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Abstract: We calculate exact values of some n-widths of the class Wé”(@), r € Z4, in the Banach spaces
Zy4,v and Bg,~, 1 < g < oo, with a weight 7. These classes consist of functions f analytic in the unit circle, their
rth order derivatives f(r) belong to the Hardy space Hg, 1 < g < oo, and the averaged moduli of smoothness
of boundary values of f(") are bounded by a given majorant ® at the system of points {m/(2k)}ren; more

ko [m/(2k) ”
(r) < -
7T72/0 wa(f ,2t)qupdt_<I>(2k>

forallk e N, k > r.

Keywords: Modulus of smoothness, The best approximation, n-widths, The best linear method of approx-

1. Introduction

There are many studies devoted to calculating exact values of various n-widths of classes of
functions analytic in the unit circle both in the Hardy space H, (1 < ¢ < 00) and in the Bergman
space B, (1 < ¢ < 00) (see, e.g., [1-36]). The present paper aims to obtain new results related to
calculating exact values of various n-widths of some classes of functions analytic in the unit circle.

First, we introduce some notation and concepts. Define

Uy, ={2€C: |z|<p}, 0<p<1,

Let U := Uy, let &7 (U,) be the set of functions analytic in a circle U,, and let H, (1 < ¢ < 00) be
the Hardy space of functions f € «7(U) such that

||f||Hq = pgﬁo MQ(f’ P),

1 2 y 1/q
— M)|9dt ) 1<qg< oo,

v e (5 [ 1) <<
max {|f(pe’)|: 0 <t <271}, ¢q=o0;
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the integral is understood in the Lebesgue sense.
It is known [26] that the norm || f| z, is attained on angular boundary values f(e™) of functions
f € Hy, which exist almost everywhere on [0,27). We set

Hyp = {f € A Up): If(\m,, = 1 (p)lln, < oo}

and, for r € Z,
H) = {f e d(U): f) e Hq} (HO = H,),

where -
FOE) =3 anper(f)e,
k=r
Oékm:k(]{?—l)---(/{)—?“—l—l), k>, k€Z+, 04]4;7051,
and ¢k (f) are coefficients of the Taylor series
f(2) =) alf)".
k=0

Denote by
Ly =2,U) (1<qg<o0)

the Banach space of complex-valued functions f on U with finite norms

la 1 p2r 1/q
1 1 ;
MM:<5[&W@WMO (52 [ [ olstoepanas)

where the integral is understood in the Lebesgue sense.
Let v(]z|) be a nonnegative measurable function not equivalent to zero and summable on the
set U. Denote by
Loy =ZUyy) (1<q<0)

the set of complex-valued functions f on U such that
Wif e ZU), Nl =7 2

By By (1 < ¢ < 00), we mean the Banach space of functions f € «/(U) such that f € .Z . In this
case,

1 1/q
., = ([ tonnsgisondo)

In the particular case of v = 1, the space B, := By 1 is the well-known Bergman space.

Assume that X is a Banach space, B is the unit ball in this space, 9 is a convex centrally
symmetric subset of X, L, C X is an n-dimensional linear subspace, L™ C X is a subspace of
codimension n, and A : X — L, is a continuous linear operator from X into L,. Define the best
approximation to an element f € X by elements of the subspace L, C X as

En(f)x = E(f, Ln)x = nf{[|f —¢lx : ¢ € Ln}.
The approximation to the fixed set 9T C X by the fixed subspace L,, C X is defined by

EON, L,)x :=sup{E(f,Ln)x : [ € M}.
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If the approximation is performed with a linear operator A then, we will study the sharp upper

bound
sup {|[f — A(f)llx : f e M},

and the quantity
EON, L) x =inf {sup{||f — A(f)|x: feM}: AX C L,}, (1.1)

which characterizes the best linear approximation of the set 9t by elements of L, C X. If there
exists a linear operator A*, A*X C L, realizing the infimum in (1.1), i.e., an operator such that

EM, Ln)x = sup{[f — A*(f)llx : feM},

then A* is called the best linear method of approximation to 9.
The quantities

bp(M, X) = sup{sup{s >0; eBN Lyt CM}: Ly C X},
dp (M, X) :=inf{E(M, L,)x : L, C X},
d"(M, X) :=inf {sup{||fl|x : f€MNL"}: L" C X},
O (M, X) :=inf {&ON, L,)x : L, C X},

(1.2)

are called Bernstein, Kolmogorov, Gelfand, and linear n-widths, respectively (see, for example,
[8, Ch. II], [30, Ch. III}). ) )
If there exists a subspace L, 11 C X, dim L, 11 = n + 1, for which

by,(M, X) :=sup{e >0: eBN Ly C N},

then it is an extremal subspace for b, (9, X). A subspace L} C X, dim L} = n, on which the
infimum in (1.2) is attained, i.e., d,(9, X) = E(IM, L) is called an extremal subspace for the
Kolmogorov n-width d,, (9, X). If there exist a subspace L} C X of codimention n such that

O, X) = sup (Il : f € MALIY,
then L7 is said to be extremal for d"(9M, X). A subspace L, C X, dim L,, = n such that
5n (M, X) = &M, L),

if it exists, is called extremal for §,, (91, X ). Finding extremal subspaces L, c X, dimL,, = n, such
that
EON Ly)x =&, Ly)x = dp, (M, X) = 5,(M, X)

is of special interest. The n-widths mentioned above satisfy the relations [8, 30]

(O, X)
(O, X) < o ) = 0a( X). (1.3)

2. Main theorem

Following [28, p. 652] and [14, p. 284], for an arbitrary function f € H, (1 < g < 00), we
consider the modulus of smoothness

wa(f,20)m, = sup || f(eCT) = 2£(¢O) + F(EN 00

[t|<z
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where the L,[0, 27]-norm is defined by

< 1 /27r . 1/q
L7 >\th> L 1<g<o,
I £l 2gj0,27] = 2mJo 7
ess supl ()], M
0<t<2m

Let ®(t), t > 0, be a continuous increasing function such that ®(0) = 0. Using ® as a majorazing
function, we consider the class of functions studied by Taikov [28]:
k n/(2k) T
W (@) = {f ed(U): JV € Hy —— wa(f™,2t) g, dt < B (%) ke N},
0
where r € Z; and 1 < ¢ < 0.
In [28, Theorem 4], it is proved that, if the majorant ®(¢) for 0 < ¢ < 7 /2 satisfies the inequality

2 . Ar .
B(\) - 1—Esm7, if 0<AL2,
)

S 2 1
™2 2<1_X>’ it A>2,

(t)
then the following equality holds for alln e N, r € Z,, n > r, and 1 < g < oo:

o (wpwnm) = Lo ()

It is also proved that the function ®,(t) = t*/("=2) satisfies constraint (2.1).

It is also of interest to calculate the exact values of the above n-widths for the classes Wq(r)(fb)
in the spaces %, y and By, r € Zy, 1 < g < o0.

For this purpose, we specify the extremal subspaces L, L%, and L,;1 and the best linear
approximation method A} _, already mentioned in the first section.

(2.1)

We set
2(n—k) b — ) et
"= kyr—1 P Ok (PN k
Ln = Span{{z }k:07 |:{1 + o |:5k,r<1 (Qn —— 7n) ) 1] }Z :|kr}’
r—1 n—1 p2(n7k)ak ko ) (22)
ne1 = ‘ - I LA e U k
ne1 = kzock(f)z + kz {1 + p— [m,r(l (2n — T) ) 1] }ck(f)z ,
where
o2n —r) [T/ .
B = R (1 —sin(n —r)x)cos(k —r)zdx, k>n>r, kneN, reZ,.
T 0

Theorem 1. Let r € Zy, 1 < q < oo, and let the majorant ® satisfies condition (2.1). Then,
the following equalities hold for allmn € N, n > r:

bn <Wq(r)(‘b)73qw) = bn <Wq(r)(‘b)7$qw) =d" <Wq(r)(@)’ Btm) =d" (Wq(”)(q)),jqﬁ> )

dn (WE(@), Byry) = du (W(@), 2, ) = B (Wi(@):L3) =& (W(@): L)

Ly Ly

(2.3)

L (I P ) e e [ ) "

Qp, n—r

Moreover,
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(1) the subspace L is extremal in the case of n-widths dy, (W(J(r)(@), L) and by, (qu)(q)), Zan);

(2) the continuous linear operator A _| is the best linear approzimation method for Wy (®) in
Lo

(3) the subspace L7 is extremal for the n-width d" <Wq(r)(<1>),BqN) ;

(4) the subspace Ly is extremal for the n-width by, (Wq(r)(fb),Bqﬂ).
To prove the theorem, we need the following lemma.

Lemma 1. The following inequality holds for an arbitrary function fEH(Y) (r € Zy,
1<g<o0):
1

(/Olp”q“w(p)dp> v En v (f)m,. (2.4)

Inequality (2.4) turns into an equality at the function fo(z) = 2", n > r.

Enfl (f)i”q,ﬂ, <

Qn r

Proof. Relation (2.3) from [14] with s = 0 implies that, for an arbitrary function f € H(gr)
(r € Zs, 1 <q < o0), there exists a polynomial p,—1 € 2, satisfying the following inequality
forneN,n>r and 0 < p <1:

1£(0e™) = p-1(pe™) | . < L= Bnra(FO) . (2.5)
a Qo p
We raise both sides of (2.5) to the power ¢ (1 < ¢ < o0), multiply both sides by py(p), integrate
with respect to p over [0,1], and raise the obtained result to the power 1/q (1 < ¢ < o0). Finally,
we have

1 1/q
</0 P"“lv(p)d/’) Byt (£,

This implies inequality (2.4). The equality in (2.4) for the function fy(z) = 2™ is verified by direct
calculation. The proof of lemma is complete. O

Hf _pn—lu_fqﬁ < o

n,r

Proof of Theorem 1. Taikov proved [28, p. 288] the following inequality for an arbitrary
function f € H, (1 < ¢ < o00):

n

B, 1(f)n, < p—

w/(2n)
/ WQ(f, 2t)qut; (2.6)
0

and the equality in (2.6) for the function fy(z) = 2", n € N.
Replacing in (2.6) the number n with n — 7 and the function f with f(") € H,, we obtain the

following inequality for any function f € H(gr):

— m/2(n—r)
n—r
En—r—l(f(r))Hq S / wz(f(r), 2t)qut. (27)
T2 Jy
In view of (2.7), we can write inequality (2.4) in the form
1 1 1/q n—p [7/20n-7)
En(f)z,, < ( / p"“lv(p)dp) / wa(f), 2t) g, dit. (2.8)
Qo p 0 T™—2 0

From (2.8), assuming that f € Wq(r)(fb), we obtain

1 1 _— 1/q 0
Eni1(f)g,, < - (/O p w(p)dp> ® (W) :




126 Mirgand Shabozov, Muqim Saidusainov

Hence, by relations (1.3), we write upper estimates for the Bernstein and Kolmogorov n-widths:

b (Wi(@), Zyy) < do (WE(@), 2y) < B (Wé”(@))% i
2.9)
1 1 1/q - (
< natl d O ——).
< onr </0 P (p) ,0> 3 —1)
To obtain a similar upper estimate for the linear n-width, we will use a result of Vakarchuk
[36, p. 324]. He proved the following inequality for an arbitrary function f € qu)(q)) (r € Z4,

1<g<oo)forallneNand 0<p<1:
n
P (R —
Hy — Qup 2(n—r)

Hence, we obtain an upper estimate for the linear n-widths:

| £(oe) = As s (1,06

5 (Wé”(@),zm) < & (Wq(”(@)) 7.
(2.10)

= {lf = 81Dl £ ewP@} < 2 (i) T (50=5)

Qnr

Relations (2.9) and (2.10) imply the following upper estimates for the n-widths b,(-), dy(-), and
On(+):

q

A (W“)(@),zm) < By (Wé”(@); L;;) <& (Wy)(@); L;;)

a7 ‘iﬂq”‘/

< O:M ( /0 lp"q“'y(p)dp) 1/q<1> (ﬁ) ,

where A(+) is any of the n-widths b, (+), d,(+), or d,(:).
It is known [8, Ch. II, Sect. 3| that, if X and Y are linear normed spaces and X is the subspace
of Y (X CY), then d* (M, X) =d" (M, Y), where 9 C X. Consequently, we can write

(2.11)

@ (W(@), %) = d* (W (@), By ) -
By definition of the Bernstein n-width, we write
b (W (@), Zy) > b (W(@), By, ).

q q

In view of relation (1.3), to complete the proof of Theorem 1, it remains to obtain the inequality

)2 o (o) o (5)

To this end, let us introduce the (n + 1)-dimensional ball of polynomials

([ ) e (55}

and prove the possibility of the embedding B,,4+1 C Wq(r)(q)).
We also introduce the notation

IBgn-‘,-l = {pn S f@n : HanBq,.Y <

(1 —cosnx), = {1—cosnx, if 0<ne<m 2, if nx>7r}.
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The following inequality was proved in [27] for an arbitrary polynomial p,, € £,:
HP%T)HHQ < an,r”pn”an n>r, nc N7 re Z+'
We also need the inequality
p"lpnlly, < M(pn,p) (€N, 1<g<oo, 0<p<l), (2.12)

which follows from the inequality

[ e < [ e

|z|=p

established by Hille, Szeg6, and Tamarkin (see, for example, [25]). Multiplying both sides of (2.12)

by pv(p) and integrating with respect to p over [0, 1], we obtain

1 1/q
( /O pnqu)dp) Ipallir, < lIpalls, .

and hence

1 —1/q
palli, < ( /0 p"q“w(p)dp) Pl .

To prove that the ball B, belongs to the class Wq(r)(fb), we will use the inequality

wa(p{,2t) i, < 20, (1 — cos(n — 7)t)||pnll 1,

obtained from one of Taikov’s result [28].
Consider two cases: 2k >n —r and 2k <n —r.
Let 2k > n —r. By (2.13) and (2.14), for an arbitrary polynomial p,, € B, 41, we have

L 7/ (2k) 1 . —1/q
s [ e 20t < 200 ([ 00d0) Il
0 0

k
X

Using (2.15) and the first inequality from (2.1) with

s n—r s

we obtain

k m/(2k) 7T
(T) < —
7_[__2/0 WQ(pn ,Qt)qut_CI)<2k>.

Let 2k < n —r. By (2.14) and (2.13), for an arbitrary polynomial p,, € B,,y1, we have

B /(@)
— / wQ(pgf), 2t) g, dt
- 0

o ( T > k (/W/(””) 2(1 ( 1) /ﬂ/(%) 4d>
< —cos(n —r)t)dt + t
Q(n - T') T2 0 w/(n—r)

) ()

— /OW/(%)Q — cos(n — r)t)dt < 777:2 (1 - W(nwi i ”("2]; T)> o <2(n”_ T)> .

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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Using (2.16) and the second inequality from (2.1) with (2.18), we obtain equality (2.17). The
inclusion B,, 11 C Wq(r)(fb) is proved. Then, by definition of the Bernstein n-width, we obtain

1 - 1 1/q
b (W(T)CP,B )>b By.1, Byo) > ® / natly(p)d : 2.19
n (Wi (@), Byy) = buBrsr, Boy) = =@ (o5 ) [ 7" (o) (2.19)
Comparing relations (2.11) and (2.19), we obtain the required equality (2.3).

It follows from the proof of Theorem 1 that the subspace Lj, is extremal for the class Wq(r)(q))
in the space .2y, in the case of exact values of the Kolmogorov n-width dn(-) and the linear
n-width d,,(-). The subspace L, is extremal for the Bernstein n-width b,,(-). The linear continuous
operator A% _, defined by equality (2.2) is the best linear approximation method for the class
Wq(r)(q)) in .%, 5. By definition of the Gelfand n-width, the last inequality in (2.10) particularly
implies the following inequality for an arbitrary function f € qu)(q)) in the case ¢,(f) = 0,
k=0,n—1:

@ (W(@), By ) < sup{lIfls,., : f € WD (@)U L

o (i) ([ o)

Comparing inequalities (2.19) and (2.20) and taking into account relation (1.3), we see that the
subspace L of codimension n is extremal for the Gelfand n-widths d"(-). Theorem 1 is proved. [J

(2.20)

3. Conclusion

In the Banach spaces %, and B, 1 < g < oo, with a weight v, exact values of some n-
widths of the classes Wq(r)(q)), r € Z, have been calculated. It was proved that the subspace Ly,
is extremal for the Kolmogorov and linear n-widths in the class Wq(r)(fb), the continuous linear
operator A’ _; is the best linear approximation method for qu)(q)) in .Z, 4, and the subspace L}
is extremal for the n-width d"(Wq(r)(CI)),Bqﬁ). The subspace L1 is extremal for the n-width
b (W3 (@), By).
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