TVE(Xim, ) = (1 — ) ?[Azpn(@) — (Bin(@))?], (3.1)
where ) )
Ain(e) = HEOZD DL BN D (o), 32)
and

Blai =) +lan =) +1) 0y 1,
Be(i,n —i+1) E(f*NF N (Z))), (3.3)

where Z; has the beta distribution with parameters a(i—1)+1 and a(n—1i)+1 and T; has the beta
distribution with parameters (2a — 1)(i — 1) + 1 and (2a — 1)(n — i) + 1.

Bi:n(a) =

Proof is parallel to [1, Lemma 2.1], we can prove that | f22~Y(z)dz and [, [, (x)dx are
equivalent (3.2) and (3.3) respectively. O

Corollary 4. The first and last Tsallis varentropy of order a are:
2a—1

2 —1)(n —1)

TVE(X1p,a) = (1 — a)2{ ( " 1E(f%‘*?(F*l(TI)))

nOé

[WE(JMA(FA(ZQ))} 2}
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and
nZa—l

20 —1)(n—1)+1
E(fa—l(F—l(Zn)))]z}.

TVE(Xpm, o) = (1 — a)Q{( E(f*(FY(Th))

na

oo

In the following theorem we show that if X has a symmetric density function with respect to
x = a, then the Tsallis varentropy is symmetric with respect to i.

Theorem 7. Suppose that X is a continuous random variable with the symmetric density func-
tion with respect to x = a, then

TVE(Xip, @) =TVE(Xp—it1:n, Q).

Proof. If X has a symmetric density function with respect to * = a, then X + a
has a symmetric density with respect to x = 0. Using the properties of order statistics
Xim +a 4 —(Xpn—it1:n +a), we have TVE(X;., +a,a) =TVE(—X,,—i+1.n — a,«). Using Theo-
rem 2, we have TVE(X;.p, o) = TVE(Xp—it1m, Q). O

Ezample 1. If X ~ U(a,b) then

o
(b _ a)2a72

1

E(f*F D)) = b=t

and E(f*NFN(Z))) =

Using (3.2) and (3.3) we have:

(b—a)**[B((2a —1)(i — 1) + 1,(2a — 1)(n — i) + 1)]
B?2=1l(i,n—i+1)

Ai:n(a) =

and

(b—a)'"*[B(a(i— 1)+ 1,a(n — i) + 1)] .

Bin = - -
(@) B*(i,n—i+1)

Finally using (3.1) we get

b—a)? 2 (B(2a—1)(i—1)+1,2a —1)(n—14) +1
PRI il (JRUTEV RO UEUE
- [B(a(i — 1)+ 1,an—i)+ 1)}2}
Be(i,n—i+1) ’
and also
_ _ (b _ a)2—2a n2a—1 B n2a
TVE(Xyn, @) = TVE(Xn, ) = (1—a)? { 2a—1)(n-1)+1 (a(n—1)+1)2 }

Remark 4. Y TVE(X;n,a) = TVE(Xy—it1m,a) and TV E(X;.;,, @) is decreasing with respect
to i for i < (n+1)/2(n/2) when n is odd(even), then TV E(Xj.,,, o) will be increasing with respect
to ¢ for i > (n+1)/2(n/2 + 1). Therefore the median (both random variables in the middle) of
order statistics has a minimum Tsallis varentropy.
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Figure 1. TVE(X;.,,2) versus i for the standard uniform distribution.

Figure 1 shows the Tsallis varentropy of i¢th order statistics for the uniform distribution and it
is symmetric with respect to 1.

Ezample 2. If X ~ Exp (f) according to Theorem 6 we have

0 ?B(2e-1)(i-1)+1,2a - 1)(n—i+1))
 B(2a—-1)(@-1)+1,2a—1)(n—i)+1)
0 'Bla(i —1)+1L,a(n—i+1))
~ B(a(i—1)+1,a(n—i)+1)

E(f*72(F~1(T1))

)

E(f*H(F~Y(Z))

)

and
0**2B((2a —1)(i —1) +1,(2a — 1)(n —i + 1))
Ain(e) = B21(i,n —i+1) ’
0 'Blali— 1)+ 1L,aln —i+1))
Bin(a) = B(i,n—i+1) ’
finally
0272 (B(2a-1)(E-1)+1,2a—1)(n—i+1))
TVEXin, 0) = (1—a)? { B2o=1(jn —i+1)

[P

Figures 2a—2c¢ show the Tsallis varentropy of ith order statistics for the exponential distribution
for 6 = 2 and some selected values for a. When o — 1, the symmetric property is observed.

4. The Tsallis varentropy in lifetime study

In reliability science, the hazard rate and reversed hazard rate functions are essential functions
that can help engineers to analyze the system’s disability. If f and F are density and survival
function, respectively, the hazard rate and reversed hazard functions of X are r(x) = f(x)/F(x)
and p(z) = f(x)/F(x), respectively. We know that if a lifetime distribution has an increasing
(decreasing) hazard rate, then it is called the ITFFR(DF R) distribution, and if it has an increasing
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TVE(X;2)

TVE(X;.,1.005)
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(a) TVE(X.n,2) versus i. (b) TVE(X;.n, 1.005) versus . (¢) TVE(X;.n,1.0005) versus i.

Figure 2. TV E(X.,, o) versus 4 for the exponential distribution and 6 = 2 and n = 100.

(decreasing) reversed hazard rate, then it is called the IRFR(DRFR). In this part, we introduce
some bounds by hazard and reversed hazard rate functions for TV E and study them in residual
(past) and double truncated lifetime distributions and also we examine the effect of system’s age

on them.

Theorem 8. Let X be a nonnegative continuous random variable and let r(x) be the hazard
rate function of it. Then

B 2(X)) _ B(r*7!(X)) Lo

TVE(X, a)=

1—«

7( 1 5 {Cov (r?*=2(X), F?*72(X)) +
(b) TVE(X, a)<(>)ﬁ{Cov (r2a*2(X),F2a*2(X))}, if 0<a< % (a > %) (4.2)

(c) TVE(X,a)<(>)

1 {E(rm-%xn | E((X)

1_afl 201 } if F is IFR(DFR). (4.3)

)
Proof Itisobvious that

1 a— o—
1_704)2\/211“ (r 1(X)F 1(X)).

TVE(X,a) =
On the other hand,
Var (XY) = Cov (X2, Y?) + E(X2)E(Y?) — (E(X)E(Y))*. (4.4)
Using (4.4), we have

TVE(X,a) = ﬁ{Cov (r**7(X), F**7*(X)) + E(r** (X)) - B(F**(X))

Since E(F?*~2(X)) =1/(2a — 1) and E(F* (X)) = 1/a, (4.1) is easily obtained.
For 0 < a < 1/2, the inequality

E(r***(X))
20 — 1 «Q

B (21 (X)
2

is established and the first inequality of (4.2) is proved.
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We know that E(r?*~2(X)) > E?(r® (X)) and 1/(2a — 1) > 1/a? for all a > 1/2. Hence

B (X)) | B0 (X)
2

20 — 1 o
and the second inequality of (4.2) is obtained. It is easy to see that if F' has an IF'R distribution,

then r(z) is an increasing function of x, and because F is decreasing, the covariance is negative
and the first inequality of (4.3) holds. The second inequality is similarly obtained. O

Corollary 5. Let X be a nonnegative continuous random variable and let pu(x) be the reversed
hazard rate function of it, then

_ 1 ov 200—2 200—2
(a) TVE(X,a)_i(l_a)Q{C (B> 73(X), FP* (X)) +

E(p**(X)) EQ(MO‘I(X))}
200 — 1 o? ’

(b) TVE(X, a) < (>)ﬁ{€ov (MQO‘_Q(X),FQO‘_Q(X))}, if 0<a< % (a > %)
1 {E(MQO‘Q(X)) B (e (X))

(1— a)Q 200 — 1 o?

In the survival analysis and reliability engineering, we usually know the system’s age. Hence (2.1)
is not suitable in such a situation. The random variables {X — ¢t|X > t}, {t — X|X < t} and
{X]t; < X < ty} are indicative residual, past and double truncated (interval) lifetime of the
system. If f and F are density function and survival function of X, respectively, then the residual,
past and interval lifetime density functions at the time ¢ are as follows:

(c) TVE(X,a) > (<)

}, if F is IRFR(DRFR).

gR(xat) = ma T =1,
gp(x,t) = %, <t,
f(z)

g](l',tl,tQ) = t1 <z <to.

F(tg) — F(t1)7
Also dynamic Tsallis entropy of X for the residual, past and double truncated lifetime random
variables are defined as

1 _ftoo f“(x)dx

ITR(Xaaat) = 1—a Fa(t) - 1:|, o > 0’ O‘# 1’
-t
1 f¥(x)dz
ITP(X,a,t):l_a fOFO‘((t)) —1} a>0, a#l,
: ta po
1 p O (x)de
Ir. (X, a,t1,t9) = 1 -1 0 1.
T (X, a, t1, t2) 1= | (F(ts) — F(t))° , a>0, a#

Definition 4. The residual, past and interval Tsallis Varentropy of nonnegative random vari-
ables {X —t| X > t}, {t — X| X <t} and {X|t; < X <t3} are defined as

o 220
TVER(X,a,t) = ﬁ\@«((%) X > t) = %OSQVM (X)X >t),  (4.5)
a— 2—2a
TVEp(X,a,t) = ﬁ\/ar ((%) X < t) = HVM (FUX)X <), (46)
f(X)

1 a—1
TVE[(X,Oé,tl,tQ) = m\/&r <(m> ‘tl S X S tg)
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It is clear that whent — 0 (t — o0), TVER(X, o, t) (TVEp(X,a,t)) = TVE(X,a) and if t; — 0,
to — oo, then TVE[(X,t1,t3) = TVE(X,«). For example, if X has a Pareto distribution with
density function

0 0
f(:c)Z%, t>fB, >0 0>0, F(t):f_e’

then
t«9(2a72)62a72
TVER(X,a,t) = s— Var (XD X > ),
(1-a)
t2—2a920¢ -1 1
TVER(X,a,t) = + .
Al ) (1—a)2{9(9+1)(1—2a)+9 [—a(9—|—1)+1]2}

If @ — 1, then the Tsallis residual varentropy reduces to the residual varentropy of Pareto
distribution. It is (6 + 1)?/6? for all t > 0, and that is independent of the age of systems, but the
Tsallis residual varentropy is not.

Theorem 9. X has a uniform distribution if and only if TVER(X,a,t) =0, TVEp(X, a,t) =
0, or TVE[(X,tl,tQ) =0.

Proof. If X ~U(a,b), then

TVERX.at) = Lo O (b — )| > 1) —
r( ,a,t)—(l_QQVar((b a) %X >t)=0.

On the other hand if TVER(X,«,t) =0, then

F2—2a (t)

a—1 _
WVar(f(X) |IX >t)=0

and f(X) is almost surely constant. Similar to Theorem 1, X has the uniform distribution. For
the other two cases, the proof is the same. ]

Proposition 2. If X has an exponential distribution, then the Tsallis residual varentropy is
independent of lifetime of systems.

P r o o f. In the exponential case, we know

flz+1) )
t)="——=—==10"" 0.

(e )= Lot —peon o>

Therefore the residual lifetime distribution is independent of ¢ and ggr(z,t) = f(x) and

TVER(X,a,t) = TVE(X, a). 0

We can introduce two new classes of distributions using the following definition.

Definition 5. We say that F has an increasing (decreasing) Tsallis residual varentropy
ITRVE(DTRVE) if TVER(X,a,t) is an increasing (decreasing) function of t, and F has an
increasing (decreasing) Tsallis past varentropy ITPVE(DTPVE) if TVEp(X,a,t) is an increas-
ing (decreasing) function of t for all t > 0.

Theorem 10. F(F) has DTRVE(ITPVE) int >0 if TVER(X,a,t)(TVEp(X,a,t)) < oo,
Ity (X, o, t)(Ir, (X, o, t)) < 00, and 0 < o < 1/2.
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P roof. Using the differentiation of (4.5) and (4.6) with respect to ¢, we have

(1 - a)’TVER(X,a,t) = r(t){(2a — 1)(1 — a)*TVER(X, a,t)
_ (4.8)

_[(1 - a)ITR(X7a7t) +1- r 1(t)]2}7
(1 - )’TVER(X,at) = p(t){(1 — 20)(1 — a)*TVEp(X, 1)

+p ) — (1 — ) I (X, ) — 1]}, "

where Ir,(X,a,t) and Ir,(X,«,t) are the Tsallis residual and past entropy of X respec-
tively. We see that if 0 < a <1/2 then TVERL(X,a,t) (IVER(X,a,t)) < (>)0 and F(F) has
DTRVE(ITPVE). O

Theorem 11. F has ITRVE(DTRVE) int > 0 if TVER(X,a,t) < 0o, Ity (X,a,t) < oo,
and for all a > 1/2,

(20 = 1)(1 — )*TVER(X, o, t) > (<)[(1 — a) 1, (X, o, 1) + 1 — 7271 (1)]%.

Also F has DTPVE(ITPVE) int > 0 if TVEp(X,a,t) < oo, It,(X,a,t) < oo, and for all
a>1/2,

11 —2a|(1 — @)’TVEp(X,a,t) > (<) [ (1) — (1 — a)I7p (X, t) — 1]2. (4.10)

Proof. In Definition 5 F has ITRVE(DTRVE) in t if TVER(X,a,t) > (<)0. By us-
ing (4.8), the proof is completed. Also (4.10) can be similarly proved by using (4.9). O

Corollary 6. If F has ITRVE(DTRVE) int >0, then for all a > 1/2

(L= )Ir(X,0) +1 - 1O

TVE(X > (< 4.11
(X0 > () =R (4.11)
And if F has DTPVE(ITPVE) int >0, then for all a > 1/2
[f*H(o0) = (1 = ) Ip(X, o) — 1]
TVE(X > (< 4.12
Therefore (4.11) and (4.12) are lower (upper) bound for Tsallis varentropy for all a > 1/2.
Corollary 7. Let F be both ITRVE(DTRVE), so TVER(X,a,t) = 0. Then
(20 — 1)(1 — )*TVER(X, o, t) = [(1 — ), (X, 0, t) + 1 =7 L)%, a > 1/2,
and Los
1—a)lr(X 1—fo" 1
TVEX,a) = L= X o)+ 1= 7 OF - 1 (4.13)
(2a —1)(1 — )? 2
and if F is both ITPVE(DTPVE), then TV Ep(X, a,t) = 0 and we have
11 —2a|(1 - a)*TVEp(X,a,t) = [p* 1) — (1 — a)Ir. (X, o, t) — 1%
therefore
[f*H(00) = (1 = ) Ir(X, o) — 1] 1
TVE(X = —. 4.14

Therefore (4.13) and (4.14) introduce the Tsallis varentropy when system’s age is ineffective on it.
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5. Conclusion

In this paper, we introduced the generalized varentropy of order « for continuous random
variables based on the Tsallis entropy. We showed that unlike the varentropy, which is a location
and scale-invariant measure, the Tsallis varentropy is invariant to the location transformation but
is not invariant to scale translate, unless when o — 1. After presenting some theorems of the
properties of the Tsallis varentropy, we investigated them in the order statistics, which can be
useful for the system designers in the lifetime information for the (n —i+ 1)-out-of-n systems. Also
we studied them for the lifetime distributions and obtained some bounds for them by using the
hazard and reversed hazard rate functions. Then we studied the age of systems regarding residual
lifetime distributions and showed that in the uniform and exponential distributions, Tsallis residual
varentropy is independent of the age of systems. We introduced two new classes of distributions
by using the residual and past Tsallis varentropy, and we described some its properties.
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Abstract: A mathematical model of the dynamic deformation of three-component elastic media saturated
with liquid and gas, given by elastic moduli and coefficients characterizing the porosity and compressibility of
the liquid and gas, is considered. Formulas for determining the propagation velocity of monochromatic waves
in ternary porous media are obtained. The existence of three longitudinal waves depends on the discriminant
of a cubic equation and the velocity ratio.

Keywords: Elasticity, Medium, Fluid, Stress, Deformation, Displacement.

1. Introduction

There are a number of papers [1-3, 8, 10] devoted to the propagation of elastic waves in two-
component porous media. Among these studies, papers of M. A. Biot [1-3] should be noted. He
created the theory of elasticity and consolidation of a porous medium. This theory studies settle-
ment under the influence of a load of a porous medium containing a viscous fluid.

Phase states, laws of thermodynamics of porous systems, and attempts to solve wave problems
in porous materials and moist soils were considered by Ya.I.Phrenkel [6], J. V.Reznichenko [13],
and Kh. A. Rakhmatulin [12]. The studies of these authors played a huge role in creating the classic
Biot—Phrenkel model.

When solving a considerable number of applied problems arising in various areas of human
activity (soil, porous sintered composition materials, building materials, etc.), one has to deal with
a three-component media. The complexity of describing the effects of the interaction of components,
heat transfer, and other related processes has led to the fact that until now the generally accepted
models (elastic medium—Iliquid—gas) have not been fully developed. Therefore, a mathematical
three-component model that takes into account the porosity of the medium is of apparent interest.

The paper considers the ratio of the velocities of acceleration waves in a three-component porous
medium to the propagation velocities of the wave surface of the porous medium in the longitudinal
and transverse directions. The interpenetrating motion of the elastic component, liquid and gas is
perceived as the motion of liquid, and gas in a deformable porous medium. It is supposed that the
pore size is small compared to the distance at which the kinematic and dynamic characteristics of
the motion change significantly. This allows us to assume that all three media are continuous and
that at each point in space there are three displacement vectors.

It is proved that, in such a medium, in the general case, three waves propagate, whose velocities
essentially depend on the direction of propagation of the wave surface. Graphs of the dependence
of the velocity ratio on the porosity of the medium are constructed.
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2. Main results

Consider a system of equations determining the dynamic behavior of a three-component medium
saturated with liquid and gas in the motion of the components [9]:

e complete stress tensor in the skeleton in the presence of liquid and gas in pores
T = )\u,(;’l)g&j + p(w; ( ) + u( )) + mR((] )ulg ,)651] + R(B) (3 )5217 (2.1)
e forces acting on the liquid and gas per unit area of the cross section of the porous medium:

N = mRP ) + mEP) + mA ), 2
P = mEOuD) + mEOUE 1 mAOu); |

e equations of motion of the porous media
(1 . (2
Pnug ) + P12u§ )
2

(1 .
P21u§ ) + p22u;

Psﬂigl) + P32ﬁ§2)

+ p13u( ) = TZ],_]?
+ ngﬁ§ )= Ny, (2.3)

)

+ P33ﬁ§3) =P;.

)

Here A and p are the Lamé coefficients; uz(a) are the component displacements, where o« = 1,3
stands for the medium: 1 for the rigid component, 2 for the liquid, and 3 for the gas; the dots
above the letters indicate the time derivatives; indices after the comma below the letter stand for
the derivatives of the corresponding coordinates; ¢;; is the Kronecker symbol; p11, p22, and ps3
are effective densities of the rigid component, liquid, and gas, respectively; p11 < 0, p12 < 0, and
p13 < 0 are the coeflicients of dynamic coupling of the skeleton, liquid, and gas, respectively; R(()z)

and R(()g) are compressibility moduli of the components saturated with liquid and gas, respectively;
0 <m < 1is the porosity of a medium, m =1 —m; and i, j, k = 1,3. Suppose that p;; = pji.

Hereinafter, the repeated indices assume a summation of one to three.

An acceleration wave in a three-component porous media saturated with a liquid and gas is
an isolated surface on which the stress, the forces acting on the liquid and gas, and the prop-
agation velocities of the components are continuous while some of their partial derivatives have
discontinuities.

Differentiating relations (2.1) and (2.2) in ¢, we obtain

Ti; = g8y + u(w) +o\0) + mRY o6 + mRS v 535,

N = AP AP+ AP o
P = mBPol) + mRPuC) 4 mB )
Let us write equations (2.3) and relations (2.4) in discontinuities [5, 7, 11, 14]:
Ay, 216@] + (o <”] + ) + mB w6 + mBR w6y = (1),
R o)+ mBRs o) + mAg ) = [N,
B (o] + mBG 3] + mAG ] = [P, )

Pu[ D 4 p1a[62] + prs[68P] = (T3],
p [0 + paa687] + paslo™] = [N,

p31[v ,(1)] + P32[®i(2)] + p33[v ,(3)] = [Pl
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where [] denotes the difference in the values of a function on different sides of the discontinuity
surface.

We apply kinematic and geometric consistency conditions of first-order to relations (2.5) on the
discontinuity surface:

[Ti k] = sikvis [Tin] = —sixG, [N] = nvg, [N] = —nG,

. 2.6
[Pi] = i, [P] = =G, [0})] = MNP, [0 = A6 (29

Here s;;, 1, v, and )\Z(a) are values characterizing jumps of the first derivatives of stresses,

forces acting on the liquid and gas, and the propagation velocities of the components; v; are the
components of the unit normal to the wave surface; and G is the propagation velocity of the wave
surface of the porous medium.

Using conditions (2.6), we write formulas (2.5) in the form

M s + 1M+ A0+ mBRPAD vesy + mRY AP w8 = 545G,
mRéQ))\g)yk + mRéQ))\g)uk + mRéQ))\S’) v, = —nG,
mRég)A,gl)uk + mR((]?’))\,f)uk + mR((]s))\,(f) v, = —G,

Pn)\gl)G + P12>\§2)G + P13>\§3)G = —8;jVj,
p1AN G p2 AT G+ pos VG =~
P13>\,(1)G + ,023>\,(2)G + ,033>\,(3)G = -

(2.7)

Excluding the values s;;, 1, and v from (2.7), we get a homogeneous system for )\,(:), )\,(f),

and )\,(:’) :

M+ nOY + A0 + mREAND v + mREND v =

= ,011G2)\§1) + P12G2>\§2) + P13G2)‘§3)’
mR(()z))\;gl)ukm + mR(()Q))\g)VkVi + mR(()Z))‘lgg)VkVi -
= P12G2)\§1) + P22G2)\,(2) + P23G2)‘§3)7
m RGN v+ m BN v + mRE AN vy =

= p13G2)\§1) + ngGQ)\EQ) + p33G2)\§3).

(2.8)

Similar to [8], system (2.8) enables deriving formulas for determining the velocity of longitudinal
and transverse waves in the three-component porous media.
We find propagation velocities of longitudinal waves assuming that )\](:‘)Vk # 0 on the wave

surface. Reducing (2.8) by v; and summing over the repeated index i, we obtain the homogeneous

(oz) Vi

system of three linear equations for w, = A,

(A= priGRwr + (mBEY — p12aGwa + (mRS — p13GHws = 0,
(MR — p1oGHwr + (MR — p2aGws + (mRS — pasGiws = 0, (2.9)
(mRY — p13GHwi + (mRS — psGPws + (MRS — p33Gws = 0,

where A = A + 2pu.
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Define
A _ mRY ~ mRY
011 - M7 022 - M 9 033 - M bl
mR mR
012 =021 =023 ="/ OIB=031=038= "y,

(2) (3) (2) (3) . (2.10)

i
Yij=—%, p= Zmﬂr? Z Pij-
P i i35
1<J

Taking into account (2.10), we write system (2.9) in the dimensionless matrix form:
(22’12 - F)Z} = 0,2 = {O'ij},r = {7ij}73 = {wi}, (211)

where zlz = cl2 /G? cl2 = M/p; ¢; are the propagation velocities of the longitudinal waves in the
porous media; G is the longitudinal component of the propagation velocity the wave surface in the
porous medium; and z; is the longitudinal velocity ratio.

The condition for system (2.11), homogeneous with respect to wy, ws, and w3, to have a non-
trivial solution is that its third order determinant must be zero:

|22 —T| =0. (2.12)

It is shown in what follows that condition (2.12) also defines three propagation velocities of the
wave surface in the three-component porous medium.
Expanding the determinant (2.12), we obtain a cubic equation for 2121

kzf + bz +d2f + f =0, (2.13)
where
k = 011(022033 — 012013) + 01y (013 — 033) + 035(012 — 022),
b= 711(012013 - 022033) + 722(0%3 - 011033) + 733(0%2 - J11022)—
—712(035 + 012013 — 2012033) — Y13(0%y + 012013 — 2013022) + Y23 [011 (012 + 013) — 20120713]
d = —011(7v33 — 122733) — 022(Vi3 — Y11733) — 033(V2 — V117V22)—
—2012(7127v33 — 713723) — 2013(7137Y22 — Y12723) + (012 + 013) (V12713 — Y11723),
f = —(r1722733 + 2712713723 — W117§3 - 7227%3 - 7337%2)-

We find the solution of the cubic equation (2.13) by the Cardano formulas [4]. Divide (2.13) by
k and introduce a new variable

9 b
y=2z + 3%
On rearrangement, we get
y* +3py +2¢ =0, (2.14)

where ) 5
d 1/b b bd  f
p=o (2 2q=2(—) ——+=.
P=% 3<k> 1 <3k> 52 Tk

Let us calculate the discriminant D = p3 4 ¢2. If D < 0, then (2.14) has three distinct real
roots expressed in terms of complex values. If D > 0, then (2.14) has one real and two imaginary
solutions. If D = 0, then there are three real solutions, two of which coincide.
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Thus, in the considered three-component porous medium, there are three types of longitudinal
waves can propagate depending on the discriminant of the cubic equation (2.14) and the velocity
ratios zl(a).

Knowing the propagation velocities ¢; of the longitudinal waves and the velocity ratios z;, we
can calculate the propagation velocity of the longitudinal wave surface in the three-component
porous media by the formula Gl(a) =q/z @),

In the absence of coupling between the liquid—gas and elasticity—gas components, i.e., if
v13 =0, 723 = 0, 013 = 0, and 032 = 0, then equation (2.13) takes the form of biquadratic equation
with respect to 212:

kizf + b1z +dp =0, (2.15)
where
ki = 011092 — 0y, b1 = 2012712 — 011722 — 022711, di = 11722 — Vie-
Equation (2.15) coincides with the equation from [8].
Assume that )\Z(a) v; = 0 in (2.8). Under the condition G = Gy, we obtain in the dimensionless
form
(0912 = M1)wi — Y1202 — 3w = 0,
Y12w1 + Y22w2 + Y23w3 = 0,
Y13w1 + Y23w2 + y33ws = 0; (2.16)
oly = /M, M = p+mR +mRy +3mRy + 3mRy,
i =c/Gi, o =M/p.
For system (2.16) to have a nontrivial solution, its determinant must be zero.
Expanding the determinant

Uilzg — 711 —712 —73
Y12 Y22 Y23 |
713 23 Y33

we obtain an expression for determining the ratio of the propagation velocities of the transverse
waves in the three-component media:

2 = V11722733 + 2712713723 — 7117%3 - 7227%3 - 7337%2 (2.17)
o1 (V22733 — V35)

In the absence of coupling between the liquid—gas and elastic—gas components, i.e., if 7903 =0

and 713 = 0, then (2.17) yields
2
2 = /w_ (2.18)
011722

Formula (2.18) coincides with the formula obtained in [8].

3. Calculation results

The figure, using the data in the table, shows the dependencies of the ratio of the propagation
velocity of longitudinal waves in the three-component medium to the propagation velocity of the
wave surface in the longitudinal direction on the medium porosity.
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Table 1. Input data for calculating zl(a)

m o1 022 033 012 013 {’Yz‘j}
0.2 0.2 0.15 0.08 | 0.009
0.4 015 | 01 | 0025 0025 | Y11 =07 722=032
0.7 0.0 0.15 0.19 0.01 001 | BT 0.1y 2 =3 =

. . . . . — /yzg — _0.02

0.9 0.1 0.15 | 0.025 | 0.025

Z17
1.9

o oz oz oz
1.7
1.6
1.5
1.4-
1.3
1.2+
1.1

0.9
0.8+
0.7

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 m

Figure 1. Velocity ratios in the three-component porous media

It is seen from the figure that the ratios zl(l) and 21(2) change from 1.4 to 1.9 and from 0.7 to 0.9,

(

respectively. The ratio zlg) demonstrates a weak dependence on the porosity and is close to 1.1.
Thus, in the three-component porous media, the ratios of longitudinal velocities can take values
both more and less than one.

4. Conclusion

1. In the three-component porous media, three longitudinal and one transverse waves propagate
whose velocities are defined by formulas (2.8) with )\,(f) v, # 0 or )\Ea)ui =0.

2. In general, ratios of the longitudinal velocity components in the three-component porous
medium depend on the coefficients and discriminant of a cubic equation.
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Abstract: In this paper we have generalized eighth order mock theta functions, recently introduced by
Gordon and MacIntosh involving four independent variables. The idea of generalizing was to have four extra
parameters, which on specializing give known functions and thus these results hold for those known functions.
We have represented these generalized functions as g-integral. Thus on specializing we have the classical mock
theta functions represented as g-integral. The same is true for the multibasic expansion given.

Keywords: ¢-Hypergeometric Series, Mock Theta functions, Continued Fractions, g-Integrals.

1. Introduction

The last gift to mathematics by Ramanujan was mock theta functions. In his last letter to
Hardy [5], Ramanujan introduced 17 functions and called them mock theta functions as they were
not theta functions and classified them as 4 functions of third order, 10 functions of fifth order and
3 functions of seventh order though Ramanujan did not say what he meant by “order” of mock
theta function. Later Watson [12] introduced 3 more mock theta functions of third order. Gordon
and McIntosh [7] gave eight more mock theta functions and called them of eighth order. Andrews
and Hickerson [3] said the “order” is connected with combinatorics interpretation. Andrews [1]
generalized five third order mock theta functions. Srivastava [11] generalized eighth order mock
theta function. Recently Choi [4] also generalized mock theta functions of third, fifth, sixth, seventh
and tenth order.

Motivated by Andrews’ generalization of five of seven third order mock theta functions and
Choi’s generalization, we have tried to generalize the eighth order mock theta functions by intro-
ducing four independent variables. The advantage is that by specializing the parameters we can
have known functions.

In this paper we have represented these generalized functions as g-integral and we have also
given the multibasic expansion. Thus we have on specializing the parameters, the classical mock
theta functions representation as g-integral and the multibasic expansion for generalized functions
reduced to classical mock theta function of eighth order.

2. Definitions and notations

The eighth order mock theta functions of Gordon and Mclntosh [7] are

> n? .2 nn+2)(_ . 2
So(q)_zq( (= qq)) Sl(q)zzq (_qQ(.qg,)q )n
n=0 n
q(n+1) n+2 —¢%q ) q
Z )n—l—l Z q;q n+1

n +n )n
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o nZi_ .2 o (n+1)2/_ .2
Uo(q)zzq(( % q°)n Ul(q)zzq T Ea

= (b —~ (_q2§q4)n+1
0" (a1 q — ¢*"
Volg)=—-1+2y =~ 22" — 149
( ) nZ% (Qaq )n Z 2n+1
(n+1) O 9p2 +2n+1 .
V1(q)=Zq Zq q Q)n
0 (4 ¢*)n+1 2)ont2
where
n o
(a; ¢") H —ag*™V), (a; ¢") H 1—ag™™Y), and (a;¢")0 =1.

3. Generalized eighth order mock theta functions

The four variable generalization of the eighth order mock theta functions are

Solt,a, 8,2 q) = tioi ¢~ ":;(qu;q2)nan7
S
Vo(t,a, B, 2;q) = t;w Ti 2_7;:;'((1—2)25; q2)na"’
s s

q("“) B (—2q;42),,

Ll & (D
Ui(t,o, B,2;q) = (D)oo Z (—ag?;¢*)ns1

0
()ng T =48 (25 ¢2), 0"
3 g B

)

Vi(t,Oé,ﬂ,Z;q) =

Fort=0,a=1, =1 and z = 1 these functions reduce to classical mock theta functions.

4. Relation between generalized eighth order mock theta functions
The differential operator D, [8] is defined as
2Dy F(z,a) = F(z,0)) — F(2q, ).

By using the differential operator we shall connect the generalized eighth order mock theta
functions.
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Proposition 1. The following is true:

(1) DZ,tSO(taaaﬁaZ;Q) :Sl(t,a,ﬁ’z;q)a

(ii) ¢*D,Ti(t, o, B, 2;:q) = To(t, 2,00, B, 2;.q).
P roof. Proof of (i):

L 1 00 (t)nan,nJrnﬁ(_Z(L q2)nan 1 o8] (tq)nan,nJrnﬁ(_zq’ q2)nan
th,tS(](t,Oé,ﬁ,Z,Q)— Z 9. 9 - Z 2. 2
(t)OO n=0 (—aq 34 )n (tQ)OO n—0 (—aq 5 q )n
1 co ¢ n2—n+np 2 n 1 co ¢ 2on4nB(_ .. 2 n
_ Z()q 2( §Q7Q)na Z()q 2( qu,q)na (1— tg")
(Voo 2= (—ag®; ¢*)n (oo = (—aq®;¢%)n
_ ! i ()nd" " (=24 ¢*)na"
(oo 2= (—aq®;¢%)n
Similarly
1 OO (t) qn2+n+n6(_zq. q2) a™
D2 SO taaaﬁaz;q = = : =
a0l )= s T;O (—aq® ¢%)n,
1 0o (t)nqn2+2n—n+nﬁ(_zq; q2)nan
= :Sl tazaaaB;Q7
(t)oc HZ:% (—ag® ¢%)n ( )

which proves (i).
Proof of (ii):
1 0o qn2+2n—n+nﬂ(_q2/a; q2)n
(t)oo e (=4/2;¢*)nt12"H1

Dq,tTl(t7a7ﬂ7 z, q) =

and
) 1 0o qn2+3n7n+nﬁ(_q2/a; q2)n
Dq,tTl(t,O‘,ﬁa = Q) = ) n+1
(t)OO n—=0 (_Q/Zv q )n-l—lz
1 s qn2+3n+2—n+n6(_q2/a. q2)
22 ) n
q°DyTh taaaﬁaz;Q): :To(t’a’ﬁ’Z;Q)a
a1l O 2 Calzi @
which proves (ii). O

5. ¢-Integral representation for the generalized eighth order mock theta
functions

Thomae and Jackson [6, p. 19] defined g-integral

1 [e'¢)
/0 Fdgt = (1) S Fla)a",
n=0

using limiting case of g-beta integral, we have

1 _(1—q)_1 1 o
(" 000 (€000 /Ot (tq: @)oo dgt.

We now represent these generalized functions as g-integral. By specializing the parameters we have
the integral representation for classical mock theta functions.
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Theorem 1.

. ) I

(i) So(q', e, B,2;q) = %/ u' M (ug; 9)0e S0 (0, o, pu, 25 q)dgu,
(CL C])oo 0

. 1—g) ' [,

(i) To(q" a,B,2:q) = %/0 u' " (ug; q) oo To (0, o, pu, 2; ) dgu,

1—¢)t [+,

(lll) UO(qt7a757Z;Q) = ( . q) / ut 1(uq7 q)OOUQ(O,Oé,pU,Z;q)qu,
(¢:90)s Jo

. 1—q) "t [,

(iv) Vo(d' a,B,2q) = (Sl , ) / w1 (ug; ¢) oo Vo (0, o, pu, 23 q)dgu,
(CL C])oo 0
1— q -1 1 B

v) Sild' e, B,29) = ﬁ/o u' ! (ug; )00 S1(0, o, pu, 25 q)dgu,

. 1—q) ' [,
(vi) Ti(¢" a,8,2q) = ﬁ/ u" M (ug; 9o T1(0, @, pu, 2; q)dgu,
(:9) Jo
.. ) N
(VH) Ul(qt7a757Z;Q) = ( . q) / ut 1(uq7 q)OOU1(07a7pu7Z;q)dqu7
(¢:9)s Jo
(1—¢)!

1
(viii) Vl(qt,a,ﬁ,z;q): /utl(uq;q)oovl(O,a,PU,Z§Q)dqu-
0

(¢:9)oo
Proof. A detailed proof for Sy(¢',, 3, 2;q) is given.The proofs of the other functions are
similar, so omitted.
Proof of (i): By definition

SO taaaﬁaz;q =
( (D D N
Replacing t by ¢', we have
So(ds . B,2:q) = — f: (g™ 2 e i g" P (—2g5¢7)na"
ST (@) (—aq% ¢*)n = (—ag%¢*)n(@" T @)oo
2_ —
-y O O [ g gy
- ) o0 )
= (—ag®:¢?)n (9 Jo I
but )
_n+n6(_zq; q2)nan

)

oo qn
So(O,Ck,,B,Z;Q) = Z 2. 42
= (—ag®¢%)n

putting ¢® = p, we have

0 n2on 2 NN

Z q" " (—2q;q%)na"p
S(](0,0é,p, z; q) = 3

= (—ag%¢)n
(1-g!

So(qt,()é,ﬁ, = q) = (q q)

1
/ut_l(uq;q)ooSo(O,a,pu,Z;q)dqu,
0

which proves (i).
The proof of all the other functions is similar. Taking o = 1, § = 1 and z = 1 we have the
integral representation of the classical eighth order mock theta functions. O
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6. Multibasic expansion of generalized eighth order mock theta functions

The following bibasic expansion will be used to give multibasic expansion for the generalized
functions.

Theorem 2. The following is true:

— (1 —ap"¢")(1 = bp*q %) (a,b;p)i(c, a/bc q kq"
kzo (1 = a)(1 = b)(q, aq/b; q)(ap/c, bep; p) Z ek

o0 (6.1)
- Z ap7 bp7 cq7aq/bc q)
= (g,aq/b; q) (ap/c, bcnp)m "
P roof. Using the summation formula [6, (3.6.7), p. 71] we have
i (1 —aphd*) (1 —bp*q™)  (a,b;p)(c,a/bc; q)i v
— (1-a)(1-0) (¢,aq/b; q)x(ap/c, bep; p)y
_ (ap,bp; p)n(cg, agq/be; q)n
(¢, aq/b; q)n(ap/c, bep; p)n
and [9, Lemma 10, p. 57],
YD Blkin)=Y > Blkn+k),
n=0 k=0 n=0 k=0
therefore we get the statement of the theorem. O
We will consider the following case of Theorem 2.
Case I. Letting ¢ — ¢® and ¢ — oo in Theorem 1, we have
i (1 — ap*g®)(1 — bpq=5*) (a, b p)g " +3/2 &
am
21— a)(1 = b)(aP g b ) bFp TR 2 et 6.2)

ap, bp, ) (3m2+3m)/2
- Z (q3,aq3/b; ¢3)m bmp(m2+m)/2am'

Theorem 3. The multibasic hypergeometric expansion of these generalized functions are:

(i) So(t,a,1,2;q) = (t; i (1=t (1 = k7252) (1 ) (—203 )" 0"

k=0 (1 - ¢"2)(—ag? ¢®)k
o 2k+1.p 3k 3k+3
X (b |:Z7 +§(.17aq21332 Oq 7q7q27q3; qa] s
2
(i) To(t,a,1,2;q) = 1 Z (1 —tg* (1 = 72 2)(t; ) p1(— % o ¢ pg® T3E 2P
0\¢, &, 34 k;+2 . q2 k+1
(t)oo (1- (=a/2¢?) k412
2k+2 tg3k g3k+3
X ¢|: 2£$272 Oq 34, q q q4a}
I (1-— tq4k 1)( ke 2k+2)(t Dr1(—2¢;q )qu2ak22k
(iii) Uo(t o 1,z;q) = ;
- O (0~ 2) (" 4T
—zg2kt+1.g Sk 3k+3;0
X ¢ [ k+§q00 aq4k34 34, q2aq3,q4;22qa} ,
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_ _ 2
(iv) Volt,o,1,2;q) = —1 + 1 i (1 _tq4k 1)(1 —k 2k+2)(t§ Qr—1(—2¢; q2)qu ol 22
bED =G0 e & 0= ") (agi )
% ¢ 2k+1 tq3k q3k+3 2

k2+2k k

)
[ 7Zq_aq2k+1 0 14, q2a q3§ qoz
1
oo

o 4k—1)( 2k+2)(
)

(1—tq tQe-1(—24¢*)rg
Si(t, o, 1,2;q) =
() Stz = o) 0~ ) (o s
2k+1 3k 3k+3
X ¢ |:Z}c+ _aq2lff]r2 Oq 7q’ qza q37 qsa] 9
- Loy — L (1= tg* DA — k22 (t;q)p1(—%/o; ¢*)pd" Fak
0 Tl oo L za) = g5 > = ) (—q/2 P
0 ) k+1
; 2k+2 t 3k 3k+3 _
X ¢ |:Zk+:q’, ,q2£i372 Oq 7q7q27q3; qQZ 10{| 9
3 1N (1 —tg™ D1 — k272 (t; @)1 (—2q; ¢*)rg D" a2
(Vll) Ul(t7a7laz§Q) Z k+2 2. 4
(t) (1 = ¢"*2)(—aq?; ¢ k1
o 2k+1 3k ,3k+3
X ¢ Bkéqoo NN RN q3z2a]
Lo~ (L= tg™ ) (1 = k=242) (t59) 1 (—2g5 ¢)ug*HD ok 22
(viii) Vi(t,a,1,25q) = Z ;) 5
(t)oo (1= ¢"?)(ag; ¢*)k11
o 2k+1 3k ,3k+3
X ¢ [Zk+§qaq2k+t3?0 g, q2,q3;q322a] .

P roof. We shall give the proof of (i) only, for others we will state the value of parameters.

Proof of (i): Taking a = t/q, b = ¢, p = q and

()t ¢ )m( Zq,q 2)mamg™

Ay, = in (6.2),
" (@ Q)m(—0q?; ¢*)m
we have
i g (A - ¢ *)(t/q, 6% Qrg”
= 1 —t/a)(1 = ¢*)(@®, t; ® g
y i ;@) mr (0% ) mr(— 204 ) R gmtk
— (@% Dmrr (=% ¢*)mi
i 4% q " (@303 m (b ) in (=245 ) ma™ g™
= (¢, 6:¢%)ma®™ (% Dm(—q%; ¢*)m

The right hand side is equal to

2
t, @ Qmd™ ™ (%5 )t ) (— 20 @) ma™ g™
= (¢ )ma®™ (¢ Om (g% ¢%)m

ANgE

o0

(t; 1q?)mg™ ™
=y BnCa g™ 0 _ ) o 005, 20).
—aq% ¢*)m

m=0

(6.3)
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The left hand side of (6.3) is equal to

- _ 2
i (1 —tq™ (1 — ¢ 2*2)(t/q,¢% q)rg"

— (1=t/a)(1 - ¢*)(¢*,t; ¢* kg™
y i k(3 )m (@5 e( P63 m (=23 ) (— 22 )™ g tF
— (@ @)re(@*3; @) (—ag?; ¢)u(—aq® 2 ¢*)m
_ 2
i (A = ¢ ) (b Qo1 (—2¢; g F
— (1= ¢*+2)(—aq?; )
o 3k+3 3) ( Zq2k+1,q ) mqm

(tq® %) iq
X
mzo ’”3,(1) (—aq®*2,¢2)m

(1 —tg™ 1) (1 = k= 22)(t; )p 1 (—2¢; ¢2)rg" ¥

OM8

(t)oo (1- qk+2)(_0¢q2§ q2)k
2k+1.4, .3k ,3k+3
q;—2q itq°7,q 2 3.
X(b |:qk+377aq2k+2 :0 9 Q7 q 7q ) qa

which proves (i).
Proof of (ii): Take a = t/q, b = ¢, p = q and

_ (@)t ) (=a* /2 ) g 0™
(@ @)m(=a/7 ¢*)myr 2t

Proof of (iii): Take a =t/q, b= ¢* p = q and

in (6.2).

m

(PP m(—2¢; P )mg" Q™
Q= T T in (6.2).
(@3 Qm(—ag; ¢*)m

Proof of (iv): Take a =t/q, b = ¢*, p = q and

m,2m . m

(2% )m (6 m (—2¢; P )mg" 2" v

) (0% @)m(aq; ¢*)m n (62)
Proof of (v): Take a =t/q, b= ¢* p = q and
3.3mt.3m_.2m3mm
o, — 50 g',q) ( Z;J;qz) e (62).
(@% @)m(—q* ¢%)m
Proof of (vi): Take a =t/q, b = ¢*, p = q and
3.3mt.3m_2 .2m2mm
oy, = DB (/@@ )mg ™™ oy

(2% m(—a/2:¢*)my1 2™
Proof of (vii): Take a = t/q, b = ¢, p = q and

3. .3 .43 .42 3m+1_.2m m
t —_
o, — @50 4 ) 244 );nq T i (6.2).
(@3 Q)m(—aq?; ¢*)ms1

Proof of (viii): Take a =t/q, b= ¢*, p = q and

(5P () m (=24 @) T 2™
Oy, = en — in (6.2).
(q 7Q)m(aq7q )m-i—l

By taking a« = 1, § = 1 and z = 1 we have multibasic expansion of classical eighth order mock

theta functions.
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7. Special cases and Ramanujan’s cubic continued fraction

Proposition 2. We have the following special cases

(i) UO(O,—LL 1;q) = M

Y(—q) '
@) 001115 = LELZ0),
(i) Up(0,-1,3,—1; —q) = f(w?’ q)q fea =)
() To(0,~1,1,~1;—q) = L (;q(g_’q_)qg)
P roof. Proofof (i): By definition we have
Uo(t, ., B, 2 q) i i n;nj(q )q;qQ)"an, (7.1)
put t =0, a = —1, 8 =1 and z = 1, therefore we have

Up(0,—1,1,1;q) = i (V" (g @ (7.2)

4. 44
= (5
from [10, eq. (A.13), p. 171], we have

o0

q, —q Z —¢;¢%)n ’ (73)

n=0 )

by (7.2) and (7.3), we get

B =9
UO(O’ LLLQ) w(_Q) ’
which proves (i).

Proof of (ii): Put t =0, a = -1, § =1, 2z =1 and replace ¢ = —¢ in (7.1), we have

C] (34
Up(0 - 7.4
0(7 7 7 7 nZ:O q q ’ ( )
from [10, eq. (A. 23), p. 172], we have
f=¢* - " (4:0°)
= 7.5
¥(=q) = (g4 )’ (75)
by (7.4) and (7.5), we get
f(=¢* —¢%)
Up(0,—1,1,1; —q) =
0(7 y 4y by q) w(_q) )

which proves (ii).
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Proof of (iii): Put t =0, a = —1, § =3, 2 = —1 and replace ¢ = —¢ in (7.1), we have

0 qn2+2n
Uo(0,-1,3,~1;—q) = »
n=0

(=4 ¢*)n
(a4 qY)n

from [10, eq. (A. 52), p. 175], we have

Fa.-0") =" (¢ )
¥(=q) _nzz;) (a5 qY)n (1)

by (7.6) and (7.7), we get
UO(05_153’_1a_Q) =T N (78)

which proves (iii).
Proof of (iv): Put t =0, «a = =1, =1, z = —1 and replace ¢ = —¢ in (7.1), we have
o n? 2
qa (—q4q
UO(O’_l’la_l;_Q) = E (4. 4 )n’ (79)
= (¢5q)n

from [10, eq. (A. 53), p. 175], we have

f =) <~ a (= d)n
v(-q) nzzo (@ q")n (7.10)
by (7.9) and (7.10), we get
UO(O?_l’la_l;_Q) = %’ (711)
which proves (iv). O

Remark 1. Dividing (7.8) by (7.11), we have

Uo(0.-1.3,~Li—q) _ f(za.=¢") | a+d¢® ¢+d" @+

Up(0,-1,1,-1;—q)  f(—¢* —¢>) I+ 1 + 1 47

which is Ramanujan’s cubic continued fraction [2, (3.1.6), p. 86].

8. Conclusion

The advantage of the generalization presented in the paper is that by specializing the parameters
we can obtain known functions which connects mock theta functions with continued fractions. So
the results obtained for mock theta functions are reduced to continued fractions.
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Abstract: Let G = (V, E) be a simple graph. A set S C V is a dominating set if every vertex in V'\ S is
adjacent to a vertex in S. The domination number of a graph G, denoted by «(G) is the minimum cardinality
of a dominating set of G. A set D C E is an edge dominating set if every edge in F \ D is adjacent to an edge
in D. The edge domination number of a graph G, denoted by +/(G) is the minimum cardinality of an edge
dominating set of G. We characterize trees with domination number equal to twice edge domination number.

Keywords: Edge dominating set, Dominating set, Trees.

1. Introduction

Domination theory is a well studied topic in graph theory. Depending on the utility in real life
application, domination on vertex set and on edge set has been defined. Edge dominating set is used
to study the behaviour of telephone switching network [5] built to phone calls from one telephone
to another telephone at a time. Edge dominating set is also used in deterministic distributed
algorithms in networks with unique node identifier in port numbered network. Dominating set is
used to identify the minimum number of servers in an adhoc network. For different dominating
parameters, the reader is refered to two excellent books [2, 3].

In domination theory, comparison is made between domination parameters defined on vertex
set or domination parameters defined on edge set. There are only a few studies on comparison
between domination parameter defined on vertex set with a domination parameter defined on edge
set, see [4, 8]. Here, a domination parameter defined on edge set, edge domination, is compared
with a domination parameter defined on vertex set, vertex domination and we characterize trees
with domination number equal to twice edge domination number.

Let G = (V, E) be a simple connected graph. Two edges are adjacent if they are incident with a
common vertex. Two vertices u and v are adjacent if there is an edge e incident with both v and v.
For every vertex v € V, the set of all vertices adjacent to v is an open neighborhood of the vertex v
denoted by N(v) and the set N[v] = N(v) U{v} is called the closed neighborhood of vertex v. The
degree of a vertex v is the cardinality of its open neighborhood, denoted dg(v) = |N(v)|. A vertex
of degree one is called a leaf and its neighbor is called a support vertexr. A support vertex with
more than one leaf is called a strong support vertex and a support vertex with exactly one leaf
is called a weak support vertex. The number of edges between uw and v in a shortest path is the
distance between vertices u and v. The longest distance between any pair of vertices is defined as
the diameter of the graph G, and is denoted by diam(G). A path on n vertices is denoted by P,.
A vertex v in a tree T is adjacent to a path P, through its vertex z, if a path containing x is one
of the components of (T' — vx). A star of order n > 2, denoted by K ,_1, is a tree with at least
(n — 1) leaves. A double star is a tree with exactly two support vertices and is denoted by D, q,
where r and s are the number of leaves attached to each support vertices.

IThis work is supported by TATA-Realty and Infrastructure Limited.
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A subset S of V is a dominating set abbreviated DS, if every vertex in V' \ S is adjacent to
some vertex in S. The domination number, v(G) of a graph G, is the minimum cardinality of a DS
of G. By v(G)-set, we mean a DS with minimum cardinality of a graph G.

A subset D of E is a edge dominating set abbreviated EDS, if every edge in F \ D is adjacent
to some edge in D. The edge domination number, v'(G) of a graph G, is the minimum cardinality
of a EDS of G. By 7/(G)-set, we mean an EDS with minimum cardinality of graph G. For more
properties on edge dominating set, refer the reader to [1, 7].

Characterizing trees with equal dominating parameters is available in the literature, see [6]. We
characterize trees with domination number equal to twice edge domination number.

2. Main results

We begin this section with a theorem.
Theorem 1. For any tree T, v/ (T) < ~(T) < 29/(T).

Proof. Let D bea~(T)-set. Let S be the set of vertices incident with the edges of D. The
set S is a DS of tree T. Thus v(T') < |S| < 2|D| = 2+/(T).

Let S be a y(T)-set. For each vertex of S, select exactly one edge incident with it, and call
such a set of edges as D. Then D is an EDS of tree T. We have v/(T') < |D| = |S| = v(T). O

For the purpose of characterizing trees with equal domination number and twice edge domina-
tion number, we introduce the family A of trees T' = T}, that can be obtained as follows.

Let 71 = Py. If k > 2, then Ty 1 can be obtained recursively from T} by one of the following
operations:

e Operation O: Attach a vertex to a support vertex of Tj,.

e Operation Oy: Attach a 4-path by joining its support vertex to a vertex of T} adjacent to a
4-path through its support vertex.

e Operation O3: Attach a 4-path by joining its support vertex to a support vertex of Tk.

e Operation Oy4: Attach a double star D, , with r-s > 2 by joining a leaf adjacent to a strong
support vertex to a vertex of T adjacent to a 2-path.

e Operation Os: Attach a double star D, , with r-s > 2 by joining a leaf adjacent to a strong
support vertex to a support vertex of Tj.

The operations given above are illustrated in Figure 1. It is proved that «(T') = 2+/(T) for every
tree T of the family A.

Lemma 1. If T € A, then v(T) = 2+/'(T).

P r o of. To construct the tree T, we use the method of induction on the number k of opera-
tions. If T'= Py, then obviously v(T') = 2 = 29/(T'). Let k be a positive integer. Assume that the
result is true for every 7" = T}, of the family A constructed by k — 1 operations. Let T = T}y, be
a tree of the family A constructed by k operations.

First assume that T is obtained from 7" by operation O;. Let D’ be a 7/(T")-set. It is easy
to see that D" is an EDS of tree T. Thus ~'(T) < +/(T"). Obviously, y(7") < v(T). We now get



Domination and Edge Dominaton in Trees 149

Operation O

Operation O,

‘
Operation O3 Operation Oy :

¢
Operation Os ;

Figure 1. Operations O; to Os

29/(T) < 29/(T") = ~4(T") < ~(T). On the other hand by Theorem 1, we have v(T') < 2+/(T"). This
implies that v(T) = 2v/(T).

Now assume that the tree T is obtained from the tree T” by the operation Q. Let z be the
vertex to which a 4-path pgrs is joined through ¢. Let ¢ be adjacent to x. Let abcd be a path
different from path pgrs with the vertex b adjacent to z. Let D’ be a 4/(T)-set. To dominate
the edges cd,bc,ab and bz, the edge be € D’. Tt is clear that D’ U {qr} is an EDS of T. Thus
Y(T) < ~'(T) + 1. Let S be a y(T)-set. To dominate the vertices d,a,s and p, the vertices
¢,b,r,q € S. Tt is obvious that S\ {¢g,7} is a DS of tree T”. Thus (7") < (T) — 2. We obtain
29/(T) <29 (T")+ 2 = ~(T") + 2 < 4(T). We conclude that 2+/'(T") = ~(T).

Now assume that T is obtained from 7" by the operation Q3. Let z be the vertex to which the
4-path pqrs is attached by joining g and x. Let y be a leaf adjacent to x. Let D" denote a ~/(T")-set.
It is clear that D’ U {q,r} is an EDS of tree T. Thus 7/(T) <+/(T7") + 1. Let S be a v(T)-set. To
dominate the vertices s, p and y, the vertices r, ¢,z € S. It is obvious that S\ {q,r} is a dominating
set of the tree T”. Thus y(7") < 4(T) — 2. We now get 29/ (T) < 29/ (T") + 2 = ~v(T") + 2 < 4(T).
We conclude that 2+/(T") = v(T).

Now assume that T is obtained from 7" by the operation Q4. Let p and g be support vertices
of a double star. Let r and s be two leaves adjacent to p, and t be the leaf adjacent to ¢q. Denote
by x the vertex to which the double star is attached. Let r be adjacent to x. Let x be adjacent to
2-path ab with a adjacent to z. Let D’ be a v(T")-set. To dominate the edge ab, the edge xa € D'.
The set D' U{pq} is an EDS of tree T. Thus +/(T) < ~/(T") + 1. Let S be a y(T)-set. To dominate
the vertices ¢, s and b, the vertices ¢,p,a € S. It is easy to observe S\ {p,q} is a dominating set
of the tree 7. Thus y(T") < ~(T) — 2. We now get 27/(T) < 2¢'(T")+ 2 =~v(T") + 2 < ~v(T). We
conclude that ~(T') = 2+/(T).

Assume that T is obtained from 7" by the operation Q5. Let p and ¢ be support vertices of
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the attached double star. Let r and s be two leaves adjacent to p, and ¢ be a leaf adjacent to q.
Denote by x the support vertex to which the double star is attached. Let r be adjacent to x. The
leaf adjacent to x is denoted by y. Let D’ represent a ~'(T')-set. The set D’ U {pq} is an EDS of
the tree T. Thus v/(T) < +/(T") + 1. Let S be a «(T)-set. The vertices t, s and y, are dominated
by the vertices p,q,x € S. The set S\ {p,q} is a DS of the tree T'. Thus v(7") < v(T) — 2. We
now get 27 (T) < 29 (T") + 2 = y(T") + 2 < 4(T'). We conclude that y(T') = 2+/(T). O

We now prove that if 2¢/(T) = v(T'), then the tree belongs to the family A.
Lemma 2. Let T be a tree. If 2+4'(T) =~(T), then T € A.

Proof Ifdiam(T) =1, then T = P,. We have v(P2) =1 < 2 = 29/(P,). If diam (T) = 2,
then T is a star. We have y(P3) = 1 < 2 = 29/(P3). If diam (T") = 3, the tree T is a double star. If
T = Py, then T € A. If T is a double star other than Py, then T is obtained from P by required
number of operations O;. Thus T' € A. Let diam (7') > 4. Thus the order n of the tree T is at
least five. The method of induction on the order n is used to prove the result. Assume that the
lemma is valid for every tree T” of order n’ < n.

Assume that the support vertex of T, say z, is strong. Let p and ¢ be leaves adjacent to x.
Let 7" =T —p. Let D be a~/(T)-set. If xp € D then (D \ {zp})U{zq} is an EDS of T". If xp ¢ D
then obviously D is an EDS of T". Thus v/(T") < ~/(T'). Let S’ be a (T")-set. Obviously S’ is a
DS of the tree T'. Thus y(T) < v(T"). We now get 2+/(T") < 2+9/(T) = v(T') < v(T”). This implies
that v(T") = 29/(T"). We have T” € A from the inductive hypothesis. The tree T' is obtained from
T’ by operation Q1. Thus T € A. Hereafter, it is assumed that every support vertex of T' is weak.

Let r be a vertex of maximum eccentricity diam (7"). We assume that r is the root of the tree T'.
The leaf at a maximum distance from r is denoted by ¢, t be the child of v, let v be the child of u
in the rooted tree. If diam (7) > 4, then let u be the child of w. If diam (7") > 5, then let w be the
child of d. If diam (7") > 6, then let d be the child of e. The subtree induced by descendants of x
and a vertex x in the rooted tree T is denoted by 7.

Among the children of u assume that there is a support vertex, say x, other than v. Let y be
the leaf adjacent to x. Let 7" =T —T,. Let D' be a y(T")-set. The set D' U{v} is a DS of T". Thus
Y(T) < ~4(T") + 1. Let S be a v/(T)-set. To dominate the edges vt and zy, the edges uv,ux € S.
It is obvious that S\ {uv} is EDS of the tree T". Thus +/(T") < ~/(T)) — 1. We obtain

20/ (T') <29/(T) =2 =(T) =2 < A(T") +1 -2 < A(T").

By Theorem 1 this case is impossible.

Assume that some child of u, say x, is a leaf. By the choice of diametrical path, the vertex w
is adjacent to isomorphic copy of T, or adjacent to path P; or adjacent to path P, or a support
vertex of T'.

Case (i): Let w be adjacent to isomorphic copy of Ty, say T,s. Let T, = t'v'u/z’. Let v’ be
adjacent to w. Let T/ = T—T,. Let D be a~/(T)-set. To dominate the edges vt, uv, ux,v't’, u'v" and
u'a’, the edges uv,u'v’ € D. It is obvious that D\ {uv} is an EDS of 7”. Thus v/(T") < +/(T) — 1.
Let S’ be a y(T")-set. The set S" U {u,v} is a DS of the tree T. Thus v(T) < v(T") + 2. We now
obtain 27/(T") < 27/(T) — 2 = ~(T) — 2 < 4(T"). This gives that v(7") = 29/(T”). The tree T’ € A
by the inductive hypothesis. The tree T' can be constructed from 7" by operation Oy. Thus T' € A.

Case (ii): Let w be adjacent to a 3-path abc. Let a be adjacent to w. Let T/ =T — T,. Let
D be a v/(T)-set. To dominate the edges vt, uv, ux, uw,wa, ab and be, the edges uv,ab € D. Tt is
clear that D \ {ab} is an EDS of the tree 7. Thus v'(T") <~+/(T) — 1. Let S” be a v(T")-set. The
set S" U {b} is obviously a DS of tree T. Thus v(T') < (7") + 1. We now obtain

20/(T") <29/(T) =2 =9(T) =2 < y(T") + 1 — 2 <(T").
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By Theorem 1 this case is impossible.

Case (iii): Suppose w is adjacent to 2-path zy. Let w be adjacent to 2-path z'y’ different
from 2-path zy. Let 7" =T — T,. Let D be a +'(T)-set. To dominate the edges wx, zy, wz’ and
x'y’, the edges wz,wx’ € D. The set D\ {wz} is an EDS of 7”. Thus v'(T7") < +/(T) — 1. Let S’
be a y(T")-set. The set S’ U {z} is clearly a DS of tree T. Thus v(7T") < v(T") + 1. We now obtain
29(T <29/(T) =2 =~4(T) =2 < ~(T") +1 — 2 < ~4(T"). Suppose the vertex w is adjacent to
exactly one 2-path zy. Let T/ =T — T,,. Let D be a v/(T)-set. The edges uv and wz are in D.
The set D \ {uv,wz} is an EDS of tree T'. Thus 7/(T") < +/(T) — 2. Let S’ be a v(T")-set. It is
obvious that S’ U {u,v,x} is a DS of tree T". Thus v(T') < ~(T") + 3. We now get

29/ (T') <29/(T) =4 =(T) =4 < A(T") +3 — 4 < A(T").

By Theorem 1 this case is impossible.

Case (iv): The vertex w is a support vertex. Let y be the leaf adjacent to w. Let T/ =T —T,.
Let D be a +/(T")-set. To dominate the edges vt,ux and wy, the edges uv,e € D where e is the
edge incident with w other than wy. It is obvious that D \ {uv} is an EDS of tree 7". Thus
Y (T") < +'(T) — 1. Let S’ be a v(T")-set. The set S’ U {u,v} is obviously a DS of tree T.. This
gives Y(T) < ~(T') + 2. We now get 29/(T") < 2+4/(T) —2 = 4(T) — 2 < (7T”). This implies that
29/(T") = 4(T"). The tree T" € A by the inductive hypothesis. The tree T' can be constructed from
T’ by operation O3. Thus T' € A.

Case (v): Now assume dp(w) = 2. By the choice of the diametrical path, the vertex d is
adjacent to isomorphic copy of T, or path P, or path P; or path P, or w is a support vertex or
dr(d) = 2.

Subcase (i): The vertex d is adjacent to isomorphic copy of T,,. Let D be a 4/(T)-set. To
dominate the edges vt, uv,uxr and uw the edge uv € D. To dominate the edges in the isomorphic
copy, the edges v/v' € D. To dominate the edges incident with d, the edge de € D. Let S be the
set of vertices incident with edges in D. Clearly |S| < 2|D|. The set S\ {d} is a DS of T. We have
T) <2[D|—1=2¢(T) -1 <2¢(T).

Subcase (ii): The vertex d is adjacent to 4-path a'b'd’d’ with o’ adjacent to d. Let D be a
v/ (T')-set. As in subcase (i), the edge uwv € D. To dominate the edge da’ and the edges in path
Py : d't'dd, the edges de,b'c € D. Let S be the set of vertices incident with edges in D. Clearly
|S] < 2|D|. The set S\ {¢'} is a DS of T. We have v(T') < 2|D| —1=29(T) — 1 < 2+/(T).

Subcase (iii): The vertex d is adjacent to 3-path a’b’c with o’ adjacent to d. Let D be a
v/(T')-set. As in subcase (i), the edge uv € D. To dominate the edge b'c, the edge a'b’ € D. Let S
be the set of vertices incident with edges in D. Clearly |S| < 2|D|. The set S\ {a’} is a DS of T
We have v(T) < 2|D| —1=2+(T) — 1 < 29/(T).

Subcase (iv): The vertex d is adjacent to a 2-path a'b’ with o’ adjacent to d. Let T/ = T —T,,.
Let D be a +/(T')-set. As in subcase (i), the edge uv € D. To dominate the edges dw and a'V/, the
edge da’ € D. Tt is easy to observe that D\ {uv} is an EDS of 7. Thus 7/ (T") < +/(T) — 1. Let S’
be a y(T")-set. The set S’ U {u,v} is easily seen to be a DS of the tree T. Thus v(T") < v(T") + 2.
We now obtain 29/(T") < 29/(T) — 2 = v(T) — 2 < v(T"). This gives that 29/(T") = v(T"). The
tree T" € A by the inductive hypothesis. The tree T' can be constructed from T’ by operation Oj.
Thus T € A.

Subcase (v): The vertex d is a support vertex. Let y be the leaf adjacent to d. Let T = T —T,,.
Arguing as in the previous subcase, we get v(T") = 29/(T”). The tree T' € A by the inductive
hypothesis. The tree T can be constructed from 7" by operation Os. Thus T € A.

Subcase (vi): Now assume the degree of the vertex d is two. Let D be a +/(T)-set. To
dominate the edges in Ty, the edge uv € D. To dominate the edge dw, the edge de € D. Let S
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be the set of vertices incident with edges of D. Clearly |S| < 2|D|. The set S\ {d} is a DS of the
tree T. Thus v(T) <2|D| —1=29(T) -1 < 29/(T).

Now assume dp(u) = 2. Let 7" =T — T,. Let D be a v/(T)-set. To dominate the edge vt,
the edge uv € D. The set D\ {uv} is verified to be an EDS of tree T'. Thus ~'(T") < +(T) — 1.
Let S’ be a y(T")-set. The set S’ U {v} is obviously a DS of tree T. Thus y(T') < v(T") + 1. We
now obtain 29/(T7) < 29/(T) =2 =~(T) —2 < ~v(T')+ 1 —2 < 4(T"). By Theorem 1 this case is
impossible. O

Characterization of trees with equal domination and twice the edge domination number is an
immediate consequence of Lemma 1 and 2 and is stated as a theorem below.

Theorem 2. Let T be a tree. Then 2+ (T) =~(T) if and only if T € A.

3. Concluding remarks

In this paper we characterize trees with domination number equal to twice edge domination
number and present some problems for further research, among them we note the following:

1. Characterize graphs with equal domination number and twice edge domination number.
2. Characterize trees with equal domination number and edge domination number.

3. Characterize graphs with equal domination number and edge domination number.
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Abstract: In this paper, we consider a non-self-adjoint boundary value problem for a fourth-order differential
equation of mixed type with Hilfer operator of fractional integro-differentiation in a positive rectangular domain
and with spectral parameter in a negative rectangular domain. The mixed type differential equation under
consideration is a fourth order differential equation with respect to the second variable. Regarding the first
variable, this equation is a fractional differential equation in the positive part of the segment, and is a second-
order differential equation with spectral parameter in the negative part of this segment. A rational method
of solving a nonlocal problem with respect to the Hilfer operator is proposed. Using the spectral method of
separation of variables, the solution of the problem is constructed in the form of Fourier series. Theorems on the
existence and uniqueness of the problem are proved for regular values of the spectral parameter. For sufficiently
large positive integers in unique determination of the integration constants in solving countable systems of
differential equations, the problem of small denominators arises. Therefore, to justify the unique solvability of
this problem, it is necessary to show the existence of values of the spectral parameter such that the quantity we
need is separated from zero for sufficiently large n. For irregular values of the spectral parameter, an infinite
number of solutions in the form of Fourier series are constructed. Illustrative examples are provided.

Keywords: Mixed type equation, Non-self-adjoint boundary value problem, Hilfer operator, Mittag-Leffler
function, Spectral parameter, Solvability.

1. Problem statement

In a rectangular domain Q = {(¢, ) : —a <t <b, 0 <z < 1}, we consider the partial differen-
tial equation of mixed type

64
D7+ — U (t, ), (t x)€ Q,
0= <32 6%44) (1.1)
g 422
(55 +eP 53Ut 2). (t2) €,

where Q1 = QN (¢t > 0), Qe = QN (t <0), w is positive spectral parameter, a and b are positive
real numbers,

ad -
DN = ity (0<a<y <)
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is the Hilfer operator, and
t
1
Io+g0 = W )dT, v>0
0
is the Riemann-Liouville integral operator [2, pp. 112, 113].

Nonlocal problem. It is required to find a function U (¢, x), which belongs to the class

JoOU o OFU
e

k = 0,3 and satisfies the homogeneous equation (1.1) in the domain Q7 U Qs, the homogeneous
boundary value conditions

€C(Q), D*IUEC(), Uy € C(Q), Upnaa€C(Q1 UQy), (1.2)

02U kU kU
U|x=0:a2|m 1: 3 8k|10 ak|:v 15 k:153, t#07 (13)
the nonlocal condition
U(—a,z)=U(b,z)+¢(x), 0<z<l, (1.4)

and the gluing conditions

d
. 1
tgr-{lo J0+ Ult,z)= tgrzlo U(t, x), tgril J0+adtJ0+v Ult,z)= hm U(t, ), (1.5)
where p(z) is a given sufficiently smooth function.
Let (to; b) C RT = [0; 0o) be a finite interval, and let o > 0. The Riemann-Liouville a-order
fractional integral of a function f is defined as follows:
¢
1 .
T d )= g [ =97 (@)ds, L€ (o),
to
where I'(«) is the Gamma function [2, p. 112].
Let n—1 < a <n, n € N. The Riemann—Liouville a-order fractional derivative of a function f
is defined as follows [9, Vol. 1, p. 27]:
ar .
Dg  f(t) = dt—nﬂ?ﬁa (t), te (to;h).

The Caputo a-order fractional derivative of a function f is defined [9, Vol. 1, p. 34] by

t
*DtOJrf( ) It0+ ( )(t n _ a / a 7L+1
to

Both the derivatives are reduced to the nth order derivatives for « =n € N [9, Vol. 1, pp. 27, 34]:
" f
dtm’
The so-called generalized Riemann-Liouville fractional derivative (referred to as the Hilfer frac-

tional derivative) of order a, n — 1 < a < n, n € N, and type 8, 0 < 8 < 1, is defined by the
following composition of three operators: [2, p. 113]:

D%+f(t)=*DZ)+f(t) -

a, (n—a d 1-8)(n—«
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For g = 0, this operator is reduced to the Riemann-Liouville fractional derivative (Dto; ’E =Dy )

and the case 8 = 1 corresponds to the Caputo fractional derivative: Dto(‘)i = .Dg .
Let to =0 and v = a+ fn — aB. It is easy to see that @ < v < n. Then it is convenient to
use another notation for the operator ngf f(t):

D*7f(t) = Dg £ (1), (1.6)

For the first time, the generalized Riemann-Liouville operator was introduced in [2] by R. Hilfer
on the basis of fractional time evolutions that arise during the transition from the microscopic scale
to the macroscopic time scale. Using the integral transforms, he investigated the Cauchy problem
for the generalized diffusion equation, the solution of which is presented in the form of the Fox H-
function. We also note [10, 11], where the generalized Riemann—Liouville operator was used in
studying dielectric relaxation in glass-forming liquids with different chemical compositions.

In [23], boundary value problems for a fractional diffusion equation with the Hilfer fractional
derivative in finite and infinite domains were studied. In the finite domain, the spectral method
and the Laplace transform method were used for solving the problem. In the domain infinite with
respect to the spatial variable, the Cauchy problem was solved by the Fourier—Laplace integral
transform method.

In [12], the properties of the generalized Riemann—Liouville operator were investigated in a spe-
cial functional space, and an operational method was developed for solving fractional differential
equations with this operator. Based on the results of [12], the authors of [15] have developed an op-
erational method for solving fractional differential equations containing a finite linear combination
of the generalized Riemann—Liouville operators with various parameters. In [17], the problem of
source identification was studied for the generalized diffusion equation with the operator D 7. We
also note the work [4], in which inverse problems were investigated for a generalized fourth-order
parabolic equation with the operator D 7.

The construction of various models of theoretical physics problems by the aid of fractional
calculus is described in [9, Vols. 4, 5], [16, 26]. A specific physical interpretation of the Hilfer
fractional derivative, describing the random motion of a particle moving on the real line at Poisson
paced times with finite velocity is given in [25]. A detailed review of the application of fractional
calculus in solving applied problems is given in [9, Vols. 6-8], [19]. More detailed information as
well as a bibliography related to the theory of fractional integro-differentiation, including the Hilfer
fractional derivative, can be found in the recently published monograph [24]. In [7], the boundary
value problems for the generalized modified moisture transfer equation and difference methods for
their numerical implementation were considered.

Nonlocal problems can arise in studying various problems of mathematical biology, predicting
soil moisture, problems of plasma. Note that nonlocal conditions of the type (1.3) take place in
modeling the problems of the flow around a profile by a subsonic velocity stream with a supersonic
zone [20]. More detailed information on nonlocal problems can be found in the monograph [18].
We would like to note some works [14, 30-32], where nonlocal problems for partial differential and
integro-differential equations with derivatives of integer or fractional orders were studied.

As for the equations of mixed type, we note the work [8], where I. M. Gel’fand considered
an example of gas motion in a channel surrounded by a porous medium, and the gas motion
in a channel was described by a wave equation, while the diffusion equation was posed outside
the channel. Ya. S. Uflyand considered a problem on the propagation of electric oscillations in
compound lines when the losses on a semi-infinite line were neglected and the rest of the line was
treated as a cable with no leaks [28]. He reduced this problem to a mixed parabolic-hyperbolic
type equation. In [27], a hyperbolic-parabolic system arising in pulse combustion was investigated.

Nonlocal problems for partial differential equations of mixed type were studied by many authors,
in particular, in [13, 21, 22, 29, 33]. We would like to note also the results on nonlocal problems
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for parabolic-hyperbolic type equations with fractional order derivatives [1, 3]. But these listed
works relate mainly to nonlocal problems for fractional mixed type equations of second order. As
for mixed fourth-order equations with derivatives of integer or fractional orders, nonlocal problems
in such formulation have not been previously studied.

In this paper, we consider a non-self-adjoint boundary value problem for a mixed type fourth-
order differential equation with Hilfer operator of fractional integro-differentiation. The spectral
method of separation of variables is used taking into account the features of the fractional integro-
differentiation operator. We study the solvability of the nonlocal problem (1.1)—(1.5) for various
values of the spectral parameter. This work is a further development and generalization of the
results of [5, 6, 20].

2. Ordinary differential equation with Hilfer operator

We consider the Cauchy problem for a differential equation of fractional order with the opera-
tor D7

. 1—v _ (21)
t1—1>r£0 Joiu(t) = vo,

{ D7 (t) = u(t)+ f(t), te(0,4),

where f () is a given continuous function and ug = const.

Note that the Laplace method was used for solving this problem in [4]. In [15], a solution was
found by the operational calculus for a problem more general than (2.1) in a specially constructed
functional space. In our work, in contrast to these studies, we use a more rational way to solve
problem (2.1), which allows us to obtain an explicit solution.

We prove the following Lemma.

Lemma 1. Assume that f(t) € C(0; ¢ N L1(0;¢). Then a solution of problem (2.1)
u(t) € C(0; €] N L1(0;£) is representable as follows:

() = otV B, (M%) + /(t ) B (Mt = 1)) f(r)dr, (2.2)
0

where

0 k
z
E z) = —— z,a,B€eC, Re(a)>0
ws =3 rarrgy o8 (@)
is the Mittag—Leffler function [9, Vol. 1, pp. 269-295].

P roof. By virtue of the formula (1.6), we rewrite the differential equation of problem (2.1)
in the form

Jor “ Dy u(t) =Au(t)+ f(t).

Further, applying the operator J§, to both sides of this equation and taking into account the
linearity of this operator and the following formula [15]:

1 -
Jy. DY u(t) =u(t) — = Jo P u(t) o t? 7,

I'(v)

we obtain
Uo

I'(v)

u(t) = P T8 F () + ATE u(t), (2.3)
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Using the lemma from [6, p. 123], we represent the solution of equation (2.3) as

v =gyt R O
t
+A O/(t — 1) Baa (A(t—1)%) [F@) T I8 S (7)} dr. (2.4)
We rewrite representation (2.4) as the sum of two expressions u (t) = I (t) + 2 (t), where
t
tr-1 A
Il(t):uo[ t e [t =) Eq 0 Mt —T)) 77! dT:|, (2.5)
Iy T 0/
¢
L) =I5 £ O+ [ =7 Baa (= 7)%) I3 S (1) d (2.6)
0

We make the change of variables s = ¢ — 7 in formula (2.5) and use the following formulas [9, Vol. 1,
pp. 269-295]:

1
Eou(2)====+2Fq uta(t), a>0, u>0, 2.7
1 z
F(V)/(z—t)”—HEW (At P dt = 2P B, 50, (A 2%, v>0, B>0. (2.8)
0

Then we obtain the following representation for integral (2.5):
L(t) = ugt? ™t By oy (M), (2.9)

The integral in the formula (2.6) is transformed as follows:

J=1 e (=) I S ()7 =

T

0
= —/(t — 1) Ey0 At—1)%) dT/(T —8)2 L f(s)ds = (2.10)
0

0

¢ ¢
= L/f(s)ds/(t —n) =) By Nt —T7)) dT.
0 s
In view of (2.8), the second integral in the latter equality of formula (2.10) can be written as
t
/(t — ) =8 TE s At —T)*) dT =T () (t —7)** T Eq 00 At —T7)%).

Then, taking into account (2.7), we represent formula (2.6) in the following form:

Iy(t) = /(t ~ N By o MNt—17)%) f(r)dT. (2.11)
0

Substituting (2.9) and (2.11) into the sum w (t) = I (t) + I (), we obtain formula (2.2). The
lemma is proved. O
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3. Uniqueness of solution of the nonlocal problem

We study this problem by the spectral method of separating variables and seek particular solu-
tions of the nonlocal problem in the form of a product of two functions U (¢, x) = u(t) - 9(x). From
equation (1.1) and boundary value conditions (1.3), we arrive at the following spectral problem:

IV () = A (x) =0, 9(0)=09"1)=0, ¢ (1)=2 (1), 9"1)=9"(Q1),

where A\* is the constant of separation, 0 < A = const.
As follows from the results of [5], this spectral problem is non-self-adjoint and has a complete
system of eigenfunctions of the following form in the space L4 (0; 1):

AnT e)\n(lfzv)

e —1

Vo(z) =2z, Ipi(x) =2sin Nz, Vpo(z) = ¢

+ cos A\px, (3.1)

Ap =21, n €N

System (3.1) forms a Riesz basis in Lo (0; 1). In [5], it was also proved that there exists a biorthog-
onal system of functions with (3.1):

e)\nm + e)\n(lfm)

1 + sin2mnx, Np2 () = 2 cos \,z. (3.2)

no(z) =1, nm(z)=

System (3.2) also forms a Riesz basis in Lo (0; 1).
Let U (¢, z) be a solution of the nonlocal problem. We consider the functions

1 1
:/U(t, x)dz, /U t,z)npi(z)dz, t>0, (3.3)
0 0

1 1

uy(t) = /U(t, x)dx, u,(t)= /U(t, )i (z)dx, i=1,2, t<0, (3.4)
0 0
where the functions 7¢ () and 7, (x), i = 1,2, are defined in (3.2).
Applying the operator D* 7 with respect to ¢ to both sides of equality (3.3), differentiating (3.4)
twice with respect to ¢, and taking into account equation (1.1), we obtain differential equations
with respect to the functions u$(t) and v, (t), i = 1,2:

D*Yul(t) =0, D*Vul (t)+Ahul (t)=0, i=1,2, >0, (3.5)
&2 &2
Toup(t) =0, —u u, () + M wtu (1) =0, i=1,2, t<O. (3.6)

The general solutions of these differential equations (3.5) and (3.6) have the form

0 -1 —1 4 1«
—t7 t>0 At FE (—)\ t ) t>0
+ _ ) ) + _ n a, Y n 9 )
uyg (t) = r'(v) uy,; (t) = { i 12 e 22 (3.7)
Bot+Coy, t<o0, By sin Ajwt + Cpicos Aqwt, ¢ <0,

where Ao, Bg, Co, Ani, Bni, and Cp; are arbitrary constants, i = 1,2, n=1,2, ... .
Taking into account conditions (1.4) and (1.5), we conclude from (3.3) and (3.4) that the
functions u3 (t) and u=, (t), i = 1,2, in (3.7) must satisfy the following conditions:

- d . dug(t)
1—v, + _ 11— 1—y () = 0
t1—1>r£0J+ u(t) _tgrzlou()(t)’ t1—1>r£0J0+ <dtJ+ wolt )) —t1_1>r£10 dt ’ (3:8)
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_ d du . (t)
+ T 1-a 1—v ut BT ni
tgr-rklo JOJF U (8) = tgriloum' ®), tgrilo o+ (dtJ i (1) = tgrilo dt ' (39)
up(—a) =ul(b) +vo, u,;(—a)=ul (b)+on, i=12, (3.10)
where
1 1
wo = /go(a:)da:, Oni = /go(ﬂ:)nm(x)dx, i=1,2, n=12,...
0 0
Therefore, we obtain the following systems of algebraic equations:
Ag=Co, Bo=0,
A
Bya+Com A0 g0 (3.11)
I'(v)
Ani = Cni7 WBni - _A%Anzﬁ (3 12)
—Byi sin M2 wa + Cp; cos N2 wa — Am-bv_lEa,,y(—)\%L bY) = Yni- ’
Each of systems (3.11) and (3.12) has a unique solution
Co= Ao, By=0. Ag=L0 Oz Ay—-Pmi po_ Mn Pn (3.13)
0 05 0 ) 0 AO, nt ni An(w)’ nt w An(w)’ .
if the following condition holds for all n € Ng = NU {0}:
Ap(w) =A2wsin A2wa+cos \2wa—b"1E, ,(=Apb®) #0. (3.14)
Substituting (3.13) into (3.7), we obtain the representation
¥0 -1
— 7 t>0
F A ) )
uj (1) = LinAo (3.15)
N t S 07
Ay
P i -1 4 4«
7 By (=AY, >0,
+ Ap(w) ’
" Pni(os )\2wt—)\—”sin)\2wt t<0
A (w) " w " T

We show the uniqueness of the solution of the nonlocal problem under condition (3.14). Suppose
the opposite. Let the nonlocal problem have two different solutions Uy (t,z) and Us(t, z), and let
U(t,z) = Ui (t,x) — Us(t,z). It is not difficult to see that U(t,x) is a solution of the homogeneous
nonlocal problem (¢(z) = 0). This is why one only needs to prove that the homogeneous problem
has only the trivial solution.

Suppose that condition (3.14) holds and ¢ (x) = 0. Then g =0, ¢,; =0, i = 1,2, and the
representations (3.3), (3.4) and (3.15), (3.16) yield

1 1
/tl U (t, x)dx =0, /tlA’U(t, x)Npi(x)dx =0, te][0; b,
0 0

o _

1
U(t,z)dx =0, /U(t, ) Npi(z)de =0, t€[—a; 0], i=1,2.
0
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Further, taking into account the completeness of system (3.2) in the space L2 (0; 1), we conclude
that U (¢, x) = 0 almost everywhere on [0; 1] for all ¢ € [—a; b]. Since t!=7U (¢, z) € C (1) and
U(t,z) e C (52), we have t'77U (¢, ) = 0 in the domain Q. Therefore, the solution of the
nonlocal problem is unique in the domain §2.

Thus, we have proved the following theorem.

Theorem 1. Suppose that there exists a solution of the nonlocal problem. This solution is
unique if condition (3.14) holds for all n € Ny.

4. Existence of a solution of the nonlocal problem

Now we consider the case when condition (3.14) is violated. Let A, (w) = 0 for all w, v € (0; 1)
and n = m. Then the homogeneous nonlocal problem (¢ (x) = 0) has a nontrivial solution

Vit (t x) = v (00 mi (), i=1,2, (4.1)
where
7 E oy (—AEY), t>0,
Vi () = A2
cos A2 wt— 2 sin A2 wt, t<O.

It is easy to verify that, for v = 1, the function V (¢, ) = x is also a nontrivial solution of the
homogeneous nonlocal problem.
From A, (w) = 0, we come to the trigonometric equation

V1I+ w2 sin (A2wa+p,) — b7 Eq , (-A50%) =0, (4.2)

where p, = arcsin <1/\/1+w2)\%> and p, — 0 as n — 4oo. Hence, we conclude that the

expression A, (w) is zero only if

1 . VTIE, o, (A5 09)
w:m[(—l)karcsm il—zoﬂ)\% +7Tk‘—,0n], k=1,2,....

The set & of positive solutions of trigonometric equation (4.2) is called the set of irregular values
of the spectral parameter w.

The set of remaining values of the spectral parameter X = (0; oo) \ &' is called the set of regular
values of the spectral parameter w.

Since A, (w) is the denominator of a fraction and its values can become quite small for suf-
ficiently large n, the problem of “small denominators” arises. Therefore, in order to justify the
unique solvability of the nonlocal problem for regular values of the spectral parameter w, it is
necessary to show that the quantity A, (w) is separated from zero for sufficiently large n.

Lemma 2. Suppose that v € (0;1], a and b are arbitrary positive real numbers, and w is such
that the product ww a is a rational number. Then, for large n, there exists a positive constant My
such that the following estimate holds:

| Ay (w)| > Mg > 0. (4.3)

Proof. I Wesetw=p/ma, p€ N. Then we derive from (4.2) that, for all n and a, b > 0,

2
1A, (w)]| > ‘ + \/1 +16nt72 L R, L (160t te) ‘ >
a
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> |1-b0"""Eq (-16nt710?) | > 107" By, (—160"740%).

We use the following properties of the Mittag—Leffler function [9, Vol. 1, pp. 269-295].

(1) Forall A >0, a,v€ (0; 1], a <+, and t > 0, the function t* 1 E, , (—At?) is completely

monotone, i.e.,
)" [t B, (<At () >0, n=0,1,2,....
7/-\/

(2) The following estimate is true for all a € (0; 2), v € R, and argz = 7:

M
14 z|’

[ Eay(2)] <

where 0 < M = const is independent of z.

Then, (4.4) implies that there exists a number ng € N such that for all n > ng we have

1-0""'Eq, (-16n*7%0*) = My > 0.
Consequently, A, (w) > M1 > 0.
II. Now we set

1
:47Twa€Q<:>w:—£

dra q’

Q3

(4.4)

(4.5)

where p, ¢ € N, (p, ¢) = 1. We divide n? p by ¢ with a remainder: n?p = sq+7, s €N, 0<r < q.

Then from (4.1), we obtain

[A, (w)] = ‘ \/1 + [% (s+ g)] 2(—1)3 sin <% +pn> -bE, (—16n471'4b°‘)

If » = 0, then this case reduces to case I.

Suppose that » > 0. Since p, — 0 as n — +oo, there exists a number n; > 0 such that

pn < 7/(2q) for all n > n;. Thus, we obtain the lower estimate

|A, (w)] > ‘ \/1 + [g (5 + g)] ’ sin (% + pn) — b By (160t T b%)

>

> U [E (s D)) s (Z o) [ =077 B 160 ) >

-1
>z<s+5>‘sm <M+1>‘—1:5<s+5> sin— —1=My >0
a q q 2q a q 2q
for

o\ —1q1/2
nQZ{aq<ﬂ'psm2—q) } .

Setting My > max{M;, M3y} and n > max {ng, ni, ne}, we complete the proof of the lemma

Lemma 2 is proved.

0

We call the solution of the nonlocal problem (1.1)—(1.5) for regular values of the spectral pa-
rameter w a regular solution of the nonlocal problem. Estimates (4.3) and (4.5) imply the following

lemma.



162 Tursun K. Yuldashev, Bakhtiyor J. Kadirkulov

Lemma 3. The following estimates hold for reqular values of the spectral parameter w:

tl_’y{ug(t){gclhpo‘? tl—’y{ujr%' (t){SCQ‘QOnZ’y
Dot ()] < Cantlewl, =12, te (0]

|up ()| < Calwol, |un ()] < Csn?eul,

d 2“21' (t)

<06n ’(Pm‘ ‘ dtz

‘ §C7n6‘§0m”7 i:1727 te [_a7 0]7
where C,, k= 1,7, are positive constants.

Since system (3.1) is complete and forms a Riesz basis in L2(0; 1), we write the solution of the
nonlocal problem for regular values of the spectral parameter w as

ug ()0 ()+ZZum() i(x), (t z)e,
Ut z)= n=liz (4.6)

u (8)V ()+ZZU i) D ni (), (L, x) € Qy,

n=1i=

where u3 (t), u®, (t), and u, () are defined in (3.15) and (3.16).
Indeed, substituting function (4.6) into the mixed equation (1.1) and satisfying conditions
(1.3)—(1.5), we obtain problems (3.5), (3.6), (3.8)—(3.10) with respect to the desired functions. The
solutions of these problems can be represented as functions (3.15) and (3.16).
Now formally differentiating term-by-term the series (4.6) the required number of times, we

obtain the series

co 2
DU (t,z) =Y > D¥Tul,(t)9n(x), t>0, (4.7)
n=1 =1
orU d* 79 : d ﬂm
a;k ) ul () 0 SN ul ) (), k=14, t>0, (4.8)
n=1 i=1
02U (t, x) d*u
4
(w nzlzg dt? Vi (), t<0, (4.9)
Ok U (¢, x) d* 190 X dF Y, (7)
o =u(t) ZZum(t)W, k=04, t<0. (4.10)

By virtue of Lemma 2 and Lemma 3, we conclude that series (4.9) and (4.10) are majorized by
the following sum of series:

o o
> nenl+> 1l (4.11)
n=1 n=1

Multiplying series (4.7) and (4.8) term-by-term by ¢177, we obtain the series

oo

co 2 2
d* 9, ()
1- a, + . 1=y, + n —
g Et TDYV () Uy (), g Et Tul(t) ok k=0,4, t>0. (4.12)

n=1 i=1 n=1 i=1
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The series in (4.12) are also majorized by the series (4.11). Taking into account the fact that the
function ¢ () is sufficiently smooth and integrating by parts

1
/<P nm xa 1= 1727
0

wnlz——@ 1)7@g%—_w2;2)7<@wa%1%&@@)7

we derive

Pn2 = ﬁwﬂ e Wln)7 (g0(7) (x), V1 (x)> .

By virtue of these representations, we apply the Cauchy—Schwartz inequality and Bessel in-
equality to (4.11)

S nflonl< S 216D 1<(X ) (L 16012) < 0lle® @) iyon <00, i=12
n=1 n=1 n=1

n=1

This estimate implies that series (4.9) and (4.10) converge absolutely and uniformly in the domains
Q; and Q, respectively. Therefore, the function U (t, x), represented by series (4.6), possesses
properties (1.2) and satisfies conditions (1.3)—(1.5).

We note that A, (w) = 0 for irregular values of the spectral parameter w and n = k1,..., ks,
1 <kiy <ki <--<ksg, se€N(y#1). Then, the following orthogonality conditions are
necessary and sufficient for the solvability of systems (3.11) and (3.12):

1
POni = /gp )Nnide =0, i=1,2, n=ky,..., ks. (4.13)
0

In this case, the solutions of the nonlocal problem are representable as a sum of series

Ul(t, ) =ug(t)do(z) +

ki—1 ka1 00 2 (4.14)
SO SRS Ol D ETCEMEES 2 LAMEAD
n=1 n=k1+1 n=ks+1- =1 m =1
where m = k1q,..., ks, Cpy; are arbitrary constants, and the functions Vniu (t), 1 =1,2, are defined

n (4.1). Note that, in the case v = 1, we replace the function uZ (¢) in (4.14) with a constant Cp;
moreover, the orthogonality condition
1
= /@(x)dx =0 (4.15)
0
is added to formula (4.13).
Thus, the following theorem is proved.

Theorem 2. Suppose that the following conditions are fulfilled:

p(x) €CO0;1), @D (z) € La(0;1), &) (0)=0,

PP =0, k=02, oW (0)=p"(1), k=135
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Then the nonlocal boundary value problem is uniquely solvable for regular values of the spectral
parameter w, and this solution is represented in the form of the Fourier series (4.6) in the domain §Q.
For irreqular values of the spectral parameter w and some n =k1,..., ks, the nonlocal problem
has an infinite number of solutions in the form of series (4.14).
For vy < 1, the solvability condition has the form (4.13). For~ =1 in (4.14), the function u (t)
is replaced with a constant C'y and conditions (4.13), and (4.15) are the solvability conditions.

5. Stability of solution of the nonlocal problem

For regular values of the spectral parameter w, we consider the question of the stability of the
solution of the nonlocal problem with respect to the function ¢ () from condition (1.4). To this
end, we introduce the norm in the space of continuous functions as follows:

1U ¢ 2) @ =1tUE D)o@y +1UE2) @, =

= max [t'7U (@ 2)|+ max |[U(t ).
(t,z)eQ1 (t, :B)GQl

Theorem 3. Suppose that all the conditions of Theorem 2 are fulfilled. Then the following es-
timate holds for the solution of the nonlocal problem with reqular values of the spectral parameter w:

10t )o@ < Cle" @ oo (5.1)

where 0 < C' = const is independent of ¢ (z) and || f(z)|| cjo;1) = r[101a1>]< |f(x)].

Proof. Let (¢, ¥) be an arbitrary point of the domain Q5. Then we have the representations

1
1
Pnl = —)\—390”17 /cpm x)dw,
0
1

3 3
¥n2 = 3 ¢£L£7 ‘P;Q) = /‘P”/(x)ﬁm (x)dw.
0
Applying Lemma 3 and the Cauchy—Schwarz inequality to (4.6), we obtain

1U(t 2) o, < 2Calgol + Cs Z (o321 +1531) <

n= 1
S2C4’<P0’+C5(§:%)1/2(Z(’<Pn)\+\¢ ) )1/2-
n=1 n=1

It is well known that the former series converges. Applying the inequality (|a|+]b])* < 2 (|af* + [b]?)
and the Bessel inequality to the latter series, we obtain

S+ 105D <23 (6P + 1083 17) < Cu [l @[, 00y 0 < Ct = const. (5.2)
n=1
Similarly, we can find for all (¢, ) € Q1 that
- 2
[£77U (¢, 2) || ¢ @) < O " (@) | La1ys O < C12 = const. (5.3)

Estimates (6.1) and (6.2) imply estimate (5.1), where C' = C1; + C12. If we assume that
H(p'”(x)HiQ(O; 1) <0, then the estimate [|U(t, z)||cq) < € is true for all ¢ = C'- 6. The theorem is
proved. ]
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6. Illustrative examples

Example 1. Consider the nonlocal problem for v = 1. Then we have D7 = D®! = D
and equation (1.1) takes the form

4
DU (1, x)+aU7£t4’w), t>0,

0= 92U (t, x)+w2(3?U(t, z) oo (6.1)
ot? oxt 7’ '

Equations (6.1) is a mixed type differential equation with the Caputo operator in a positive rect-
angular domain. We consider it under conditions (1.3)—(1.5). From (3.14), we obtain Ay = ¢ = 0,
i.e., we arrive at condition (4.15). The solution of this problem with regular values of the spectral
parameter w can be represented as

2 .

> P B (—ALE9) W (2) + Covz,  (t @) € Q4
U(t’ x): nt 3 A2
ZA e <cos)\2wt— —

1A (W) w

where Cy; = const, i =1, 2.

M8

8

sin A2 wt> Uni(x) + Co2z, (t, z) € N,
n=11

Ezxample 2. Consider the nonlocal problem for v = o« < 1. Then we have D®Y = D®»% = gy D¢
and equation (1.1) takes the form

04U (t
RLDaU(t, 1’)4—%@, t >0,
Ut x) | L0 ULy (6:2)
ot? oxt 7’ i

Equation (6.2) is a mixed type differential equation with the Riemann-Liouville operator in
a positive rectangular domain. We consider it under conditions (1.3)—(1.5). A solution of this
problem with regular values of the spectral parameter w exists and is unique. This solution has a
representation coinciding with (4.6) for vy = o < 1.

Ezample 3. Consider the case ¥ = a = 1. Then we have D®? = D! = d/dt and equa-
tion (1.1) takes the form

4
oU (t,xz) 0 U(t,x)’ £ 0,
ot ozt
02U (t, a:)+ , 04U (t, o)
ot? “ dxt 7

O:
t <O0.

We obtained a mixed type differential equation of integer order, which is a particular case
of equation (6.1) and, therefore, the solvability condition for this problem coincides with condi-
tion (4.15), and the solution of the nonlocal problem is represented as

e*’\%tﬂm’(ﬂv) +Azx, (t,x) €,

-
=
B

|

o
T
Yl
E/ -~

18
M
g

2
" cos AN wt — ﬁSim)\%wt Uni(z) + Az, (t x) € Qo,
n(w) w

3
Il
-
i
Il
—

where A = const.
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7. Conclusion

We established a criterion for the existence and uniqueness of the regular solution of the nonlocal
problem for a fourth-order differential equation of mixed type with Hilfer operator in a positive
rectangular domain and with spectral parameter in a negative rectangular domain. We use the
spectral method of separation of variables, which helps us to construct the solution of the nonlocal
problem (1.1)—(1.5) in the form of Fourier series. Theorems on the existence and uniqueness of
the problem are proved for regular values of the spectral parameter w. We study also the case of
irregular values of spectral parameter w. Our theorem proving methods are based on expanding
the regular solution using a biorthogonal set of functions. The stability of the regular solution of
the nonlocal problem with respect to the data is proved.
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Abstract: For a class of sets with multiple terms

{An,tn oz == {0 A0, A A2, de, o A A A Ak )

11 —times po —times pE —times

having density d counting multiplicities, and a doubly-indexed sequence of non-zero complex numbers
{dnx : m» € Nk = 0,1,...,un — 1} satisfying certain growth conditions, we consider a moment problem
of the form

oo
/ e 2wkt f(ydt =dp g, YnEN and k=0,1,2,... 00 — 1,
— 00

in weighted L?(—o00,00) spaces. We obtain a solution f which extends analytically as an entire function,
admitting a Taylor-Dirichlet series representation

oo pn—1
f)=>" ( > cn,kz’“)eMi cnr €C, VzeC.
n=1 k=0

The proof depends on our previous work where we characterized the closed span of the exponential system
{tFert . neN, k=0,1,2,...,un — 1} in weighted L?(—00, 00) spaces, and also derived a sharp upper bound
for the norm of elements of a biorthogonal sequence to the exponential system. The proof also utilizes notions
from Non-Harmonic Fourier series such as Bessel and Riesz—Fischer sequences.

Keywords: Moment problems, Exponential systems, Biorthogonal families, Weighted Banach spaces, Bessel
and Riesz—Fischer sequences.

1. Introduction

P. Malliavin [5] considered the following in the sense of the classical Bernstein weighted poly-
nomial approximation problem on the real line. Let W (t¢) be a real-valued continuous function
defined on the half-line [0, +00) such that it is log-convex, that is log |W(e®)| is a convex function
on the real line. Let Cyy be the weighted Banach space whose elements are the complex-valued
continuous functions f defined on [0, c0), such that

ft)

A% =
equipped with the norm
1l =sup { DL 4 ¢ ooy L
W (t) ’

Suppose also that {\,}>2 is a strictly increasing sequence of positive real numbers diverging to
infinity so that liminf(A,4+1 — An) > 0. Malliavin proved [5, Theorem 8.3] that the span of the
n—oo
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system {t}}>° | is not dense in Cyy if and only if there exists 7 € R such that

/+°° log |[W (72 () =)
1

2
dt < oo, where o)(t)= Z =

$2
An<t
The question of the closure of the non-dense span of the system {t*» o, was later on addressed

by J. M. Anderson and K. G. Binmore [1, Theorem 3]. Provided that the A, are positive integers,
they proved that any function in the closure extends analytically as an entire function with a gap
power series expansion of the form f(2) = Y00 | a, 2.

We note that A. Borichev [2] gave a complete characterization of the closure of polynomials in
certain weighted Banach spaces on R, when W is an even log-convex function.

Motivated by the above results, we explored in [7, 8] the properties of a class of exponential
systems

Ep = {theMt:neN, k=0,1,2,..., 1, — 1},

in certain weighted Banach spaces on the real line. We note that such a system is associated to a
set A = { )\, un}o; with multiple terms

{)\n,,un}flo:l = {)‘17)‘17---7)‘17)‘27)‘27---7A%7---7)‘14:7)\167---7)\137---}7

p1—times po—times pi—times

where
o {\,}7°, is a strictly increasing sequence of positive real numbers diverging to infinity,
o {1,}>2 is a sequence of positive integers, not necessarily bounded.

We say that the set A is a multiplicity sequence.

In [7, 8] we assumed that the multiplicity sequence A belongs to a certain class denoted by
U(d,0). This class and the weighted Banach spaces involved will be recalled in Section 2, while the
main results from [7, 8] will be restated in Section 3.

In this paper we continue our investigations by considering a moment problem in a weighted L2
space on the real line. Our result, Theorem 4, is proved in Section 5. Prior to that, we introduce
in Section 4 some notions from Non-Harmonic Fourier Series such as Bessel and Riesz—Fischer
sequences that will play a decisive role.

The following interesting result is a special case of Theorem 4.

Theorem 1. Let

2mt2 s
w(t) = 7 7 where meN.
0, t <0,

Let {pn}5°, be the increasing sequence of prime numbers and let , = pny1 — pp for each n € N,
that is, wy is the distance between consecutive primes. Then, for any real number v < 2, there
exists an entire function f admitting a Taylor-Dirichlet series representation

00 tn—1
f(z) = Z ( Z Cn,k2k>ep"z, cnk €C, V2zeC,
n=1 k=0

with the series converging uniformly on compact subsets of C, so that

/ 672w(t)tkep"tf(t) dt=pP*, VneN and k=0,1,2,...pu, — 1.
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2. Notations and definitions from [7, 8]

2.1. Weighted Banach spaces

Definition 1. We denote by A, the class of all non-negative convex functions w(t) defined
on the real line that satisfy the following properties:

(i) w(0) =0 and w(t)>t>, Vt>72>0,
(ii) there is some p >0 so that w(t) < p|t|] ¥Vt <O,

(iii) for all A > 0 there is a positive number t(A) such that w(t+ A) > w(t) +t, Vt>t(A).

Ezample 1. Let

t2m+2 t>0
w(t) = " 777 where meN,
0, t <0,

then w € A, ;.

For p > 1 we denote by L%, the weighted Banach space of complex-valued measurable functions f
defined on R such that

/ () e DP dt < oo,

[e'e) l/p
111z = ( / If(t)e_w(t)lpdt> |

—00

equipped with the norm

As usual, L2 is a Hilbert space when endowed with the inner product
()= [ g0 ae

2.2. The class of multiplicity sequences U(d,0)

We say that a multiplicity sequence A = {\,,, 1, }72 1 has finite density d counting multiplicities,
if
na(t
lim at)
n—oo

=d < oo, where np(t):= Z .- (2.1)

An <t
If p,, = 1 for all n € N the above is equivalent to

n
— —d as n— oo.
An

Definition 2. We denote by L(c,d) the class of strictly increasing sequences A = {an}o
having positive real terms a, such that A has a finite density d and uniformly separated terms for
some ¢ > 0, that is,

n

— —=d as n—>00, apy1—ap>c VneN,
an,
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Suppose now that a sequence A={ay, }2° ; belongs to the class L(c, d). Then choose two positive
numbers «, ¢ so that

a<1l and ¢ < min{4,c}.

For each n € N consider the closed segment T}, := {x : |z — a,| < a%} C R. Then, choose a point
in T, that we call b,, in an almost arbitrary way, in the sense that

for all n#m either (I) by, =b, or (II) |by — byl >4.

Hence a new sequence B = {b, }*2 is constructed.

We remark that the condition (I) allows for the presence of multiple terms in B. We may now
rewrite B = {b,}5°; in the form of a multiplicity sequence A = {\,, uin }22 1, by grouping together
all those terms that have the same modulus.

Definition 3. Fizx a nonnegative constant d. We denote by U(d,0) the class of all the multiplic-
ity sequences A = {\,, n }02, constructed in the way described above from sequences A = {an}22
which belong to the class L(c,d), for any positive constants «, §, ¢, with o < 1 and 6 < min{4, c}.

Remark 1. Clearly L(c,d) is a subclass of U(d,0).

We now mention two important properties of a sequence A € U(d,0) [8, Section 2].

(1) A has the same density d counting multiplicities as the original sequence A from which it
was constructed, that is, (2.1) holds.

(2) There exists some x > 0 independent of n, so that

pn < XA, VneN. (2.2)

We also note that since a < 1, then /A, — 0 as n — oo, hence for every € > 0 there is n(e) € N
so that

tn < €N, YV n>n(e). (2.3)

Remark 2. We use the notation U(d,0) since A has density d and pu,/\, — 0 as n — oo. That
is, the second parameter in our notation stands for the relation between the multiplicities u, and
their corresponding frequencies \,,.

An interesting multiplicity sequence in the U(1,0) class with unbounded multiplicities is the
following,.

Ezxample 2. Let {p,}52; be the increasing sequence of prime numbers, and let p, = pp+1 — pn
for each n € N. Then A = {py, un}22; belongs to the class U(1,0). It can be constructed in the
way described above from the set N of natural numbers which has density 1 (see [7, Example 1.3]
and [8, Example 2.1]).

3. Our previous main results and the new one

Assuming that a multiplicity sequence A = { Ay, 1n }52 1 belongs to the class U(d, 0), we obtained
in [7] necessary and sufficient conditions in order for the span of Ej to be dense in L.
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Theorem 2 [7, Theorem 1.1]. Let w(t) be a function which belongs to the class A, and sup-
pose that A € U(d,0) for some d > 0. Then the span of the system E\ is not dense in L%, for all
p € [1,00), if and only if there exists n € R such that

oo w(op(t) — n) Hn
—— L dt t) =2 . 3.1
/1 112 <o, aalt) ;t 0 (3.1)

We then characterized in [8] the closure of the non-dense span of Ex. Moreover, in [8] we also
derived an upper bound for the norm of the elements of a biorthogonal sequence

ra=A{rnr: neN, k=0,1,...,u, — 1} cL?
to the system Fj in L2, where biorthogonality means
1, j=n, =k,
o
/ rag(t)teNte W dt =0, j=n, 1€{0,1,...,pmn—1}\ {k},
- 0, j#mn, 1€{0,1,...,p;—1}.
Theorem 3 [8, Theorems 2.1 and 6.1]. Suppose that A € U(d,0) for some d >0, w(t) € A, -

and (3.1) holds.

Part I. Let f be a function which belongs to the closed span of Ex in L%, for some p > 1. Then
there is an entire function g(z) which admits a Taylor-Dirichlet series representation

o] fn—1
o) = 2 (3 ewst)e cueC, vaee
n=1 k=0

with the series converging uniformly on compact subsets of C, so that f(z) = g(x) almost everywhere
on the real line.

Part I1. There is a unique biorthogonal sequence v to the system Ep in L2, which belongs to its
closed span, such that for every e > 0 there is a constant m. > 0, independent of n and k, so that

7 kllL2 < meexp {(—2d+ €)An log)\n}, VneN, k=0,1,...,u, — 1. (3.2)
Our aim in this article is to prove the following moment problem result.

Theorem 4. Suppose that A € U(d,0) for some d >0, w(t) € A, and (3.1) holds. Consider
a doubly-indezed sequence of non-zero complexr numbers

{dor:neN k=01, p,—1}

such that log A
lim sup %ggn =y <2d, A,=max{|duil: k=01, pn—1}. (3.3)

Then there exists a function f € span (Ey) in L2 that extends analytically as an entire function,
admitting a Taylor-Dirichlet series representation

e’} pn—1
flz) = Z (Z cn,kzk> er* c,r€C, YzeC,

n=1 k=0

with the series converging uniformly on compact subsets of C, so that

/ e 2w keAnt £(4) dt = dpi, VneN and k=0,1,2,... 0, —1. (3.4)

—00
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We point out that similar moment problems were considered in [8, Theorems 1.2 and 7.1] but
the solution obtained is a continuous function on R rather than an entire function.

We also note that Theorem 1 follows by combining Theorem 4 with Example 1, Example 2,
and

Remark 3. Suppose that A has a positive density d. A sufficient condition for (3.1) to hold (see
the proof of [8, Theorem 2.2]) is if w(t) € A, such that

1
2 <wt)<et, Vt>71>0, 0<E< o
The following results are direct consequences of Theorem 4.

Corollary 1. Let w(t) be as in Example 1.

(A) Suppose that {\, }5°; is a sequence in the L(c, d) class for some d > 0 and consider a sequence
of non-zero complex numbers {d, }>2, such that

log |dy|

lim sup < 2d.

n—o0 )\n log )‘n

Then there exists an entire function f admitting a Dirichlet series representation
o
f(z) = cheA”Z, c, €C, VzeC,
n=1

with the series converging uniformly on compact subsets of C, so that

[e.e]
/ e~ Wt r(ydt = d,, VneN.
—00
(B) There exist entire functions f and g admitting a Dirichlet series representation

f2) =) cne™, g(z) =) dne™,
n=1 n=1
so that for all n € N we have

/ 672w(t)entf(t) dt = nn’ / ef2w(t)entg(t) dt = n.

—00
4. Bessel and Riesz—Fischer sequences

The proof of Theorem 4 depends on Theorem 3 and utilizes the following notions from Non-
Harmonic Fourier Series.

Let H be a separable Hilbert space endowed with an inner product (-), and consider two
sequences {f,}72, and {g,}>2, in H. We say that [6, Chapter 4, Section 2|:

(1) {fn}>2, is a Bessel sequence if there exists a constant B > 0 such that

\(f, fa) 2 < Bl|IfI> ¥ feH.

NE

n=1
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(ii) {gn}2>, is a Riesz-Fischer sequence if the moment problem (f,g,) = ¢, has at least one
solution f € H for every sequence {c,}°°; in the space [*(N).

Remark 4. It follows from [3, Proposition 2.3] that if two sequences {f,}>2, and {g,}>2; in H
are biorthogonal, that is
1, m=n,
0, m#n,

<fnagm> = {

and {f,}°°  is a Bessel sequence, then {g,}>°, is a Riesz-Fischer sequence.

We give now a sufficient condition in order for {g,}7°; to be a Riesz—Fischer sequence.

Lemma 1. Let H be a separable Hilbert space and consider two biorthogonal sequences { fn}5 4
and {gn}22 1 in H. Let ¢y m = (fn, fm) and let C = (cpm) be the Hermitian Gram matric associated
with {fr}o2 . If there is some M > 0 so that

o
Z’Cnvm’<M for all m=1,2,3,..., (4.1)

n=1
then {fn}o2 1 and {gn}5°, are Bessel and Riesz-Fischer sequences respectively in H.

P roof. Relation (4.1) implies that the Gram matrix C defines a bounded linear operator on
the space of sequences [?(N) (see [4, Lemma 3.5.3] and [6, Sec. 4.2, Lemma 1]). It then follows by
[4, Lemma 3.5.1] that {f,} 2, is a Bessel sequence in H. By Remark 4 we conclude that {g,}°,
is a Riesz—Fischer sequence in H. O

5. Proof of Theorem 4

Clearly span (E,) in L2 is a separable Hilbert space and let us denote this space by Hy. From
Theorem 3 (Part II), let {r,x} be the biorthogonal sequence to Ex which belongs to its closed
span.

Then, define for every n € N and k =0,1,..., u, — 1 the following:

tkeA”t
Un,k(t) = )\ndn,krmk(t) and mG(t) = —.
)\ndn,k

It easily follows that {U,, ;} and {V}, } are biorthogonal sequences in Hy.
We now claim that {U,, ;} and {V,, ;;} are Bessel and Riesz-Fischer sequences respectively in Hj.
First, since (3.2) and (3.3) hold, if we let € = (2d — 7)/2 we get

|Unillzz <e , VneN and k=0,1,2,... 4, — 1.
Then, by the Cauchy-Schwartz inequality we get
(Upis Un )| < e emm VmomeN k=0,1,2,... .00 —1 §=0,1,2,...,pm—1. (5.1)

Next, let ¢, 5 m,; be the value of (U i, Upn,;) and let C be the infinite dimensional hermitian
matrix with entries the ¢, i m ;’s, that is C is the Gram matrix associated with {U,, ;}. From (2.3)

and (5.1) we get
pm—1

o
2, 2 lenkmyl < oo

n=1 k=0 m=1 j=0

o0 /J«nfl
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It then follows from Lemma 1 that our claim is valid.
Thus, the moment problem

/ FO Ve Wat =a,), YneN and k=0,1,2,... 0, — 1,

. . —1 .
has a solution in Hp whenever > 07 >°4" - |ay, x|? < co. Now, if we let

1
amk:)\— VneN and k=0,1,...,u, —1,

n

then the density of A and relation (2.2) imply that

0o pn—1 00 "
S5 S
n=1 k=0 n=1"T"T

Thus, {a,x} belongs to the space [*(N). Hence, and recalling the definition of Vj, j, there is some
function f € Hp so that

[e%] tkeAnt 1
/ f(®) (d 3 )e‘zw(t)dt: 1 YneEN and k=012 -1
[eS) n,k\n n
Clearly now (3.4) holds.

Finally, since f € Hj it follows from Theorem 3 (Part I) that f extends analytically as an entire
function admitting a Taylor—Dirichlet series representation. Our proof is now complete.
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