URAL MATHEMATICAL JOURNAL, Vol. 10, No. 2, 2024, pp. 49-59
DOI: 10.15826/umj.2024.2.005

STATISTICAL CONVERGENCE IN TOPOLOGICAL SPACE
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Abstract: The notion of f-statistical convergence in topological space, which is actually a statistical con-
vergence’s generalization under the influence of unbounded modulus function is presented and explored in this
paper. This provides as an intermediate between statistical and typical convergence. We also present many
counterexamples to highlight the distinctions among several related topological features. Lastly, this paper is
concerned with the notions of sf-limit point and sf-cluster point for a unbounded modulus function f.

Keywords: Asymptotic density, f-statistical convergence, f-statistical limit point, f-statistical cluster
point.

1. Introduction

Statistical density was initially introduced in Zygmund’s 1935 monograph [18]. Extending on
the concept using statistical density, Fast [12] (along with Schohenberg [17]) in 1951 broadened
the definition of convergence to include statistical convergence. Let N denote the set of natural
numbers, and A C N. The notation §(A) signifies the natural density or asymptotic density of
set A [12], defined as

k<n:keA
5(A) = tim LESnikE AN

n—00 n
A real sequence {z,, : n € N} is considered statistically convergent to a point I (see [17]) if, for
every € > 0

S({n € N: |z — 1] > €}) = 0.

Subsequent to the contributions of Fridy [13] and Connor [9] in the realm of statistical convergence,
other mathematicians have displayed considerable interest in this domain. In 2008, Maio and
Kocinac [15] extended the notion to statistical convergence in topological spaces. In a topological
space (X, 7), a sequence {x,, : n € N} is deemed statistically convergent to a point [ if, for every
neighborhood U of [,

d{neN:x,gU})=0.

This form of convergence has proven to be highly valuable across various fields, particularly in the
examination of open cover classes and selection principles [1-4, 10, 14, 16].

To establish a notion of convergence that sits between the ordinary convergence and statistical
convergence many authors produced several approches. In 2012, Bhunia et al. [6] (see also Colak
et al. [7, 8]) enhanced the idea of s-convergence for real sequences by imposing a limitation on
asymptotic density up to order o, where 0 < o« < 1. Through the utilization of asymptotic density
of order «, a more stringent convergence criterion is introduced, surpassing statistical convergence
but remaining less stringent than the conventional convergence in a topological space. As a direct
outcome of this exploration, a novel class of open covers, denoted as s® — I', emerges. With the
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same purpose the unbounded modulus function is used in this paper and the concept of f-statistical
convergence has been extended to the topological point of view. The class of modulus functions,
as described by the given conditions, is a set of functions from the positive real numbers to the
positive real numbers. Let’s break down the key properties:

1. Zero at Zero. The function f(z) is equal to zero if and only if x is equal to zero. This implies
that the function is zero only at the origin.

2. Subadditivity. For any positive real numbers x and y, the function satisfies the property
flx +y) < f(z) + f(y). This condition is known as subadditivity, indicating that the
function’s values do not grow faster than the sum of its individual parts. It’s a form of the
triangle inequality.

3. Monotonicity. The function is increasing, meaning that as the input increases, the function
values also increase. Mathematically, if a < b, then f(a) < f(b).

4. Right-Continuous at Zero. The function f(x) is continuous from the right at x = 0. This
implies that as the input approaches zero from the positive side, the function values approach
the limit without any sudden jumps or discontinuities.

This class of modulus functions appears to capture functions that exhibit properties similar to those
of the absolute value function. The conditions ensure a certain level of behavior for the function,
making it well-behaved and suitable for various mathematical applications.
Function f is unbounded if

lim f(z) = oc.

T—00
For an unbounded modulus function f, f-density of a set A C N is denoted by 67 (A) and is defined
as [5]

by o FE <k e A})
=TT

In this paper we have explored that the function f is very useful to control the rate at which
statistical convergence occurs. We extend the concept of s-convergence to st -convergence in topo-
logical environment and explore several attributes of this convergence criteria. In last section we
investigate some properties of sf-limit points and s’-cluster points.

2. Preliminaries

In this paper, a space X is defined as a topological space X with topology 7. No separation
axioms have been granted, unless otherwise stated. For standard ideas, symbols, and terminology,
we refer to [11]. For the convenience of the readers, this section includes certain required concepts.

The unbounded modulus functions defined on the set N of all natural numbers are the modulus
functions taken into consideration in this study. Therefore, right continuous at zero and zero to
zero property are disregarded. The modulus function f : N — R, defined as f(n) = log(1 +n), is
regarded as such in the majority of the cases. It is obvious to note that this modulus function is
unbounded.

Definition 1 [5]. For an unbounded modulus function f, f-density of a set A C N is denoted
by 67 (A) and is defined as
n—o0 f(n)
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Using the concept Bhardwaj et al. [5] extended the concept of statistical convergence of a real
sequence upto s/-convergence.

Definition 2 [5]. A real sequence {x,, : n € N} is considered s -convergent to a point | if, for
every € > 0,
({neN:|z, -1 >€}) =0,

where f is an unbounded modulus function.

In [15], the concept of statistical dense sub-sequence, s-limit point of a sequence and s-cluster point
of a sequence are discussed.

Definition 3 [15]. A subsequence V = {xzy, : k € N} of the sequence {x,, : n € N} is called a
statistically dense if
I{nk : zn, € V}) =1

Definition 4 [15]. A point x is said to be a statistical limit point of a sequence {x,, : n € N}
in a space X, if there is a set {n; < ng < ... <ny < ..} C N whose asymptotic density is not zero
(which means that it is greater than zero or does not exist) such that

lim z,, = .
k—o0

Definition 5 [15]. A point x is called a statistical cluster point of a sequence {x,, : n € N} if
for each neighborhood U of x the asymptotic density of the set {n € N: x,, € U} is positive.

3. On f-statistical convergence

Definition 6. Let f : N — R be an unbounded modulus function and (X,7) be a topological
space. A sequence {x, : n € N} in X will be called f-statistical convergent (in short s/ -convergent)
to x € X, if for every neighborhood U of x,

'({neN:z, ¢U}) =0,

i F0tE < s ¢ UY)
e ()

From the study of Maio and Kocinac [15], we know that every convergent sequence is statistical
convergent but converse is not true. Since for a finite set F, 67 (F) = 0, therefore usual convergence
implies the s/-convergence. For any unbounded modulus function f and A C N, if §/(A) = 0,
then §(A) = 0. Thus every s/-convergent sequence is statistical convergent. Moreover, concept
of statistical convergence coincides with the concept of sf-convergence if the unbounded modulus
function under consideration is f(n) = n.

=0.

i.e.,

Ezample 1. There is a sequence in topological space which is statistical convergent but not
sf-convergent and a sequence which is sf-convergent but not convergent.
Let (X,7) be a topological space where X = {1,2} and 7 = P(X). Consider the sequence
{zy, : n € N} where
{1, if n =m? for some m € N.
Ty =

2, otherwise.

Let the function f(n) = log(1 + n) be the unbounded modulus function under consideration.
Neighborhoods of 2 are U; = {2} and Uy = X. Here,

S{neN:z, ¢U}) =0({m? :meN}) =0
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and
d({n e N:x, € Uy}) =46(0) = 0.
Therefore,
s—lim
Ty, — 2.

But for the neighborhood U; = {2} of 2, we have
5f({n€N:xn§ZU1}):%7é0.

Also, for the neighborhood V' = {1} of 1, we have
F({neN:z, gV}) =1+#0.

So, {z,, : n € N} is neither sf-convergent to 1 nor sf-convergent to 2.
In the same space consider the sequence {y, : n € N} where

1, if n=m" for some m € N,
Yn =

2, otherwise.

Then {y, : n € N} is s/-convergent to 2 but not convergent.

Thus we have the following diagram (see Fig. 1).

/\/—\

convergence s/-convergence | s-convergence |

~, — ~,

Figure 1. Types of convergence and the relationship between them.

Definition 7. A sequence {z, : n € N} in a topological space X is said to sl convergent to

zg € X if there exists A C N with §/(A) = 1 such that

lim Ty = Xp.
m—o00, mEA

Ezample 2. There exists a sequence {z,, : n € N} which is sf -convergent but not s’-convergent.
Let us assume a topological space (X, 7) where X = {a,b} and 7 = {0, X, {a}, {b}}. Again we
construct a sequence {z,, : n € N} where

{a, if ne2N,
Ty =

b, otherwise.

Let f(n) = log(1+n) be the modulus function under consideration then, for the neighbourhood
{a} of ‘a’, we have
f(n+1) . log(n+2)

o/ ({n € N ¢ {a}}) = 6/ (IN\2N)) = lim —5rmms = lim 2oy =1
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And for the neighbourhood {b} of ‘b’, we have

f) _ L log(n+1) _
=00 f(2n)  n=oolog(2n + 1)

0'({n € N: @, ¢ {a}}) = 6/ ({2N}) = lim

Therefore {z,, : n € N} neither s/-convergent to a nor s/-convergent to ‘b’.
On the other hand 2N C N such that §/(2N) = 1 and {z,, : n € N} = {a,a,...}

sf:flim
m Tp=a, =Ty, — Q.
n—o00, n€2N

Although s,]:—convergence does not imply the s/-convergence of a sequence, the s/-convergence
of a sequence implies its sf: -convergence in a first countable space.

Theorem 1. In a first countable space, if a sequence {x, : n € N} in X sf-converges to x,
then this sequence sic—comjerges to x.

Proof. Let (X,7) be a first countable topological space and {z,, : n € N} be a sequence
in X which s/-converges to z. Since X is first countable, there exists countable decreasing local
base Uy D Usy 2 Uz, O ... at the point . Now consider a set A; = {n € N: z, € U;,} for
every ¢ € N. Then we have A; D Ay D A3 D

Again we know that sequence {z, : n € N} is s/-convergent then

{neN:z,¢U,}) =0, VieN
— ¢/ ({A¢}) =0, VieN
— ({4} =1, VieN

Let m; € Ay be arbitrary. Since 5f(A2) =1, we can find a my € Ay such that mo > my and such

ha
that F{A2}) _ Sk €Az k<)) 1 _ 1
f(n) f(n) 2 2’

In similar way if we obtain m; < mo < ... < my; € A;, such that for every n > m; then,

FHAm)}) _ fl{keAizm=n})) 1
f(n) f(n) i
Now we define a set A C N as for each m < my and m € A; if i > 1 and for m; < m < m;yq,
m € Aif and only if m € A;. Let A= {ny <ng < ...}. For all n € N such that m; <n <m;;1, we
have

n > ms.

FHAMLD o A o, 1

[y = fm T
. FfAm3D FUAY) L
R TR T T fm) ST

A
i.e., lim FiAm)H) =1, =4 =1
n—00 f(n)
Now, let V' be a neighbourhood of z and U; C V. If we take n € A, n > m; then there exists j > ¢
such that we get m; < n < mj41. So by the construction of A, n € A;. Therefore, for each n € A,
n >m; we get x, € Uj and z,, € U; CU; C V,

i.e., lim =z, ==.
n—o0, n€A
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Thus {x,, : n € N} s!-converges to . O

Example 3. sf-limit of an s/-convergent sequence may not be unique.

Let us assume a topological space (X,7) where X = {a,b,c}, 7 = {0, X,{bc},
{a}} and f(n) = log(l + n) be the unbounded modulus function under consideration. We
construct a sequence {z,, : n € N} where

{a, if n=m™ forsome meEN,
Ty =

b, otherwise.

Open neighbourhoods of b are U; = X and Uy = {b, c}.
For the neighbourhood Uy, {n € N: z, ¢ U1} = 0. So, 6/ ({n € N:z, ¢ U;}) = 0.
For the neighbourhood Us we have {n € N: z,, ¢ Us} = 6/ ({n" : n € N}).

Therefore
. log(n+1)
o ({n" = lim ————
n"+1 ) n™(1+1/n")

= G T D (14 Tog(m) e mn(L + 1/m)(1 + log(n))

f_ .
Therefore, {x, : n € N} is f-statistical convergent sequence and z,, ° “limy,

Since, neighbourhood of b is the only neighbourhood of ¢, we can say for every neighbourhood U
of ¢ also

{neN:xz, ¢U}) =0.
Thus
sf—lim
n —

Thus the limit of an s/-convergent sequence may not be unique.

Theorem 2. In a Hausdorff space any s’ -convergent sequence has a unique limit.

Proof. Let{a,:n €N} bea sf-convergent sequence in a topological space (X,7) and

sf—lim sf—lim
an, — a, a, — b

Since, X is Hausdorff space then there exist open sets G and H such that a € G,b € H and
GNH = (. But {a, : n € N} is an s/-convergent sequence which s/-converges to both a and b.
Therefore

’{neN:a,¢G}) =0, 6/{neN:a,¢ H}) =0.

Since, GNH = and H C X \ G. Now,
({neN:a, e H}) <6/({neN:a,c X\G}) =6 ({neN:a, ¢ G}) =0.
So,
({neN:a, € H) =0

and hence
/({neN:a, ¢ H}) =1.

This contradicts the fact that
/({neN:a, ¢ H}) =0.

Hence in Hausdorff space any s’-convergent sequence has the unique limit. O
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Proposition 1. In a discrete topological space (X, 1), let p,q € X. h: N — N be an one-one
function and f be the unbounded modulus function under consideration. Then the sequence

p, if n=h(k) forsome keN,
Ty =
q, otherwise

18 sf—comjergent to q if
S
im

n—oo f o h(n) =0

and does nmot converges otherwise.

P roof. In the mentioned topological space, {q} is the smallest neighbourhood of ¢q. To show
the s/-convergence of the sequence {z,, : n € N}, it is enough to show that

o ({n €Nz, ¢ {q}}) = 0.

Now,
S (fneN:a, ¢ {q})) = lim LHES: 20 ¢ {0}})
A <nikeN) )
n—o0 f(n) n—o0 f o h(n) .
Hence the proposition is true. 0

Example 4. Subsequence of an sf-convergent sequence may not be s’-convergent.
Let us assume a topological space (X, 7) where X = {a,b,c} and 7 = {0, X, {b,c}, {a}} and a
sequence {x, : n € N} where,

b, if n=m" forsome m €N,
€T =
" a, otherwise.
Now for every open neighbourhood U of a , we get
{neN:z, ¢ U} C{m™:me N}
Let us consider the unbounded modulus function f(z) = log(1l + x) then we have,
/({neN:xz, ¢ {a}})=0.
So, {z,, : n € N} is an s/-convergent sequence. Again we construct a subsequence
x;, if ¢ is odd,
T((i—1yi-141), i @ iseven.
Now for the open neighbourhoods of {a} of a, we have
J{ieN:z, ¢ {a}})=6"({2n:neN})=1#£0.
Similarly for the open neighbourhood of {b,c} we have
ST{ieN:x, ¢ {bc}}) =06"({1,3,5,...}) =1#£0.
Therefore,
s —lim s —lim s —lim
T, -+ a, T, - b and =z, -+ c

So, {xn, : i € N} is not s/-convergent sequence. O
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Definition 8. A subsequence B = {z,, : k € N} of any sequence A = {x,, : n € N} is called
statistically f-dense (or s'-dense) if 8/ (ny, : v, € B) = 1.

Theorem 3. In a topological space (X,T), a sequence {x, : n € N} is sf-convergent if and
only if each of its sf-dense subsequence is sf-convergent.

Proof. Suppose (X,7) be a topological space and {z, : n € N} be a sequence for which
every s/-dense subsequence is s’-convergent. But

i Sk <ncap efznineNP) . f(0)

for every unbounded modulus function f. So {z, : n € N} is sf-dense in itself. Therefore,
{x, :n € N} is s/-convergent.

Conversely, let {x, : n € N} be a s/-convergent sequence of a topological space (X,7) and a
subsequence {z,, : k € N} is s/-dense but not s/-convergent. Therefore, there exists a point p € X
and a neighbourhood U of p such that §/ ({k € N: z,,, ¢ U}) # 0. Now,

f({n e N:an, ¢ U}) Sk €Ny & UJ)

=1

nlggo f(n) & n—)olg}cl—mo f(n)
_ o S{me €Nz, ¢UY) o f(Inkl)
B I (Y B (Rt
Since,
i L0 €N 5, UV

and {z,, : k € N} is s/-dense then

ie. lim )

n—oo  f(n) =1L

So, we get
({neN:z,¢U})>6"({keN:z, ¢U}) #0.

Therefore {z,, : n € N} is not s/-convergent sequence, which is a contradiction. So {z,, : k € N}
must be s/ -convergent. ]

4. f-statistical limit point, f-statistical cluster point

In this section we extend the concept of statistical limit point to s/-limit point by incorporating
an unbounded modulus function f.

Definition 9. In a topological space (X, T), a point xq is called a f-statistical limit point (in
short s/ -limit point) of a sequence {x, : n € N} if there exists a subsequence V = {z,, : k € N}
such that 6/ {ny : k € N and x,,, € V} > 0 and

lim z,, = xg.
k—00 Tt

Definition 10. In a topological space (X, T), a point xq is called f-statistical cluster point (in
short s/ -cluster point) of any sequence {x, : n € N} if for each neighbourhood U of xq, 6/ {n € N :
x, €U} >0.
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We denote the set of all f-statistical limit points and f-statistical cluster points by Ay and Oy,
respectively.

Theorem 4. For a sequence {x, : n € N} in a topological space (X, 7), Af(z,) C Of(zy).

Proof. Let (X,7) be a topological space, {z,, : n € N} be a sequence and any point p be
f-statistical limit point. Therefore, p € Af(xy,). Then there exists a subsequence {z,, : k € N},
where {ny : k € N} have a positive §/-density and

lim z,, =p.
Jm =
Now,
6 ({ng - k € N}) = a (say) > 0
and for every neighbourhood U of p, {nj : z,, ¢ U} = F (say) is finite. But,
{neN:z,eU}) D ({nk: ke N})\ F

Since F' is a finite set,

D))

lim =0

n—oo  f(n)

and f is a modulus function,

f({ne : k € N} F) FHre -k €eNFNF]D 0 FUFD

6/ ({ky : k e N} \ F) = lim

= lim

ke MNFIIF) L f(fecheNY)
Therefore,
{neN:z,cU}) > ({nr: keN}) =a>0.
Therefore p € ©f(xy). So, Af(xy,) C Of(zy). O

Theorem 5. In a topological space (X, T), for a sequence {x, : n € N}, the set ©O¢(z,) is a
closed set.

Proof. Let {z,:n €N} be asequence in a topological space (X, 7). Let U be an arbitrary
neighbourhood of point the point zg € ©¢(z,). So UNO¢(xy) \ {zo} # 0. Then we can choose
another point z;, € U N ©¢(z,), where zj is a f-statistical cluster point. Then there exist a

neighbourhood V of a point z{, such that V C U and
{neN:z,eV})=a>0.
Obviously,
{neN:z,eU}D>D{neN:z, eV}

and hence
S{neN:z,cU) D ({neN:z,cV}) =a>0.

It means that 6/ ({n € N : 2, € U}) is not a set that has zero ¢/-density, i.e., zg € Of(z,). So

O¢(xn) = Of(xy). Hence Of(xy,) is a closed set. O
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Theorem 6. In a topological space (X, T), if there exist two sequence {z,, : n € N}, {y, : n € N}
such that ' ({n € N: z, # y}) = 0, then O¢(z,) = Of(yn) and Ap(z,) = As(yn).

Proof. Let {z,:n € N} and {y, : n € N} be two sequence of a topological space (X, 7).
Suppose that ¢ be any f-statistical cluster point with respect to {z, : n € N} sequence. So, for
every neighbourhood U of ¢,

({neN:x, eU}) >0.

We have

i T €N 3, € UY)

n—00 f(n)

>0

and

{neN:z,eU}\{neN:z, #y,} C{neN:y, eU}.

Since 6/{n € N : z, # y,} = 0 then we get 6;({n € N : y, € U}) > 0. This means that
the set {n € N : y, € U} is not a set that has zero ds-density so ¢ is also f-statistical cluster
point with respect to {y, : n € N} sequence. Therefore O¢(x,) C O(yn). It is easy to
see that ©f(y,) C O¢(x,) from symmetry. Finally we have O¢(x,) = ©Of(yn). The equality
A¢(xn) = Af(yn) can be shown in a similar way. O

5. Conclusion

An unbounded modulus function can help to manage the rate of statistical convergence up to

a great extend. In a first countable space, sic—convergence does not entail s/-convergence, although

sf-convergence requires sf:—convergence. An s/-convergent sequence posses a unique limit in a
Hausdorff space. A sequence is s/-convergent if and only if each of its sf-dense subsequence is
sf-convergent. The set Af(xy) of all f-statistical limit points of a sequence {x,} is a subset of
the set ©¢(x,) of all f-statistical cluster points of that sequence. Moreover the collection of all

f-statistical cluster points forms a closed set in related topological space.
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