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Abstract: In this paper, the seminormed Cesaro difference sequence space ¢(Fj,q,g,7, 1, AES),C) is
defined by using the generalized Orlicz function. Some algebraic and topological properties of the space
UFj,q, 9,7, 1y At(s),C) are investigated. Various inclusion relations for this sequence space are also studied.
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1. Preliminaries and introduction

The notation w(X) represents the spaces of all X-valued sequence spaces, and (X,g) is a
seminormed space. By {4, ¢, and ¢y, we indicate the spaces of all bounded, convergent, and null
convergent sequences, respectively. Also, we denote the set of natural numbers including zero by
N and the zero sequence by 6.

In [9], Kizmaz introduced the notion of difference sequence spaces A(A), where A denotes any
one of the classical sequence spaces (o, ¢, and ¢y. Colak and Et [5] further generalized the notion
of difference sequence space A\(A™) for A € {{, ¢, co}. Following [14], for ¢t,s € N and A = l, ¢, ¢y,
we have

)\(Afs)) ={rew: (A’Es)mi) €N},

where

Algyai = Aﬁs—)lmi — Ags—)lxm, A(()S)xi =x; VieN,

which has the following binomial expression:

t
A?SW - Z(_l)k <IZ> Titsk-
k=0

For s =t = 1, we obtain the spaces s (A), ¢(A), and ¢o(A).

A linear metric space X over C is said to be a paranormed space if there is a subadditive
function ¢ : X — C such that ¢(0) = 0, g(x) = g(—=x), and scalar multiplication is continuous; that
is, |ap, —a| — 0 and ¢(z; — ) — 0 imply g(a;z; —ax) - 0asi — oo Va € C and z € X.

A paranorm g is called total if g(x) = 0 implies x = 0. The pair (X, q) is called a total
paranormed space.
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A convex function M : R — R such that M(0) = 0 and M(z) > 0 for all > 0 is called an
Orlicz function. Let X be the set of all sequences (z,,) such that > M(|x,|/p) < oo for some
p > 0; Xy is a Banach space with the norm

T ——1nf{p>0: E M<—><1},
H HM ] »

and (X, || - ||) is called an Orlicz sequence space. An Orlicz function F : [0,00) — [0, 00) is called
a modulus function if
Flx+y) < Flx)+ Fly) Y,y € [0,00).

An Orlicz function F is said to satisfy As-condition for all values of u > 0 if there exists K > 0
such that
F(2u) < KF(u).

This is equivalent to satisfying the inequality
F(ru) < KrF(u)
for » > 1 and all values of u > 0. The As-condition implies
F(ru) < Krlog K]:(u)

for all values of v > 0 and for r» > 1.

Two Orlicz functions M and N are said to be equivalent if there exist a, 5 > 0,0 < K < L,
and a > 0 such that KM (azx) < N(z) < LM(Bx) for each x € [0,a]. A BK-space is a Banach
space of complex sequences with continuous coordinate maps. A sequence z = (z;) € v is called

sectionally convergent if
n
2 = inei -
i=1

as n — 0o, where e; = (0;5) is the Kronecker symbol, that is, §;; = 1 for i = j and ¢;; = 0 for i # j.
A space v is called an AK-space if and only if each element is sectionally convergent.

Orlicz [13] studied the Orlicz functions and introduced the sequence space ¢x. Orlicz spaces
have many applications in various fields including the theory of nonlinear integral equations. Also,
Orlicz sequence spaces generalize £,-spaces, and £,-spaces are enveloped in Orlicz spaces. Many
researchers have studied different sequence spaces using the Orlicz functions. For a more detailed
study of the Orlicz functions, one can refer to [2-4, 6-8, 11, 15-17].

For a sequence (F;) of Orlicz functions, the vector space ¢(F;) defined by

||

UF;) = {x:(xl) ew:i}}( 5
i=1

><ooforsomep>0}

is a Banach space with the norm

|| = inf{p >0 i}}(’xi‘) < 1}
i=1

p

and is called a modular sequence space. Furthermore, the space ¢(F;) generalizes the notion of
modular sequence space studied by Nakano [12] who introduced the space ¢(F;) for F;(x) = x®,
where 1 < o < oo for i € {1,2,...}. In [10], Lindenstrauss and Tzafriri proved that every Orlicz
sequence space contains a subspace isomorphic to ¢, for some 1 < p < co. They also proved that
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every subspace of a separable Orlicz sequence space is isomorphic to ¢, for some 1 < p < oo.
Woo [18] extended these findings to the separable modular sequence spaces.

In this paper, we define and study the seminormed Cesaro difference sequence space
U(Fj,q,9,r, ,u,A’ES),C) using the concept of the generalized Orlicz function. Throughout the pa-
per, we use a well-known inequality which is explained as follows [1]:
let (¢;) be a sequence of positive real numbers with

0<gqgj<supg;=H, K= max(1,2771),
J
then
|a; +b;|% < K |a; |V + K |bs|®

for any two complex numbers a; and b;, for each ¢ € N.

2. Seminormed difference sequence space and Orlicz functions

Let F = (F;) be a sequence of Orlicz functions, let (X, g) be a seminormed space, and let (g;)
be a strictly bounded sequence of positive real numbers. Let C be the Cesaro matrix of order 1.
Then, for a nonnegative real number r and a sequence of positive real numbers p = (u;), we define
a difference sequence space ¢(Fj, q, g, 1, A’ES),C) as follows:

= Sl AT\ \ 19
UFi,q,9,T, ,AtS,C :{mew/l’ : "’[}‘( <—5>>] < o0, >O}.
(T4, 9,75 11, A4, C) ()jz%j (=5 p

Theorem 1. The sequence space £(Fj,q,g,T, i, A’ES),C) is a linear space over the field of com-
plex numbers C.

Proof. Let z = (z;) and y = (y;) belong to ¢(F;,q,9,r,u, Al |,C). Let a and b be two

s)?
nonzero complex numbers. To establish the result, we need to find some p3 > 0 such that

00 J t .

_ i—0 1iD(5)(az; + by;) > )} %
E " F; : < 0.
j:oj [ ’ <g< pa(j +1)

For z,y € U(Fj,q,9,7, 1, AES),C), there exist pi, ps > 0 such that

0o ] 'At ) q; e’} ] 4At . qj

oy i=0 Mi (s)x2>>} 7 1[ ( < i=0 Mi (s)yz>>}
E Fj —_— < oo and E — | F; = < 00.
= [ ! <g< p(y+1) S U G D)

Consider
1 . { 1 1 }
— =min{ ——, —— .
p3 lal p1” |b] p2

Since F = (F;) is nondecreasing, ¢ is a seminorm, and Afs) is linear, we obtain

S (EeteSlaten )
J
j=0

p3(j+1)

00 J t J t .
. =0 WA ()T ST AL byi\ \ 1%
SO ()
= p3(j +1) p3(j +1)
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o0 J t J t ;
_ i=0 MA(S) > ( i=0 NiA(S)yi>>]qf
<> (g EELWT (=R
_ [ J<g< p1(j+1) N i+ 1)
t

J
> Zgzo MiAEs)xi 9 > g—o MiA(s)yi 4
<K | F; —_— + K | F; _ < o0.
(S )] R B (ae))] <

Hence, ¢(Fj,q,9,7, 1, A’ES),C) is a linear space. O

Theorem 2. The space E(fj,q,g,r,u,A'zs),C) is a paranormed space (not necessarily total
paranormed) with the paranorm $) given by

(T ) RSy

where G = maX{l,H = SUDjeN ‘Jj}'

P roof Trivially, Ha(z) = Ha(—x). Since F;(#) = 0 for all j € N, we obtain inf{p?/} =0

for z = 6.

Let = (z;) and y = (y;) be two arbitrary sequences in ¢(Fj,q,g,7, 1, AES),C). Then, for some

p1, p2 > 0, we have

> )] 5 (o)
I F (g 222 ) <1 and (g 2 ) ) | < 1.
;0‘7 [ J<g< pi(j+1) ];0‘7 NI\ G+ 1)
For p = p1 + p2, we obtain
O )
= ’ p(j+1)

> 1o Az % é}#z’ﬁts Yi
S PN A S b))

J= J=

Thus,

[e%¢) J t
o il (T + Yi)
— inf (It/G: § -—7 |:]:< ( 1=0 (s) >>:| < 1, 0’ 0}
,S’jA(,I"’y) 1m {(P1+P2) J 7 g (p1+p2)(]+1) = P1 > P2 >

=0
[e’e] J t
A
< inf a/G . ‘T[J-“( (M»} <1, >0,teN}
- {(pl) JZOJ NI\ +1) =

00 J t
= IU’ZA s
+inf{(p2)qt/G . E jir |:.7:] <g<ﬁ>>] S 17/)2 > O,t S N} S f)A(x) +~6A(y)
=0

Finally, for any scalar v # 0 and r = p/|vy|, we have

s £ (B 10 1)

> Zgzo IU’ZAIES)'%.Z
= inf{(|7|r)q‘/G : Zj_r [.7:]' <g<—>>} <1, r>0,te N}.
= r(j+1)
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Hence, ((Fj,q, 9,7, 11, A’ES),C) is a paranormed sequence space. O

Theorem 3. Let F = (F;) and T = (7;) be two sequences of Orlicz functions. Then
g(]:ja q,9,7, W, Afs)?c) N E(T]a q,9,7, W, Afs)?c) C g(]:j + 7}5 q,9,7, W, Afs)?c)

Proof. Let
T E g(fj7Q7g77a7,uaA€5)7C) ﬂg(']‘-j’q’g’?“’/j,’Ats)’C),

Then there exist p1, p2 > 0 such that

0o ] ‘At ) q; 0 ] 4At Ts qj
- i=0 Mi (s)‘“))] ’ - i=0 HiB (5) i
E G F <g< , < oo and i Tilg - < 00.
= [" p1(j+1) Z; ’ p2(j +1)
Taking 1/p = min{1/p1,1/p2}, we obtain

00 J t .
Z i= ,U'iA(S)xi i
Pk [(J NN\ G5+

t

(S B EERO TS TR =~

Therefore,
s zgﬁO MZAIZ )xz a5
T ( <—>>} < .
]z::o] [( j ilg p(G+1)
Hence, x € {(F; + ﬁ,q,g,r,,u,A’Es),C). O

Theorem 4. Fort > 1, the inclusion ((F;,q,g,r, i, A'zs_)l,C) CU(Fj,q,9,T, 1, A’ES),C) is strict.

Proof Letxe f(fj,q,g,r,u,Afg)l,C). Then, we have

o o B T\ \ 19
ijr []:j<g<#>>} < oo for some p>0.
=0

p(j+1)

Since F = (F;) is nondecreasing and g is a seminorm, we obtain

S (B = S [ (B )
oo j At—1 i 4 0o i‘: . tgl z; 4
H[Er PR S PR <

Therefore,

() <
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Hence, T e E(]:jaQagaTuu’ A%s)’c) O

In general, K(fj,q,g,r,u,Afs) C) C K(fj,q,g,r,u,A’Es),C) fori=1,2,...,t — 1, and the inclu-
sion is strict.

Theorem 5. Let (g;) be a sequence of positive real numbers. Then

(a) E(]:j?q’g’rmuaAfs) C) C E(]‘}',Q,T,,U,A’ES ) fOTO < lnf] q; < q; <1

(b) E(]‘—j,g,T’,IU,,A( ) C) C f(]:j,q,g,r,,u,A C) fOT 1< q; < Sup; gj < 0.

Proof. (a)Letze K(fj,q,g,r,u,A’Es),

> g:O IU’IAIES)xZ @
Zj—r [J:j(g(W))} < oo for some p>0.
§=0

Since 0 < inf; ¢; < ¢; < 1, we have

S o) < ((Ea )] <

This implies that x € K(fj,g,r,u,A’Es) C). Hence, K(fj,q,g,r,u,A’Es) C) C U(Fj, g, AES),C).

C). Then

(b) Let g; > 1 for all j, sup, ¢; < oo, and z € K(fj,g,r,u,A’Es),C).
Then

> g:O IU’ZAIES)'%.Z
Zj—r [}—]<9<W>>} < oo for some p>0. (2.1)
§=0

Since 1 < gj < sup; gj < 00, we have

S ()] < S e ()] <

Thus, x € £(Fj,q,9,7, i, Afs),C). Hence, ((Fj, g,7, i, Afs),C) CU(Fj q,9,m, s Afs),C). O

Theorem 6. Let (F;) and (T;) be two sequences of Orlicz functions satisfying the Aq-condition,
and let v > 1. Then ((Fj,q,g,T, ,u,A( ) ,C) CU(TjoFjq,9,1, ,u,A( X ,C).

Proof. Letxzel(Fjqg9,m 1, Afs),C) and € > 0. Choose 0 < § < 1 such that F;(v) < € for
0<v<4. Write

ZLO MZA%S):CZ
— F. = v for each 7 € N.
v ]<g< p(j +1) >> ’

Consider the equality

bupZJ (T3 (y; qj—supZJ T3 (y; q“rbtlpZJ T3 ()%,
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where y; < ¢ for the first summation and y; > ¢ for the second summation. Thus, for r > 1, we
have

suij [T5(y;)]% < max(1,e" Z] < 0.

For y; > 0, we get y; < y;/6 <14 y;/é.
Since each 7; is nondecreasing, convex, and satisfies the Ag-condition, it follows that

Yi 1 1 2y
j(yj) < T<1 + 7]> < 57}(2) + §T (TJ>

T
. 1 .
< K%ﬁ@) + 5[(%373(2) < Kyj5’17}(2) for each j € N.

Therefore,

sup 3257 )" < max(l, (K67 F@)) 32577 ) < oo

2
Thus, (2.1) yields
Supzj [Ti(yi)l™ < max(1,e7) Y 5" +max(L, (K6~ F(2))) Y 5" (y;)? < oo.
Jj=1 j=2

Hence, x € {(Tj o Fj,q,9,7, [t AES),C). g

Corollary 1. Let (F;) be any sequence of Orlicz functions satisfying the As-condition, and
let r > 1. If Fj(x) = x for all z € [0,00) and for all € N, then {(q,g,7,pu,Al,,C) C

(s)’
f(]:j,q,g,T,,U,, AIES),C)

Corollary 2. If F; and T; are Orlicz functions that are equivalent for each j € N, then
g(fj7Q7g77a7,u7 Alés) C) - K(Tja qagaraﬂﬁ AES)7C)

For r = 0, the space ((Fj,q,9,7, i, Al(ts),C) reduces to a sequence space as follows:
Nt Zf: Mz’AtS T 4

g(fj,Q,Q,M,AIES),C) = {x cw(X): Z [}"j (g(ﬁ))} < oo for some p > O}.
j=0

Theorem 7. Let (F;) be a sequence of Orlicz functions, let q; € lo, and let (X,g) be a
complete seminormed space. Then £(Fj,q, g, i, Afs),C) is a complete paranormed endowed with the
paranorm Ha defined by

e8] ]:7 iAt x;
st = {3 [ (oS5 ))| < oo v
j=0

where K = max{1, H = SupjeN q;}-
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Proof. Let (z;) be a Cauchy sequence in f(}"j,q,g,,u,A(s) C). Let § > 0 be fixed, and let

s > 0 be such that, for given 0 < & < 1, £/s6 > 0 and s6 > 1. Then, there exists a positive integer
ng such that

5
h(z™ —2") < < Vm,n > ny.

Thus,

J t T
= i=0 Hi A As 7
inf{pqt/K:Z [E(g(z 0 (p((j)+ 1 () )>>} < 1,t€N} < % VYm,n > ng.

j=0

It implies that

5 (BT )] 1 vz

Therefore,

Zfzo Ni(A() Afs) ;)
; <1 > ] .
.7-"j<g< W@ — ) +1) )) < Vm,n>nyg and j€N

For s > 0 with F;(sd/2) > 1, we obtain

S (Al — Al 2}) 5
. <75 > : .
fj(ﬁ( W@ — a0 +1) >>_}}<2> Vm,n>ny and j €N

Since F; is nondecreasing for each j € N, we have

ZLO Mi(A(S) i Afs) P sd € €
g < — X —.
2 sd 2

741 56

Hence, (Afs)x;ﬂ) is a Cauchy sequence in (X, g) for each ¢ € N. However, (X, g) is complete and so

(Afs) ") is convergent in (X, g) for all i € N.

Let lim ,uiAfs)x;” = x; exists for each ¢ > 1. For ¢ = 1, we obtain
m—0o0

t
t
m o 7: k 1 m __
W%gnoo ,UlA( )1t = W%gnoo M1 kzo(—l) <k>$1+5k = W}gnoo pzt = xy. (2.2)
Similarly,
n%i_r)noo ,uiA'és)xgn = mh_r)rloo piryt =x; for i=1,... ts. (2.3)

From (2.2) and (2.3), it follows that lim gz,  exists.
m—o0
Let n}gnoo w4 = pi T14¢s- Then, by induction, n{gnoo wirit = x; for all 7 € N.

Now, for each m,n > ng, we have

J t m t P
> 1= MZAS As
i“f{pqt/K‘Z[f](g( 0 (p<(g)+1> - ))ﬂ =t “N}“

J=0
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Thus,
J t m t n
0 o (A7t — ATzl
lim 4 inf{ p@/K . []—“(( O (e (S)Z>>}<1,teN}}< Ym,n > no.

j=0
Using the continuity of Orlicz functions, we obtain

s >i_o mi( Ayl = Al lim a7)
inf{pqt/K:Z[]:j<g< ) ) o0 >>]§1, tEN}<€ Ym > nyg.

= p(j+1)

This implies that

[e’e] J t m t

i ,ul-(Asxl- —Asxi)

inf{pqt/K: E [.7:]'<g< 0 ,0((]')+1) (&) >>} <1, tEN} <e Vn >nyg.
j=0

Hence, (2™ — z) € {(Fj,q,9, 1, AES),C), and then z = 2™ — (2™ — x) € U(F},q, 9, 11, AES),C). O

For r =0, ¢; = ¢, a constant, the space ¢(Fj,q,g,7, 1, A’ES),C) reduces to a sequence space as
follows:

[e'e) J t
i= wiA )i
K(fj,g,u,A'zs),C) = {x cw(X): E [.Fj <g<ﬁ>>} < oo for some p > O}.
j=0

Theorem 8. Let (X,g) be a complete normed space. Then, ((F;,g, 1, Al(ts),C) 18 a Banach
space with a norm ||-|| defined by

Proof. To prove that ||-|| is a norm in ¢(Fj, g, pt, Afs),C), we can verify the completeness of
U(Fj, g, 1, A’ES),C) as in the proof of Theorem 7.

If x = 0, then clearly ||z|] = 0.
Conversely, suppose that ||z| = 0. Then,

el 32 [ (o ()] 1) =

Thus, for given € > 0, there exists p. (0 < p. < ¢) such that

>[5 (5] <
j - = L

= pe(j +1)

This implies that

F _— <1 VjeN.
<g< p-G+1) >> /
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Therefore, we have

Zg:o Mz‘AfS)Cﬂi Zf:o NiAIZS)xi
Fi _— < F; _ <1 VjeN.
(=) = 5(5oe)) <1 v

Z:Zo NiAfs)xi
(nj +1)

Suppose that
#0

for some n;. Then,
ZZZ() MiAIES)xi
— 50
e(n; +1)

as € — 0. This implies that
S ALz
Filyg M —o00 as e —0 forsome n; €N,
e(j+1)
which leads to a contradiction. Therefore,

Zgzo MZAl(ts)xz

. =0 VjeN.
(G+1)

If j =0, then ,uOAIES)mO =0 and poxg = 0; pyx1 =0 for j = 1.

Similarly, x; = 0 for all j > 1. Hence, z = 0.

Further, the properties ||z + y|| < ||z|| + ||y|| and ||azx| = |a] ||z|| for any scalar « can be proved
as in the proof of Theorem 2. O

The above proof makes it easy to prove that ||z"| — 0 implies that z* — 0 for each n > 1.
Now, we state the following result.

Proposition 1. The space ((F;, g, 1, Al(ts),C) 1s a BK -space.

To prove the AK-property of the space ¢(F}, g, t, A’Es),C), we give the following definition and
prove some related results.

Definition 1. Let F = (F;) be any sequence of Orlicz functions. Define

o] J t

i= MiAsxi

fl(]:jagaM,Afs),C)Z{xéw()\,’): E []:J <g<p?j—+1())>>] < oo for every p>0}.
Jj=0

Evidently, ¢'(F;, g, i, A’ES),C) is a subspace of {(Fj, g, 1, AES),C), and its topology is inherited

from ||-||.

Theorem 9. Let (F;) be a sequence of Orlicz functions satisfying the As-condition. Then

ﬁ(fj,g,u,A’ES),C) :g/(fjagau7Al(ts)7C)'
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Proof Letxe f(]:j,g,u,A'Es),C). Then, for some p > 0, we have
t

()] <

Consider any arbitrary n > 0. If p <1, then

>, :“iAfs)“’Ui o “"AZS):U"
F, == ¥ < F; - < oo foreach jeN.
(=) <A (5) :

Let n < p. Since F; satisfies the Ag-condition, there exists a constant K; > 0 such that

J
AL . .
;),U'ZA(S)-%'z P log, K gzo MZAz )xz
. =0 <K (& F = ¥ for each j € N.
]<g< n(j +1) >> ]<77> J<g< p(j +1) >> ’

Now, we can find R; > 0 such that

p logy K
R; =sup K; <—> .
J Ui

Then, for fixed n > 0 and for each j € N, we have

- Lo il s Lo il
(o(Z5r)) = A=)

It follows the result. g

Theorem 10. Let (X,g) be a complete normed space.  Then ' (Fj,g,u, Afs),C) s an
AK -space.

Proof. Letz € t'(Fj, g, 1, Afs),C). Then, for each ¢ (0 < e < 1), we can find 7y such that

B0 <

Therefore, for » > rg, we have

[e’¢) J t
. i=0 HiA () Ti
be -ttt =it {o: 35 |7(o( =20 )] <1}
S p(+1)

ol £ o) ) <

j=r

Hence, ¢'(F;, g, i, A%HS),C) is an AK-space. O

Now, using Proposition 1 and Theorem 9, we establish the following result.
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Corollary 3. Let (Fj;) be a sequence of Orlicz functions satisfying the Ao-condition. Then
U(Fj, 9, 1, Afs),C) is an AK-space.

Theorem 11. The space U'(F;, g, i1, Al(ts),C) is a closed subspace of {(F;, g, b, A’ES),C).

Proof. Let (z") be a sequence in ¢'(Fj, g, t, Afs),C) such that ||z" — x| — 0.
It suffices to show that = € ¢'(Fj, g, 41, A’ES),C), ie

F _— < oo for ever > 0.
S ((=5))] &

Jj=0

For p > 0, there exists m such that ||z — x| < p/2. Since F; is a convex function for each

7 € N, we have
t .
s b ()
p(j +1)

>0
)
(I (b =)

5 b () b ()

From (2.4), we get

2.7 [9<2|Z|Z|womuiwu<( m1_>$)|>} =t

Jj=>0
Thus, A
J t
1= IU’ZA s
Z}“J [g<0—1()>] < oo forevery p>0.
= p(+1)
Hence7 HAS e/(fj7g7:u7Alés) C) D

Corollary 4. The space U'(Fj, g, b, A’ES),C) is a BK -space.
3. Conclusion

We have investigated the convergence of the difference sequence for the Cesaro mean of order 1,
along with the generalized Orlicz function, using the technique of seminorm. In our study, we
established that the newly defined sequence space ¢(Fj,q, 9,7, it, A(S),C) is a paranormed sequence
space. We examined both the algebraic and topological properties of this sequence space. Addition-
ally, we verified that ¢(Fj,q, g,7, 1, A’ES),C) is indeed a separable sequence space. In our upcoming
research, we aim to extend this concept to the case of statistical convergence and the Cesaro mean
of higher order.
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