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Abstract: Let ¢ be a positive definite and continuous function on R, and let x be the corresponding Bochner
measure. For fixed e,7 € R, € # 0, we consider a linear operator A . generated by the function ¢:

Aer (D@ i= [ €77 f(t+ ewdu(w), teR, feCD).
R
Let J be a convex and nondecreasing function on [0, +00). In this paper, we prove the inequalities
lAe,7 (H)llp < L)1l /TJ(\As,T(f)(t)I) dt < /TJ(<P(0)|f(t)|) dt

for p € [1,00] and f € C(T) and obtain criteria of extremal function. We study in more detail the case in which
e=1/n,n €N, 7 =1, and ¢(z) = #%(x), where 8 € R and the function 1 is 2-periodic and positive definite.
In turn, we consider in more detail the case where the 2-periodic function 1 is constructed by means of a finite
positive definite function g. As a particular case, we obtain the Bernstein—Szegé inequality for the derivative in
the Weyl-Nagy sense of trigonometric polynomials. In one of our results, we consider the case of the family of
functions gy p (%) := hg(x) + (1 = 1/n — h)g(nz), where n € N, n > 2, —1/n < h < 1—1/n, and the function
g € C(R) is even, nonnegative, decreasing, and convex on (0, +00) with supp g C [—1,1]. This case is related to
the positive definiteness of piecewise linear functions. We also obtain some general interpolation formulas for
periodic functions and trigonometric polynomials which include the known interpolation formulas of M. Riesz,
of G. Szegd, and of A.I. Kozko for trigonometric polynomials.

Key words: Positive definite function, Trigonometric polynomial, Weyl-Nagy derivative, Bernstein—Szeg6
inequality, Interpolation formula.

1. Introduction

The role of positive definite functions in obtaining sharp inequalities for trigonometric polyno-
mials and entire functions is well known (see, for instance, Boas [6, Ch. 11], Timan [22, Sect. 4.8],
Lizorkin [13], Gorin [9], and Trigub and Belinsky [23]). For instance, the classical Bernstein in-
equality max | f'(z)| < nmax |f(z)| for trigonometric polynomials of degree at most n is related to
the positive definiteness of the function (1 — |z|)+. A historical survey of such inequalities and the
methods of their proof are given in the works by Gorin [9], Arestov and Glazyrina [5], Gashkov [8],
and Vinogradov [25]. In the present paper, we obtain sharp inequalities for continuous periodic
functions and, in particular, for trigonometric polynomials. These inequalities are related to posi-
tive definite functions. As consequences, we obtain generalizations of Bernstein—Szeg6 inequalities.
We give criteria and descriptions of extremal functions in these inequalities.

A complex-valued function f : R — C is called positive definite on R (f € ®(R)) if, for any
m € N, any set of points {z;};; C R, and any complex numbers {c;}7, C C, the following
inequality holds:

m
> adif(wp — ;) = 0.
kj=1

It is easy to verify that, for any 3 € R, the function f(z) = €?#* is positive definite. For a function in
®(R), the continuity at zero is equivalent to the continuity on R. If f, g € ®(R), then |f(z)| < f(0),
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f(=z) = f(@), |fz+y)— f(@)]* < 2f(0)(f(0)~Ref(y)), z,y € R, and f, Re f, fg € ®(R). In 1932,
S. Bochner and, independently, A. Khinchin proved the following criterion of positive definiteness.

Theorem 1 (Bochner-Khinchin). The inclusion f € ®(R) N C(R) holds if and only if there
erists a finite nonnegative Borel measure p on R such that

flz) = /emd,u(t), z €R.

R

The proof of this theorem can be found, for instance, in [2, 7, 19, 23, 24]. As a direct consequence,
we obtain the following criterion of positive definiteness in terms of nonnegativity of the Fourier

~

transform: if f € C(R) N L1(R), then f € ®(R) < f(t) >0, t € R, where
)= [ e f(x)dx, teR.
/

2 . .
T” are positive

Using this criterion, it is not difficult to see that the functions (1—|z|)4, e~ %I, and e~
definite.
We denote by C(T), T := [—m, 7], the class of 27-periodic continuous functions f : R — C. For

f € C(T), we define
1/p
[flloo := sup{|f ()| : ¢ €T} and [[f[|,:= (/ !f(t)\pdt> , 1<p<oo.
T

Let ¢ € ®(R) N C(R), and let u be the corresponding finite nonnegative Borel measure on R
such that

o(z) = /eimd,u(u), x €R.
R
For fixed e,7 € R, € # 0, we consider the linear operator A, ; generated by the function ¢:

A (F)(8) = / e F(t 4+ eu)dp(u), tER, feC(T). (11)
R

The function A -(f)(t) is continuous on R and 2m-periodic. Therefore, A, : C(T) — C(T). In
this paper, we prove the inequalities

[Ae~(Fllp < O] flp, /J(IAe,T(f)(t)l) dt < /J(w(O)If(t)l) dt,

T T

where 1 < p < oo, f € C(T), and J is a convex nondecreasing function on [0, +00). In addition, we
obtain some criteria of extremal function in these inequalities (see Theorems 2 and 4 and Remark 2).
We study in more detail the case in which e = 1/n, n € N, 7 = 1, and ¢(z) = €%y (z), where 3 € R
and v is a 2-periodic function of the class ®(R) N C(R) (see Theorem 5 and Remarks 4 and 5). In
turn, we consider in more detail the case where a 2-periodic function 1 is constructed by means of
a finite function g € ®(R) N C(R) (Theorem 6). As a particular case, we obtain the Berstein—Szegé
inequality for the Weyl-Nagy derivative of trigonometric polynomials (Remark 7). In Theorem 8,
we consider the case of the family of functions g/, () := hg(x) + (1 — 1/n — h)g(nz), where
neN,n>2 —1/n<h<1-1/n, and the function g € C(R) is even, nonnegative, decreasing,
and convex on (0,+00) with suppg C [—1,1]. This case is related to the positive definiteness of
piecewise linear functions [15]. In Theorem 9 and Corollary 3, we obtain general interpolation
formulas for periodic functions which include the known interpolation formulas of M. Riesz, of
G. Szegd, and of A.I. Kozko [11] for trigonometric polynomials (see Remark 8).
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2. Auxiliary facts of measure and integration theory

We recall some well-known facts which are used in the paper to describe extremal functions. In
this section, a measure p is a nonnegative countably additive function defined on a o-algebra v with
identity element €. For p € (0,+00), the class L,(2,7, ) is the set of all y-measurable functions

f: Q0 — C such that
1/p
I£i= ([ 170 du(w) " < o
Q

The class Loo(€2,7, 1) is the set of all y-measurable functions f : Q@ — C for which there exists
K = K(f) < 400 such that |f(u)] < K for u-almost every u € Q. For f € Loo(€2,7, 1), the norm
is defined by the formula

| flloo :=inf{K : |f(u)] < K for u-almost all u € Q}.

For convenience, we assume that L, (€, v, 1) = L,(, u) = Ly(9).

Proposition 1. Let (Q,v,u) be a measurable space with measure. If f € L1(Q, i), then

'/f ) du(u /|f ) du(u

and the inequality turns into an equality if and only if the equality f(u) = ¢%|f(u)| holds for some
0 € R and for p-almost all u € €.

Proof. See for instance, [18, Theorems 1.33 and 1.39]. Obviously, for some € R, we have

‘ [ ) dut)| = [ sy dutu) - / &% f(u) / Re(e™ f (u) dps(u / £ ()] dpu
Q Q

and the inequality turns into an equality if and only if Re(e” f(u)) = | f(u)| for u-almost all u €
or if and only if ¥ f(u) = | f(u)| for y-almost all u € . O

Proposition 2. Assume that J is a convez function on R, (Q,~, 1) is a measurable space with
finite measure, () >0, and f is a real-valued function in Ly(2, ). Then

e ! ) duw)) < — - ! T(f (w)) du(u) (2.1)

If the function J is strictly convex at the point o = [q f(u)dp(u)/pu(SY), then equality in (2.1) is
attained if and only if f(u) = « for p-almost all u € Q.

For a proof of this result, see, for instance, [12, Sect. 2.2].
The next proposition will be needed only in Remark 3.

Proposition 3. Let (2,7, 1) be a measurable space with measure. Then:
(i) if, for some g > 0, we have f € L,(Q) for all p € [q,+00) and limianpr < 400, then
p——+o0

[ € Lucl2) and [l < Timin |1,
(ii) if, for some ¢ > 0, we have f € Loo(Q) N Ly(2), then f € L,y(Q) for all p € [q,+00) and
1Flloe = 1 L 1lp-
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Proof (i) We take a sequence {p,}, n € N, such that p, > 0, p,, = +oo, and || f||,, —
c = lim}_nf | fll, = 0. For an arbitrary o > ¢, we define € := (0 — ¢)/2 > 0. Then there exists
p——+00

a number n(o) such that the inequality ||f||,, < c+¢e = (04 ¢)/2 < o holds for all n > n(c). The
Chebyshev inequality implies that

w{r € Q: |f (@) = 0}) < (%)p 50, n— too.

Therefore, |f(z)| < o for p-almost all z € Q and, hence, ||f|lc < c.
(ii) If || fll = O, the required assertion is obvious. Let ||f|l; > 0. Then, for any p > g, the

inequality ||f]l, < || f Hé’é‘q)/ Pl f Hg/ P holds. This inequality and assertion (i) yield

lim su < < liminf < limsu .
imsup | £, < [ < limind 1], < limsup |1,

O
3. Sharp L,-inequalities for periodic functions
Equality (1.1) implies the inequality
[Ae-(f) ()] < / |f(t+eu)ldu(u), feC(T), teR. (3.1)
R

Obviously, [|Ae,r(f)llsc < ¢(0)[|floc-
If 1 < p < oo, then inequality (3.1) along with the Minkowski inequality [12, Theorem 2.4]

yields
4 (Dl =( T/ acapra) < ([ [iresei) a)’

T R
1
p
< [([1e+ cwpar) aut) = 171,
R T
It follows from the Fubini theorem that the Fourier series of the function A. ,(f)(t) has the form
Ar () ~ > plek = T)en(N)e™, [ € C(T), (32)
keZ

where ¢k (f) are the Fourier coefficients of the function f:
n(f) = — [ fyear, kez
k 27 ’ )

Let us find sufficient conditions for the equality

[Ae.+(N)llp = £ O flp- (3-3)

If [p(es — 7)| = ©(0) for some s € Z, then equality (3.3) holds for the polynomial f(t) = ce®,
¢ € C, since, in this case, A.(f)(t) = p(es — T)ce’. If 7/e € Z, this condition is satisfied
for s = 7/e.
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If, for some s, m € Z, s # m, we have
lp(es = 7)| = [w(em — 7)| = ©(0), (3.4)
then equality (3.3) holds for the polynomial f(t) = ce®! + ve'™ ¢ v € C, since, in this case,
Ac(f)(t) = p(es — T)ce + p(em — T)ve™.
We only need to take into account that, for any J, @ € R, the following equalities hold:

Hceist + ei5ueimt“ — Hceis(t—l—a) + eiéyeim(t—l—a)H — Hceist + ei(&—l—ma—sa)yeith )
p p

p

In particular, the latter equality holds for o = §/(s —m).
If 7 #0, |o(—27)| = ¢(0), e = 7/n, and n € N, then condition (3.4) is satisfied for s = n and

m = —n. Hence, | A,/ ()l = ©(0)||fl, for the polynomial f(t) = ce™ + ve~™" with ¢,v € C.
Thus, we have proved the following theorem.

Theorem 2. Assume that ¢ € ®(R)NC(R), 7, € R, and € # 0. Then:
1) the operator Ac . acts from C(T) to C(T), is a multiplier, and satisfies the inequality

[Aer(Nllp < 0O fllp, T<p<oo, fel(T) (3.5)

2) if, for some s € Z, the condition |p(es — 7)| = ¢(0) is satisfied, then equality in (3.5) is
attained at the polynomials f(t) = ce’, c € C. If T/ € 7Z, this condition is satisfied for s = 7 /.

If, for some s,m € Z, s # m, condition (3.4) is satisfied, then equality in (3.5) is attained at
the polynomials f(t) = ce’ + vei™ c,v € C.

If 7 # 0 and |p(—27)| = ¢(0), then equality in (3.5) for e = 7/n, n € N, is attained at the
polynomials f(t) = ce™ + ve=™ c v € C.

Remark 1. In connection with the conditions in Theorem 2, the following simple property
of positive definite functions is useful: if ¢ € ®(R) and, for some y,6 € R, y # 0, we have
©o(y) = ©(0)e’?, then ¢(x) = f(x)e"*, where f € ®(R) and f is periodic with period |y| > 0.
Indeed, the function f(x) = ¢(z)e~"* is the product of two positive definite functions. Therefore,
f € ®(R) and, hence, for any = € R, we have

(@ +y) = f(@)* < 2£(0)(£(0) — Ref(y))-

Since f(y) = o(y)e™™ = p(0) = f(0) > 0, we have f(x +y) — f(z) = 0 for all z € R.
If, in addition, ¢ € C(R), then the Bochner measure of the function ¢ is discrete and concen-
trated at the points ty, = 27k /|y|+9, k € Z, and pu({tx}) = cx(f) > 0, k € Z (see Theorem 3 below).

Remark 2. When p = oo, inequality (3.5) turns into an equality at some function f € C(T)
(see inequality (3.1) and Proposition 1) if and only if the equality f(£ + eu) = e/ +8)|| f||o holds
for some &, 5 € R and p-almost all u € R.

When p = 1, inequality (3.5) turns into an equality at some function f € C(T) (see inequa-
lity (3.1) and Proposition 1) if and only if, for any ¢t € R, there exists a number §(t) € R such
that the equality f(t 4 eu) = e +P®)| f(¢t 4 eu)| holds for p-almost all v € R. This implies that
if a function f € C(T) is extremal in inequality (3.5) with p = 1, then any function of the form
cf(t)g(t), where c € C, g € C(T), and g(t) > 0 for all t € R, is also extremal.

When p € (1,00), inequality (3.5) turns into an equality at some function f € C(T) if and
only if, for any + € R and p-almost all u € R, the equality f(t + cu) = e™7¢(t) holds, where
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c(t) = A+ (f)(t)/¢(0) € C(T) (for such p, see Theorem 4 below for J(t) = tP).

Remark 3. 1If 1 < p < oo, the class C(T) is everywhere dense in L,(T) (the Lebesgue measure
is taken as a measure). Therefore, inequality (3.5) implies that the multiplier A, ; : C(T) — C(T)
defined by formula (3.2) is extended to the multiplier A, ; : L,(T) — L,(T), 1 < p < oo, and

[Aer(Nllp < @O fllp, T<p<oo, feLy(T). (3.6)
Hence, A. ; : Loo(T) = Loo(T) and inequality (3.6) holds with p = co. We only need to use the

well-known facts from measure and integration theory (see Proposition 3).

4. Periodic positive definite functions

The following description of periodic functions of the class ®(R) N C(R) is well known (see, for
instance, [7, Theorem 1.7.5] and [10, Sect. II.1]).

Theorem 3. If ¢ € C(R) and ¢ is 2T -periodic with T > 0, then ¥ € ®(R) if and only if
ck(¥) >0, k € Z, where

T
1 —imkx
ek (V) = T /¢(m)e ke/Tde, ke Z.
-T

In this case, the function 1 is expanded into the absolutely convergent Fourier series

P(x) = ch(q/})e”kx/T, z €R.

keZ

Corollary 1. Assume that f € ®(R) N C(R), suppf C [-1,1], and a 2-periodic function
Y(z) coincides with the function f(x) for x € [—1,1]. Then ¢ € ®(R) N C(R) and ¢Y(z — 1) =
flz=1)+ f(x +1) for x € [-2,2].

Proof. Since ¢)(£1) = f(£1) =0, we have ¢ € C(R) and

1

2k (V) = / flx)e ™2 dy = f(xk) >0, ke Z.

-1

Therefore, 1) € ®(R) N C(R). Since supp f C [—1, 1], we obviously have

Y—1)=> fl—1+2k), zeR

keZ

Only terms with £ = 0 and k& = 1 remain in this sum for z € [-2,2]. O

5. Sharp integral inequalities for periodic functions

Let ¢ € ®(R) N C(R) and ¢(0) > 0. Assume that J is a convex nondecreasing function
on [0,400). Then J is continuous on [0,+00) and can be extended to R with preservation of
convexity (for instance, by defining J(t) := J(0) for ¢ < 0 or by means of the even extension).
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Successively using the monotonicity and the Jensen inequality (see, for instance, [12, Sect. 2.2] or
Proposition 2), for f € C(T), we derive from inequality (3.1) that

J (ﬁme;m(m) < J(ﬁ / \f(HEU)\dM(U))
R
o

(5.1)
<

/J (F(t +eu))) du(u), teR.

R

We integrate the left-hand and right-hand sides of inequality (5.1) with respect to t € T. Applying
the Fubini theorem and taking into account the periodicity of f, we obtain

T/ 7 (Aer 1) a < T/ TS .

In view of the arbitrariness of f, it is convenient to write the latter inequality in the form

/ T (Ae(F)(D)]) dt < / T (0(0)|f 1)) dt. (5.2)
T

T

Inequality (5.2) also holds if ¢(0) = 0, since, in this case, ¢(z) = 0 and, hence, A, ;(f)(t) = 0 for
any f € C(T). Thus, we obtain the following theorem.

Theorem 4. Assume that ¢ € ®(R)NC(R), 7,6 € R, € # 0, and J is a convex nondecreasing
function on [0,4+00). Then:

1) The operator A, ; generated by the function ¢ by formula (1.1) satisfies inequality (5.2) for
any function f € C(T).

2) If the condition |p(es — )| = ¢(0) holds for some s € Z, then equality in (5.2) is attained at
the polynomials f(t) = ce®', c € C. If 7/ € Z, then this condition holds for s =T/e.

If condition (3.4) holds for some s,m € Z, s # m, then equality in (5.2) is attained at the
polynomials f(t) = ce™' 4+ ve™, c,v € C.

If 7 # 0, |p(—=27)] = ¢(0), € = 7/n, and n € N, then equality in (5.2) is attained at the
polynomials f(t) = ce™™ + ve™™ c,v € C.

3) If the function J is strictly convexr at any point of the interval (0,400) and ©(0) > 0, then
inequality (5.2) turns into an equality at some function f € C(T) if and only if, for any t € R and
p-almost all u € R, the equality e~ f(t + eu) = c(t) holds, where c(t) = A.-(f)(t)/(0) € C(T).

Proof. Only the latter statement needs to be proved. The sufficiency is obvious. Let us
prove the necessity. Let inequality (5.2) turn into an equality for some function f € C(T). Then
inequalities (5.1) turn into equalities for all ¢ € R. Let

1
alt) = WR/U(HW)W(U), LER.

Obviously, a(t) > 0 for all ¢t € R. If a(t) = 0, then f(t+eu) = 0 for p-almost all v € R and, in this
case, c(t) = 0. If a(t) > 0, then |f(t+eu)| = a(t) for y-almost all u € R (see Proposition 2). Since
the function J strictly increases on [0, +00), inequality (3.1) also turns into an equality for all ¢ € R.
Therefore, for some §(t) € R and p-almost all v € R, we have the equality (see Proposition 1)

e—im—f(t + au) _ 6iﬁ(t)‘e_im—f(t + &?u)] — eiﬁ(t)a(t) = c(t),
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This implies that A. - (f)(t) = ¢(0)c(t), t € R. O

For e =1/n,n € N, and 7 = 1, we can distinguish the case where the condition on the extremal
function in Theorem 4 is more clear.

Theorem 5. Let o(x) = eP¥y)(x), where B € R, and let ¥ be a 2-periodic function in ®(R) N
C(R). Let J be a conver nondecreasing function on [0,+00). Then the operator Ay, 1, n € N,
generated by the function ¢ by formula (1.1) for e = 1/n and 7 =1 satisfies the inequality

/ T (A1 s (H®)) dt < / JWOfW) dt, | e ), (5.3)
T

T

Inequality (5.3) turns into an equality, in particular, at every function f € C(T) whose Fourier

series has the form
Z d n(2m+1)t (54)
meZ

If the function J is strictly convex at any point of the interval (0,400) and ¥(0) > 0, then
inequality (5.3) turns into an equality at some function f € C(T) if and only if the functions
(=1)%f (t + Z2) are identical on R for all s =0,...,2n — 1 such that ps(n, ) > 0, where

V)= chromm(¥), kELZ, (5.5)
MmEZ

and ¢ () > 0, k € Z, are the Fourier coefficients of the function 1. If, in addition, the inequalities
ws(n, ) >0 and psyi(n,) > 0 hold for some s € Z, then inequality (5.3) turns into an equality
only at functions f € C(T) whose Fourier series has the form (5.4).

Proof. Inour case, p € ®(R)NC(R) and ¢(0) = 1(0). Therefore, inequality (5.3) follows
immediately from inequality (5.2).

Since the function 1 belongs to ®(R) N C(R) and is 2-periodic, its Fourier coefficients ¢ (1)),
k € Z, are nonnegative and 1 is expanded into an absolutely convergent Fourier series. Then the
function ¢ is also expanded into an absolutely convergent series:

Z ek (v mhtB)z 0 e R,
kEZ

It follows from this representation that the Bochner measure p of the function ¢ is concentrated at
the points t, = 7k + (3, k € Z, and pu({tx}) = cx(¢¥), k € Z. Therefore, for any f € C(T), we have

Ana (D) =P 04 (4% ) aw), tek

keZ

Taking into account the periodicity of f, it is convenient to divide the terms in this sum into disjoint

groups in which the summation index has the form k + 2nm with m € Z and kK = 0,...,2n — 1.
Then -
i Tk + B
Agna(D0) = X 0 (14 T8 ) i, eem (5:6)
k=0

where the numbers px(n, 1) are defined by formula (5.5). For these numbers, the following equalities
hold:
2n—1
> k() =D () =(0);  pr(n,) = prron(n, ), k€ Z. (5.7)
k=0

kEZ
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If a function f belongs to C(T) and its Fourier series has the form (5.4), then, obviously,
(=1)*f(t+ms/n) = f(t) for all s € Z. Therefore, for such functions, we have Ay, (f)(t) =
e"Y(0)f (t + B/n) and inequality (5.3) turns into an equality.

If the function J is strictly convex at any point of the interval (0,+o00) and ¢(0) > 0, then
Theorem 4 implies that inequality (5.3) turns into an equality at some function f € C(T) <= the
functions (—1)%f (¢t 4+ (ws + B)/n) are identical on R for all s € Z such that u({ts}) = cs(¢p) > 0

<= the functions (—1)°f(t + ms/n) are identical on R for all s = 0,...,2n — 1 such that
ts(n, 1) > 0. The latter equivalence is a consequence of the following properties: (1) the functions
of this family with numbers s € Z and s + 2nm, m € Z, are identical; (2) cx(¢) > 0, pg(n,v) > 0,
k € Z, and pug(n,v) >0 <= cipionm(¥) > 0 for some m € Z.

Assume that inequality (5.3) turns into an equality at some function f € C(T). If, in addition,
the inequalities pg(n,?) > 0 and psi1(n,1) > 0 hold for some s € Z, then, by what has been

proved,
1
(—1)*f (t + ”—S) = (—1)**1f <t+ M) .
n n
Then, for the Fourier coefficients of the function f, we have the equalities c(f) = —e*™/ "¢ (f),
ke Z. If ¢t (f) # 0 for some k € Z, then k = n(2m + 1) for some m € Z. This means that the
Fourier series of the function f has the form (5.4). The theorem is proved. 0

Remark 4. Let ¢(z) = eiﬁml/}(x), where S € R, and assume that a 2-periodic function
belongs to ®(R) N C(R) and satisfies the inequality ¢/(0) > 0. Then the operator A;,;, n € N,
satisfies the inequality (see (5.3) for J(t) =t, 1 < p < oo, or (3.5) fore =1/n, 7 =1)

[A1 /1 ()l <O fllp, 1<p<oo, fel(T). (5-8)

This inequality turns into an equality, for instance, at every function f € C(T) whose Fourier series
has the form (5.4), since, for such functions, Ay, 1(f)(t) = e P (0)f (t + 8/n). When 1 < p < oo,
only functions of the form (5.4) are extremal in inequality (5.8) if the inequalities us(n,v) > 0 and
ts+1(n, ) > 0 hold for some s € Z (see Theorem 5 for J(t) = t?). We state criteria for a function
to be extremal when p = oo and p = 1. Taking into account Remark 2 and the fact that the
Bochner measure p of the function ¢ is concentrated at the points tp = wk + 8, k € Z, and
u({tr}) = ck(vb) > 0, k € Z (see the proof of Theorem 5), we obtain:

1) When p = oo, inequality (5.8) turns into an equality at some function f € C(T) if and only
if, for some 7,d € R, the equality

(=1)*f (0 +7s/n) = €°||f o (5.9)

holds for all s = 0,...,2n — 1 such that ps(n,1) > 0. This condition is satisfied not only for
functions of the form (5.4). For instance, for s =0,...,2n, we set f(7ws/n) := (—1)°*M and, at the
remaining points ¢ € [0, 27], we define f so that it is continuous on [0, 27| with the only condition
|f(t)| < |M]. For such a function f, inequality (5.8) with p = co turns into an equality.

If ps(n,1p) > 0 for s = 0,...,2n — 1, then only polynomials of the form f(t) = ce™ + ve= ™,
c,v € C, are extremal among trigonometric polynomials of degree at most n for which inequal-
ity (5.8) with p = oo turns into an equality. Indeed, if f is an extremal polynomial of degree at
most n, then condition (5.9) is satisfied for s = 0,...,2n — 1 and, hence, for all s € Z. Then one
can use the arguments of [1, Sect. 84, p. 189] for entire functions in the class B, with o = n.

2) When p = 1, inequality (5.8) turns into an equality at some function f € C(T) if and only
if, for any ¢ € R, there exists a number §(¢) € R such that the identity

(~1°f (t+ %S) = (i) ‘f (t+ ”Sﬂ (5.10)

n
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holds for all s = 0,...,2n — 1 such that ps(n,1) > 0. This implies that if a function f € C(T)
is extremal in inequality (5.8) with p = 1, then any function of the form cf(t)g(t), where ¢ € C,
g € C(T), and g(t) > 0 for all ¢t € R, is also extremal. In particular, functions of the form h(t)g(t)
are extremal if the function h € C(T) has the form (5.4), g € C(T), and g(t) > 0 for all ¢t € R.
In some sense, the converse statement holds: if the inequalities pg(n,v) > 0 and psq(n,v) > 0
hold for some s € Z, a function f € C(T) is extremal in inequality (5.8) with p =1, and f(¢) # 0
for almost all ¢ € R (with respect to the Lebesgue measure), then the function h(t) := f(t)/|f(¢)]
belongs to Lo (T) and has the form (5.4) (see the proof of Theorem 5).

We note the following well-known fact. If a function f € C(T) is extremal in inequality (5.8)
with p = 1, then condition (5.10) implies that the function

g(u) = / £t +w)e D gt € C(T)
T

is extremal in inequality (5.8) with p = oo. Indeed, for all s =0, ...,2n — 1 such that us(n,v) > 0,
we have || f|ly = (=1)*g(ms/n) < [[gllc <|/f]l1 and, hence, (=1)*g(ms/n) = |g]|-

If ps(n,9) > 0 for s = 0,...,2n — 1, then only polynomials of the form f(t) = ce™ 4 ve= ™,
c,v € C, are extremal among trigonometric polynomials of degree at most n for which inequal-
ity (5.8) with p = 1 turns into an equality. Indeed, if f is an extremal trigonometric polynomial
of degree at most n, then condition (5.10) is satisfied for s = 0,...,2n — 1. Then one can use the
Riesz interpolation formula [16, 17] (see also [28, Ch. X, Sect. 3, (3.11)])

™

2n 2n
Zn) = Z(—l)s_lf (t + %S) as, where all a; > 0 and Zas =n,

sS= s=1

i <t—|—

which implies the equality ||f'||1 = n||f||1. Therefore, f(t) = ce™ +ve~™ c,v € C (see [3, Corol-
lary 6]).

Remark 5. 1f, in Theorem 5, the function J is convex and strictly increasing on [0, +oc) and
ws(n,p) > 0 for all s = 0,...,2n — 1 (this implies that ¥(0) > 0), then only polynomials of the
form f(t) = ce™ + ve~™ c,v € C, are extremal among trigonometric polynomials of degree at
most n for which inequality (5.3) turns into an equality. Indeed, if inequality (5.3) turns into an
equality at some function f € C(T), then the corresponding inequalities (5.1) and (3.1) turn into
equalities for any ¢t € R and, hence, inequality (5.8) with p = 1 turns into an equality at f. Then
we need to use the last statement in Remark 4.

In conclusion of this section, we note that the integral inequalities (5.2) for the class of trigono-
metric polynomials and for different differential operators and Szegé compositions were studied
by many authors, in particular, by A. Zygmund, V.V. Arestov, V.I. Ivanov, E.A. Storozhenko,
V.G. Krotov, P. Oswald, and A.I. Kozko. In this case, not only convex functions J were considered.
A history of this question was described in great detail in the paper by Arestov [4].

6. Generalization of Bernstein—Szegd inequalities

We denote by .%,, n € N, the set of trigonometric polynomials

f(t) = Z ettt = % + Z(ak cos kt + by sinkt), ¢ =cix(f) € C,
|k|<n k=1
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of degree at most n with coefficients in C, where ay := ¢ +c_x and by, := i(cy —c_g), k > 0. There
are several different definitions of fractional derivative. The following operator for r > 0 and 8 € R
presumably first appeared in the paper by Sz.-Nagy [21, equality (2) for m = 1, A(k) = k"]. For
f € Z,, we define

FER @) = Z |k|"etPsienk e, oiht — Z k" (a cos (kt + B) + by sin (kt + 3)) .
|k|<n k=1

For 8 = rm/2, we obtain the Weyl derivative which, for » € N, coincides with the usual derivative
of order r. Often, this operator is called the Weyl-Nagy derivative.

Let J be a convex and nondecreasing function on [0, +00). Kozko proved (see [11, Theorem 1,
Corollary 1]) that if 1 < p < oo, then, for any n € N, r > 1, and § € R, the following inequalities
hold:

[1(r ) as [reisapa. 1e s, (61)

T T
LFCD Ny <t | fllps | € P (6.2)

For the usual derivative, i.e., when r = 1 and = 7/2, inequality (6.2) was proved by Bernstein
in the case p = oco. For r = 1 and 8 € R, inequality (6.2) was obtained by Szegé [20] in the case
p = oo and inequality (6.1) was proved by Zygmund [28, Ch. X, Sect. 3, (3.25)] (his proof for real
polynomials is also true for polynomials in .%,). This and the identity

1,0
f(r-i-l,ﬁ)(t) = <f(r,5)(t)>( )7 r>0, BeR,

imply the validity of inequality (6.2) for any r € N. Inequality (6.2) for p =00, r > 1, 8 = —rn/2,
and 8 = 0 (the case of the Riesz derivative) was proved by Lizorkin [13, Theorems 2, 2/].

Obviously, inequalities (6.1) and (6.2) turn into equalities for the polynomials f(t) = ce’™ +
ve~mt c v € C. Szegd [20, p. 66] proved that, in inequality (6.2) with p = oo, there are no
other extremal polynomials in the case r = 1 and 8 # qm, ¢ € Z (see also arguments in [1,
Sect. 84, p. 189]). If, in addition, the function ¢J'(t) is strictly increasing on (0,+o00), then, in
inequalities (6.1) and (6.2) for 1 < p < oo, n € N, r > 1, and 8 € R, there are no other extremal
polynomials at least in the following cases (see [3, Corollary 6], [5, Theorems 1,2]): (1) in the case of
the usual derivative of order r e N; (2) n=1,r>1,and € Rorn > 2, r > In(2n)/In(n/(n—1)),
and B € R.

For r =1 and 8 # gm, q € Z, in inequalities (6.2) and (6.1) (if, in addition, the function J(t)
is strictly increasing on (0, 400)), only polynomials of the form f(¢) = acosnt + bsinnt, a,b € R,
are extremal in the class of real trigonometric polynomials. This result is due to Zygmund [28,
Ch. X, Sect 3, (3.24), (3.25)].

Other cases in which inequality (6.2) holds, when » < 1 or 0 < p < 1, were considered in the
paper by Arestov and Glazyrina [5], where these inequalities are called Bernstein—Szegé inequalities
and a complete history of such inequalities is given.

Inequalities more general than (6.1) and (6.2) are obtained from Theorem 5 under an appro-
priate choice of the function ¥. The method of construction of the function ¢ described below is
essentially contained in the paper by Lizorkin [13].

Assume that ¢ € ®(R) N C(R), suppg C [-1,1], and 8 € R. We consider the auxiliary
function F(z) := g(—2)e~#* x € R. Obviously, F € ®(R)NC(R) and supp F C [~1,1]. Using the
function F', we construct the 2-periodic function ¢ € ®(R)NC(R) (see Corollary 1). For x € [-2,2],
we have

Ya—1)=Fz—1)+Flz+1) =gl —z)e PN 4 g(—1 — g)e P+l
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Then .
) it [ 9=z, 0< @ <2
vle—1)=e { g(lz| =)™, —2<z <0.

Taking into account that the real and imaginary parts of a positive definite function are even and
odd functions, respectively, we obtain the equality 1 (z — 1) = e"#ePsignz g, (1) |z| < 2, where

go(z) = Reg(l — |z|) +isignzImg(1 — [zf), [z <2.
Obviously, the function op(z) := €1 (x) belongs to ®(R) N C(R) and
oz —1) =e Pgy()ePs8T = "B (Re g(1 — |z|) + isignz Im g(1 — |z]))e 8% |z| < 2. (6.3)

Consider the operator A/, ; generated by the function ¢ by formula (1.1) for ¢ = 1/n and 7 = 1.
We can apply Theorem 5 and Remarks 4 and 5 to this operator. It should be taken into account
that 1(0) = ¢(0) and cx(¢)) = g(—B — km)/2, k € Z. For polynomials f € Fa,, the operator A,
has the following form (see (3.2) and (6.3)):

— —if _ m . _ m i3 signk ikt
Aina(f)t) =e Z <Reg<1 n> +isignkImg <1 - e ck(f)e™ .
|k|<2n
We introduce one more parameter. Obviously, for any 6 € [—1, 1], the function
go(x) == ((14+0)g(x) + (1 —0)g(—x))/2 =Reg(x) + i Img(z), xR,

also belongs to the class ®(R)NC(R) and supp gg C [—1, 1]. Therefore, all the above arguments are
applicable to the function gy as well. It should be taken into account that, for the corresponding
function vy, we have 15(0) = go(0) = g(0) and

ck(Yg) = (1 +0)g(=6 — km) + (1 = 0)g(B + km))/4, k€ Z.

For the function @y(z) := e¥%y(z) € ®(R)NC(R), we consider the corresponding operator Aijna
with ¢ = 1/n and 7 = 1 (see (1.1)). We state the results obtained in Theorem 5 and Remarks 4
and 5 for the following operator defined on polynomials f € Fa,:

DESAIE) = Avjua (£)(1) =
o8 Z <Reg <1 — %) +10signkImg <1 _ ‘%’)) eiﬁsignkck(f)eikt. (6.4)

|k|<2n

Theorem 6. Assume that g € ®(R) N C(R), suppg C [-1,1], g(0) >0, 8 € R, 0§ € [-1,1],
and 1 <p < oo. Let J be a convex nondecreasing function on [0,+00). Then:
1) For any n € N, we have

/JWm&anﬁgjd@@uwnw,feﬁw (6.5)
T T
1D (A)llp < gO)[£llp,  f € Fon. (6.6)

Inequalities (6.5) and (6.6) turn into equalities, for instance, for polynomials of the form f(t) =
ce™ +ye™ c v eC.

2) If the function J is strictly convex at any point of the interval (0, +00), then inequality (6.5) or
inequality (6.6) with p € (1,00) turns into an equality at some polynomial f € Fop, if and only if the
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functions (—1)% f (t + ws/n) are identical on R for all s =0,...,2n —1 such that ps(n,g,3,0) >0,
where, for k € 7,

Ap(n,g,B8,0) = (L+0) > G(—B — (k+2nm)m) + (1= 0) > G(B + (k + 2nm)m). (6.7)

meZ meEZL

If, in addition, for some s € Z, the inequalities us(n, g, 3,0) > 0 and ps+1(n, g, 5,0) > 0 hold, then
inequality (6.5) or inequality (6.6) with p € (1,00) turns into an equality only at the polynomials
f(t) = ce™ +ve~™ cvecC.

3) When p = oo, inequality (6.6) turns into an equality at some polynomial f € Foy, if and only
if, for some 0,0 € R, the equality (—1)°f(n+ 7s/n) = €| f|loo holds for all s =0,...,2n —1 such
that ps(n, g, 3,0) > 0.

If ps(n,g,B,0) > 0 for s = 0,...,2n — 1, then only polynomials of the form f(t) = ce™ +
ve~™ c v € C, are extremal among trigonometric polynomials of degree at most n for which
inequality (6.6) with p = 0o turns into an equality.

4) When p = 1, inequality (6.6) turns into an equality at some polynomial f € Fop, if and
only if, for any t € R, there exists a number 6(t) € R such that the identity (—1)°f (t +7ms/n) =
O | f (t +ms/n)| holds for all s =0,...,2n — 1 such that us(n,g,5,0) > 0.

If a polynomial f € F,, 1 < q < 2n, is extremal in inequality (6.6) with p = 1, then any
polynomial of the form cf(t)g(t), where ¢ € C, g € Fop_q, and g(t) > 0 for all t € R, is also
extremal. In particular, polynomials of the form (ce™ + ve=")g(t), where c,v € C and g is an
arbitrary nonnegative trigonometric polynomial of degree at most n, are extremal in inequality (6.6)
with p = 1.

5) If ps(n,g,5,0) > 0 for all s = 0,...,2n — 1 and the function J is strictly increasing
on (0,+00), then only polynomials of the form f(t) = ce™ + ve™™ c,v € C, are extremal
amonyg trigonometric polynomials of degree at most n for which inequality (6.5) or inequality (6.6)
with p = 1 turns into an equality.

Remark 6. If ¢ € Z and ¢ = 2nl + r, where [,r € Z and 0 < r < 2n — 1, then

_ /j’k+?“(n7g7570)7 0§k§2n—1—7’7
lu’k?(nag7ﬁ +7Tq79) - { /~Lk+r—2n(n,g,/8,0), 2’[’L o é kj é 2n _ 1’ , 2 1

Remark 7. Inequalities (6.1) and (6.2) follow from inequalities (6.5) and (6.6) if, for g, we
take the function g,(x) = (1 — |z|)’, which is positive definite for » > 1 (the Pélya property). Since
gr(1 —|z]) = |z|" for |z| < 1, we have Dzréﬁ(f)(t) = e~ BfA)(t) /n" for any polynomial f € .Z%,,
n € N. In our case, the values (6.7) are inaependent of § and such that

pr(n, gr, B) = Z ar(B+ (k+2nm)m))/2, keZ.

MEZL

It is well known that, for » > 1, the Fourier transform g,(t) is positive for all ¢ € R (see, for
instance, [27, Lemma 7, n = A = ¢ = 1]). Therefore, us(n,g.,5) >0 forall r > 1, € R, n € N,
and s € Z.

For r = 1, the Fourier transform of the function ¢ is easily calculated and is equal to ¢;(t) =
2(1 — cost)/t?. Obviously, gi(t) = 0 only for t = 2¢q7 with ¢ € Z, g # 0. Therefore, if 3 # g,
q € Z, then pg(n,g1,8) >0 for all n € N and s € Z.

If 8 =0and n € N, then: (1) ps(n,g1,0) > 0 for s = 0 and for all odd s € [1,2n — 1];
(2) ps(n, g1,0) =0 for all even s € [2,2n — 1] if n > 2. In this case, the number of positive values
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among (is(n,g1,0), s =0,...,2n—1,is n+ 1 and the remaining are zero. The latter property also
holds for any 8 = mq with ¢ € Z (see Remark 6).

Thus, only polynomials of the form f(t) = ce™ + ve™ ¢ v € C, are extremal in inequali-
ties (6.1) and (6.2) under conditions (A;) and (B;) or (Ag) and (Bs), where

(Aj))r>land feR;orr=1,eR,andn=1;orr=1, 8 #7q, q €Z, and n > 2;
(B1) the function J is strictly increasing on (0, +o00) for (6.1) or 1 < p < oo for (6.2);
(A2) r=1, B = mq with ¢ € Z, and n > 2;
(B2) the function J is strictly convex on (0,4o00) for (6.1) or 1 < p < oo for (6.2).

int

The case where r =1, § = mq with ¢ € Z, n > 2, and p = 1 or p = oo has not been studied.

7. Case of piecewise linear functions

In [15], the following R.M. Trigub problem on the positive definiteness of piecewise linear func-
tions was solved. For given o € (0,1) and h € R, the function f,p : R — C is defined as follows:
(1) the function f,p is even; (2) fon(x) = 0 for & > 1, the function f, , is linear on each of the
intervals [0, o and [a, 1], fo,n(0) =1, fan(a) = h, and f, 5(1) = 0. For any fixed a € (0, 1), it is re-
quired to find the set of all A € R such that the piecewise linear function f, p is positive definite on R.
If 0 < h <1— a, then the continuous even function f, 5(x) is convex on (0,400), for(+00) =0,
and, hence, it is positive definite by the Pélya theorem (see, for instance, [14, Theorem 4.3.1}).
A complete description of such h € R is given in the following theorem.

Theorem 7 [15]. Let o € (0,1) and h € R. Then fo, € ®(R) if and only if m(a) < h <1—q,
where m(a)) =0 if 1/a ¢ N and m(a) = —a if 1/a € N.

From Theorem 7, we obtain the following sufficient condition for the positive definiteness.

Corollary 2. If a function g € C(R) is even, nonnegative, decreasing, and convex on (0,400),
then, for o € (0,1), 1/a € N, and —a < h < 1—a, the function gop(x) = hg(x)+(1—a—h)g(xz/o)
belongs to the class ®(R).

The nontrivial case here is when —a < h < 0.
P r oo f. The function g is represented in the form (see, for instance, [26])

—+00

o(z) = / (1 [sal)s du(s), = €R,

0

where p is a nonnegative finite Borel measure on [0, +00). Obviously,

+o0o
Jan(x) = (1 —a) / fan(sz)du(s), =eR.
0

For the specified o and h, we have f,; € ®(R). Hence, gon € P(R) (see, for instance,
[27, Lemma 1]). O

One can use the positive definite function g, 5 given in Corollary 2 to obtain new sharp in-
equalities for trigonometric polynomials.
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Let a function g € C(R) be even, nonnegative, decreasing, and convex on (0,+0c0), and let
suppg C [~1,1]. Assume that n € N, n > 2, and —1/n < h < 1 —1/n. Let g/ p(z) =
hg(z)+ (1 —1/n — h)g(nz), z € R. Tt follows from Corollary 2 that g/, ), € ®(R) N C(R). Since
supp g C [—1,1], we have supp g/, , C [~1,1]. Therefore, for the function g, s, ,, we can construct
operator (6.4) which does not depend on the parameter ¢, since Im(g; /) = 0. It is not difficult
to verify that, for polynomials f € %, the following equality holds:

Drgﬁén’h’ﬁ(f)(t) = hDZ0(F)(t) + (1= 1/n — h)g(0)RE(f)(1), (7.1)

where o
RB —e B Z Bsignk o, (£)eikt — ﬂ /cos(na: —B)f(t+z)dx. (7.2)

Jk=n Ha

We note that gy, ,(0) = (1—1/n)g(0). In addition, if g(x) = (1 —[z[)}, r > 1, then Dgféﬁ(f)(t) =
e~ B frB)(t) /n” for any polynomial f € .%,. We write Theorem 6 for the operator (7.1) and restrict
ourselves only to inequality (6.6).

Theorem 8. Let a function g € C(R) be even, nonnegative, decreasing, and convex on
(0,+00), and let suppg C [—1,1]. Assume that n > 2, —1/n < h < 1—1/n, f € R, and
1 < p<oo. Then, for any polynomial f € Fo,, we have

|03 + (= 1/m = g B ()| < (0= 1/ma(O)] 1]l (7.3)
If r > 1, then, for any polynomial f € %,, we have

[+ (=1 /m = W R | < = 1/m) Al (7.4)

Inequalities (7.3) and (7.4) turn into equalities for polynomials of the form f(t) = ce™ + ve™",
c,v e C.

Without proof, we note that if the function g in Theorem 8 is not piecewise linear on [0, +00)
with equidistant nodes, then only polynomials of the form f(t) = ce™ + ve™™ c,v € C, are
extremal in inequality (7.3) with p € (1,00). When p = 1 or p = oo, a similar conclusion holds,
but for the class of trigonometric polynomials of degree at most n. If » > 1, then only polynomials
of the form f(t) = ce™ + ve™ c,v € C, are extremal in inequality (7.4).

8. Interpolation formulas for periodic functions

If the trigonometric series on the right-hand side of relation (3.2) converges uniformly on T,
then one can put the sign of equality in this relation and the obtained equality can be regarded as
some interpolation formula. We explain this with the example of the following theorem.

Theorem 9. Assume that n € N, a 2-periodic function 1 belongs to ®(R)NC(R), 8 € R, and
the numbers pi(n,v) are defined by formula (5.5). Then the identity

> ekiny (% - 1) (e = 3 (1) (t A ) () (8.1)

keZ k=0

holds for any function f € C(T) such that the series on the left converges uniformly on T. Moreover,

to(n,¥) + ... + pon—1(n,¥) = 1/1(0)7 c(¥) 20, k € Z, pp(n, ) > 0, k =0,...,2n — 1, and
ur(n, ) = O for some k=0,...,2n— 1 if and only if cxro2nm(¥) =0 for all m € Z.
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P roof. Consider operator (1.1) for the function p(z) = e€##*4(x). Under the conditions of
the theorem, we can put the sign of equality in relation (3.2) for ¢ = 1/n and 7 = 1. Therefore,
the left-hand side of equality (5.6) can be replaced by the sum of the series in (3.2). We obtain
identity (8.1) with accuracy up to the factor e~ . The specified properties of the numbers wr(n, 1)
follow from (5.5) and (5.7). O

Corollary 3. Assume that g € ®(R) N C(R), suppg C [-1,1], B € R, and n € N. Then, for
any polynomial f € Fo,, the following equality holds:

Z <Reg < — %) +isign kImg <1 — ‘n_’>> e’BSlgnkck(f)e’kt
|k|<2n
2n—1

=Y (-f <t + Wk; 6) ti(n,g,8), teR,
k=0

2n—1

where pg(n,g,B) = EZE(—ﬁ — (k+2nm)m)/2, k € Z, and kzo ur(n, g, 8) = g(0).
me —

Proof Let be a 2-periodic function, and let ¢(z) = g(—x)e~#* for x € [~1,1]. Then
¥ € ®(R)NC(R) and

Y(x — 1) = e PP T(Re g(1 — |2]) + isignzImg(1 — |z|), || < 2.

It remains to take into account that ¢y () = g(—8 — kn)/2, k € Z. O

Remark 8. We note that if, for g, we take the function g,(x) = (1—|z|)’}, r > 1, then, in (8.2),
we obtain the interpolation formula of A.I. Kozko [11] (and of M. Riesz and of G. Szeg6 for r = 1)
for the Weyl-Nagy derivative:

2n—1 2n—1

f(r’ﬁ)(t) =n" Z (—1)kf <t + ﬂ—k; B) Nk(nagraﬁ)7 te R7 f € ym Z ,Uk(nagra/@) = 17
k=0

k=0

where pg(n, g, 8) >0foralln e N k=0,...,2n—1, 8 € R, and r > 1. These coefficients are also
positive forr =l ifn=1and € Rorifn>2and B #qm,q€Z. If r=1,n> 2, and § = mq
with ¢ € Z, then, the number of positive coefficients among ur(n,g1,8), k=0,...,2n—1,isn+1
and the remaining are zero (see Remark 7). For r = 1, these coefficients are easily calculated. Since
g1(t) = 2(1 — cost)/t%, we have

1—(—1)* cos 1 1—(=1)*cos 8
pi(n, g1, 8) = (47)12 > Bt o 5= ( )B+lm >0, B#qm, qel,
mez <72 +m7r> 2n? (1—005 - >
n

For B = qm with ¢ € Z, we can restrict ourselves to the case = 0 (see Remark 6): por(n,91,0) =0
fork=1,...,n—1 (if n > 2), po(n,g91,0) = 1/2, and

( 0) !
Hok—-1(N, g1,Y) =
2k —1
n? (1 — cos 7( - )W>

>0, k=1,...,n.
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Remark 9. 1t is not difficult to see that all the arguments in the proof of Theorem 9 remain
in force also in the case where the 2-periodic continuous function v is expanded in an absolutely
convergent Fourier series (without the assumption of nonnegativity of the Fourier coefficients cx(1))).
Therefore, the following statement holds: Assume that a 2-periodic function ¥ € C(R) is expanded
into an absolutely convergent Fourier series and B € R. Then equality (8.1) holds for any function
f € C(T) such that the series on the left in (8.1) converges uniformly on T.

9. Conclusion

In conclusion, we point out some problems which, in our opinion, have not been solved yet.

1) To prove or disprove that only polynomials of the form f(t) = ce’™ + ve= ¢ v € C, are
extremal in the Berstein—Szegd inequality (6.2) for r = 1 and 8 = 0 (the case of the derivative
of the adjoint polynomial) when p = 0o or p = 1. When p = oo, this case was distinguished in
the paper by Szegé [20, p. 66]. We note that the arguments in the monographs by Zygmund |28,
Ch. X, Sect. 3, (3.24)] and Akhiezer [1, Sect. 84, p. 189] corresponding to this case are not correct,
since some coefficients in the interpolation formulas are zero (see [28, Ch. X, Sect. 3, (3.22)] for
a =m/2 and [1, Sect. 84, p. 188, (II)] for a = 0).

2) Let n € N, and let, for a trigonometric polynomial f € .%,, condition (5.9) or (5.10) be
satisfied for all integers s = 0,...,2n — 1. Then f(t) = ce™ + ve™ ™ c,v € C (see Remark 4).
The question is, which values of s can be left to have the same conclusion? This is a more general
problem than the previous one.

3) To prove or disprove that if, for some s € Z, inequalities ps(n,v) > 0 and psy1(n,v) > 0
hold and a function f € C(T) is extremal in inequality (5.8) with p = 1, then f(t) = h(t)g(t),
where the function h belongs to Lo (T) and has the form (5.4), g € C(T), and ¢(¢t) > 0 for t € R.
This is true if, in addition, f(¢) # 0 for almost all ¢ € R with respect to the Lebesgue measure (see
Remark 4 for the case p =1).
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