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Abstract: In this paper, we prove the following results: (1) the disjoint union of n > 2 isomorphic copies of
a graph obtained by adding a pendant edge to each vertex of a cycle of order 4 admits an a-valuation; (2) the
disjoint union of two isomorphic copies of a graph obtained by adding n > 1 pendant edges to each vertex of a
cycle of order 4 admits an a-valuation; (3) the disjoint union of two isomorphic copies of a graph obtained by
adding a pendant edge to each vertex of a cycle of order 4m admits an a-valuation; (4) the disjoint union of two
nonisomorphic copies of a graph obtained by adding a pendant edge to each vertex of cycles of order 4m and
4m — 2 admits an a-valuation; (5) the disjoint union of two isomorphic copies of a graph obtained by adding a
pendant edge to each vertex of a cycle of order 4m — 1 (4m + 2) admits a graceful valuation (an a-valuation),
respectively.
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1. Introduction

Notation and terminology not defined here can be found in [2]. Throughout this paper, we
denote by S,, and C}, a star on n + 1 vertices and a cycle on n vertices, respectively.

If a labeling f on a graph G with p edges is a one-to-one function from the set of vertices of G
to the set {0,1,...,p} such that, for p pairs of adjacent vertices x and y, the values | f(z)— f(y)| are
distinct, then f is called a graceful valuation (a [-labeling or a -valuation) of G. If, in addition,
there exists an integer ¢ such that, for each edge zy € E(G), one of the values f(z) and f(y) does
not exceed ¢ and the other is strictly greater than ¢, then the labeling f is called an a-valuation of
G with critical value £. Note that a graph with an a-valuation is necessarily bipartite. As a result,
such ¢ must be smaller than the smallest of the two vertex labels that yield the edge labeled 1. Let
{A, B} be stable sets (a partition) of vertices with x € A and y € B. Without loss of generality,

assume that
A={zeV(Q): f(x)<{t}, B={yeV(Q): f(y) > {}.

Clearly, every a-valuation is also a graceful labeling but not conversely. Rosa pioneered in 1966 [21]
the concept of graph S-labeling. He also presented certain types of vertex labeling as an important
tool for decomposing the complete graph Ky, 1 into graphs with p edges.

Theorem 1 [21]. Let a graph G with p edges has an a-valuation. Then, for s € N, there exists
a G-decomposition of the complete graph Kopsi1.

Specifically, S-valuations were developed to challenge Ringel’s conjecture [19] that Ko, 1 can
be decomposed into 2n 4+ 1 subgraphs that are all isomorphic to a given tree with n edges. More
results about graph labeling are collected and updated regularly in the survey by Gallian [9].

The disjoint union of graphs Hy = (Vi,E1),Hs = (Va,Es),...,H, = (V,,E,) is a graph
H=HUHyU---UH,, with vertexset V =13 UV, U--- UV, and edgeset £ = E1UFsU---UFE,,
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where V1 NVoN---NV,, = &. Lakshmi and Vangipuram [13] proved that there is an a-valuation for
the quadratic graph Q(4,4k) consisting of four cycles of length 4k, k > 1. Abrham and Kotzig [1]
proved that C,,, UC), has an a-valuation if and only if both m and n are even and m+n =0 (mod 4).
Eshghi and Carter [6] showed several families of graphs of the form Cy, U Cy,, U---UCy, that
have a-valuations.

The cartesian product GLIH of two graphs G and H is the graph with the vertex set

V(GOH) = V(G)OV(H)
and the edge set F(GOH) satisfying the following condition:
(x1,22)(y1,92) € E(GOH)

if and only if either x; = y; and x9ys € E(H) or 9 = yo and z1y; € E(G).

The corona [7] of two graphs Hy and Hs, denoted by Hy ® Ha, is the graph obtained by taking
one copy of Hi, which has m vertices, and m copies of Hy, and then joining the kth vertex of Hj
with an edge to every vertex in the kth copy of Hs.

A unicyclic graph H (other than a cycle) is called a hairy cycle if the deletion of any edge e from
the cycle of H results in a caterpillar. Thus, the coronas C),, ® mK; are examples of hairy cycles.
Kumar et. al. [11, 12, 15-18] proved that the hairy cycle C,, ® K1, n = 0 (mod 4), and graphs
obtained by joining two graceful cycles by a path admit a-valuations. They also discussed that
the subdivision of a cycle and pendant edges of C,[JKy, joining two isomorphic copies of C,[1Ky,
Cn® Ki,n=0 (mod 4), and C,, ® K1, n =3 (mod 4), are graceful. Moreover, they proved that
Cpn®rK;,n=3 (mod 4), and C,, ® K1,n =0 (mod 4), are k-graceful. Graf [10] established that
C,, ® K has a graceful valuation if n = 3 or 4 (mod 8).

Barrientos [3, 4] showed that if G is a graceful graph with order greater than its size, then the
graphs G ® nK; and G 4+ nK; are graceful. He also proved that helms (graphs obtained from a
wheel by attaching one pendant edge to each vertex) are graceful. Minion and Barrientos, in [5]
and [14], studied the gracefulness of GU P, and C, UG,,, where G,, is a caterpillar of size n. Frucht
and Salinas [8] analyzed the gracefulness of C,, U P,, n > 3. Ropp [20] showed that the graph
(C,OP,) ® K is graceful. Truszezynski [22] conjectured that all unicyclic graphs except the cycle
Cp,n= 1lor2 (mod4), are graceful.

Labeled graphs are helpful mathematical models for coding theory, such as designing optimal
radar, synch-set, missile guidance, and convolution codes with high auto-correlation. They make
it easier to perform optimal nonstandard integer encoding.

This study focuses on graceful and a-valuation of some disconnected graphs. The concept of
graceful and a-valuation in graph theory has attracted attention from many researchers during the
past three decades. The earlier studies motivated us to research the problem that the disjoint union
of various hairy cycles C;?ﬁ U C;?{; u---u C’;?;Z admits an a-valuation, which we partially solve in
the present paper.

2. Results

Theorem 2. Let G be the graph obtained by the disjoint union of n isomorphic copies of the
hairy cycle Cfl. Then, G admits an a-valuation with exactly one missing number p = 4n — 2 and
the critical value o = 4n.

Proof Letn €N, and let G¥, 1 < k < n, be the kth part of G. Let wf and z¥, where

7

i =1,2,3,4 and kK = 1,2,...,n, denote vertices of the cycle and leaves of the kth part of G,
respectively. Clearly, |[V(G)| = |E(G)| = 8n.
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To define 3 : V(G) — {0,1,2,...,8n}, we label the vertices of G! as follows:

S(zl) =8n, (zd) =1, %( }5) 8n—2, S(z)) =4

Next, we label the vertices of the remaining parts of G, 2 < k < n, as follows:

S(wk) = 4k +3(i — 3)/2 if i=1,3,
’ 42n —k+1)—i/2 if =24,
S(h) = 4(k +1) —5i/2 if =24,
’ 8n —4k+ (11 -3¢)/2  if i=1,3.

Define the edge labeling f* on E(G') by
[rwz) = [S(w) — ()|
for wr € E(G) as follows:

fr(wiwy) =8n =1,  f*(wywy) =8n—4, [ (wywi)=8n—6, f*(wijw])=28n—3,
fH(wiz]) =8n, f*(wixd) =8n — fH(wizd) =8n—5, f*(wiz)) =8n—T.

We label the remaining edges of G as follows:

frwfwl ) =8(n—k+1)—2i for i=1,3,
f*(w5ws) = 8(n — k) +3,
fr(wiwf) = 8(n — k) +5,
fr(whzk)y =8(n —k)+10—-3i for i=1,2,3,
P (whak) = 8(n — -+ 1).

It is clear that all the vertex and edge labels are distinct. Therefore, the graph G is graceful. Next,
we prove that the graceful function & is an a-valuation with the missing number p = 4n — 2 and
the critical value o = 4n. Since the vertex set V of G is partitioned into two sets, V = AU B, we
have

A=1{0,1,3,4,57,8,2,9,11,12,6,...,4n — 3,4n — 1,4n, 4n — 6},
B={8n,8n—1,8n—2,8n—3,...,4n + 1}.

Clearly, A and B are independent sets. The number o = 4n satisfies f*(w) < o < f*(z) for every
ordered pair (w, ) € A x B. Therefore, S is an a-valuation of G (see C5' U C’S1 C2' in Fig. 1). O

Theorem 3. The disjoint union of two isomorphic copies of Cf" admits an a-valuation with
exactly one missing number p = 4(n + 1) and the critical value o = 4n + 5.

Proof Leti=1,234andj=12,...,n Denote by u; (v;) and u;; (v;) the vertices of
the cycle and leaves, respectively, in the first and second copies of C}", respectively. Clearly,

V(Cimu e = B(C uCsn) = 8(n + 1).

Define ¢ : V(Cf" U Cf") —{0,1,2,...,8(n+ 1)} as follows: we label the vertices of the cycle
of the first copy of C;" by

P(ur) =0, J(ug) =Tn+8, VY (uz)=n+2, V(ug)=6n+7
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Figure 1. An a-valuation of C5* UCSt U 5.

and the vertices of the cycle of the second copy of Cf" by
Y(v1)) =6(n+1), J(v2)=3(n+1), V(vz)=5n-+1), I (vs)=4n+5,
respectively. Label the remaining vertices of the leaves in the graph Cf" U Cf" as follows:

n+1)(i—1)

8(n+1)— (k1) — -

P(uig) = -
k - (n—}—2)2(2 2)

if i=1,3,
if =24,
I(vig) =2(n+1), Y(vg) =6(n+1)—k
for 1 <k <n,and
V(vsg) =3n+k+4, V(vg)=5n+1)—k for 1<k<mn,

V(vsn) =n+1, J(va,) =3n+4.

It can be verified that all vertices of the graph are labeled and the labels are distinct. Now,
we construct labels for the edge set E of the graph. Define a labeling f on E(Cf" U Cf") by
f(uv) = |[9(u) — 9(v)| for uv € E. We label the edges of the cycle of the first copy of C{™ by

flurug) =Tn+8,  f(ugus) =6(n+1), f(ugus) =5(n+1), [f(uguy)=06n+7
and the edges of the cycle of the second copy of C’f " by
foivg) =3(n+1), f(vovs) =2(n+1), f(vsvg) =n, flvgvr)=2n+1.
Label the remaining edges of the leaves in the graph C’f ™ U C’f " as follows:

8+ (k-1 —(n+1)@E-1) if i=1,2
f(“”“”’“)_{8(n+1)—k—(n+1)(¢—1) if =34,

for 1 <k <n,

An+1)—k—(n+1)3G—1) if i=1,2
k—1—(n+1)(i—1) if i=3,4,
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for 1 <k < mn,and
f(vsvs,) =4(n+1), f(vgvgn) =n+ 1.

It is quite clear that all the vertex and edge labels are distinct. Therefore, the graph C;™ U C’f ™ is
graceful. Next, we prove that this graceful function ¥ is an a-valuation with the missing number
p =4(n+ 1) and the critical value o = 4n + 5. Since the vertex set V' of C’f" U C}" is partitioned
into two sets, V.= RU S, we have

R={0,1,2,...,n,n+2,n+3,...,2(n+1),6(n+1),6n+5,6n +4,
co,n+6,2(2n+3),4n+5,...,5n +4,3n + 4}

and

S={8n+1),8n+78n+6,...,Tn+9,"n+8,7(n+1),...,2(3n+4),2n + 3,2n + 4,
ce3n+2,3(n+1),3n+5,3n+6,...,4n+3,n + 1}.

Clearly, R and S are independent sets. The number o = 4n + 5 satisfies f(u) < o < f(v) for every
ordered pair (u,v) € Rx S. Therefore, ¥ is an a-valuation of C’f" UC’fn (see Cf3 UC’f?’ in Fig. 2). O

Figure 2. An a-valuation of C5* U C5?.

Theorem 4. Let C’fnlI UCS, n € {4m,4m — 1,4m — 2}, be the disjoint union of hairy cycles.
If there is a function
¢:V(CUCS) - {0,1,2,...,2(4m +n)},
then
(i) the graph C’f}n uCs

D1 n € {4m,4m — 2}, admits an a-valuation;

(ii) the graph C’fﬁn U szrln—l’ m > 1, admits a graceful valuation.
Proof. Let Cf,}ﬂ be the graph (a hairy cycle) obtained by adding a pendant vertex to each
vertex of the cycle of order 4m. To prove this theorem, we need to prove the following claims.
Claim 1. The graph C’f,}1 U Cfﬁ, m =n and m > 1, admits an a-valuation.

Claim 2. The graph C’f,}1 U Cf,}m_Q admits an a-valuation.
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Claim 8. The graph Cf;}ﬂ U sz;}n—la m > 1, admits a graceful valuation.

Before proving the claims, we fix a labeling of the hairy cycle C’fﬁn in C’fﬁn U C21. Because,
throughout the proof, the labeling of the first part C’SnlI is the same. For each t € {4m,4m — 1,
4m — 2}, we need to define a labeling ¢ on CcoLy C;' and prove that this is an a-labeling. So,

4am
first, we define the labeling of the first part of the union as follows.
Let w; and v;, ¢ = 1,2,...,4m, be the vertices of the cycle and leaves of Cf,}], respectively.
Then,
1—1 if i<2m and ¢ isodd,
d(u;)) =X i@ if ¢>2m and ¢ isodd,

2(dm +1t)—(i—1) if i iseven,

2(4m+t)—(i—1) if 4 isodd,
pv)) =< i—1 if i<2m and i iseven,
{ it ¢>2m and ¢ iseven.

Next, we define the edge labeling g on the edges of C’f,}1 by
9(uv) = [¢(u) — o(v)|

for uv € E as follows:

(wstse) = 24m+t)—2i+1 if i<2m,
g UiUiy1) = 2(4m +t) — 2i it 2m <i<4m,
g(U4m,U1) =4m + 2t + 17

gy = { 2U4m+t—i+1) if i<2m,
PP = 2m+4) —26—1)—1 if i>2m.

Proof of Claim 1. This claim holds for only m = n.
Let x; and y;, i = 1,2,...,4n, be the vertices of the cycle and leaves of Cfﬁ (the second part).

Clearly,
V(Ci, U O] = | E(CE, U Chy )| = 16m.

We now define the labeling of C’fﬁn as follows.
Case 1: m is even. We label the vertices by ¢(z4pm) = 10m,

4m +1 if 4 1is odd,
() = 12m+1—1 if i<m and i iseven,
Y} 12m—d if m<i<2m and 4 is even,

12m—1—1 if 2m<i<4m —2 and ¢ is even,

¢(Z/3m—1) == 11m7 ¢(y4m) - 2m7
12m — (i —1) if i<m and ¢ isodd,

S(yi) = 12m — 1 if m<i<2m and 4 isodd,
Yi) =9 12m —1—i if 2m<i<3m—1, 3m—1<i<4m—1, and i isodd,
4dm +1 if 1<4m —2 and i 1is even.

It can be verified that all vertices of the graph are labeled and all labels are distinct. Label the set
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FE of edges in the graph as follows:

2(4m — 1)
g(ziriz1) =< 2(4dm —1i)—1
2(4m — i) — 2

9(Tam—1Tam) = 2m + 1,

if i <m,
if m<i<2m-—1,
if 2m—1<i<4m -2,

g(xgmry) = 6m — 1,

24m —i)+1 if i<m,
2(4m — 1) it m<i<2m,
204m —i)—1 if 2m<i<3m-—1,

9(z3m—1Y3m—1) = 4m + 1,

g(l“z‘yz‘)
Im—1<1<4m — 1.

g(x4my4m) = 8m.

Suppose that m = n and m is even. Then, the labeling of C’fﬁn U C’fﬁ is a graceful valuation.
Moreover, the labeling of C’f,}1 U Cfﬁl is actually an a-valuation with the critical value 2m — 1, and
the number 9m/4 is not assigned to any vertex of Cf;}ﬂ U C’frln.

Case 2: m is odd. If m = 1, the labeling follows from Theorem 2. If m > 2, the labeling is
defined as follows:

d(wzm) =Tm + 2,  P(wyy,) = 10m,
dm +1 if ¢i<m and i isodd,
(w;) = dm—+1+1 if m<i<3m, 3m<i<4m—1, and ¢ isodd,
! 12m+1—i if i<2m and 4 1is even,
12m —1 if 2m<i<4m —2 and i iseven,
H(z3me1) =5m+1,  @(z4m) = 2m,
12m+1—1 if ¢<2m and ¢ isodd,
b(z) = 12m — 1 if 2m<i<4m—1 and ¢ isodd,
! dm + 14 if ¢<m and ¢ iseven,
dm+ 141 if m<i<3d3m, 3m+1<i<4m—2, and ¢ iseven.

It can be verified that all the vertices of the graph are labeled and the labels are distinct. We now
construct labels for the set £ of edges in the graph as follows:

J(W3mwsm+1) = 2m — 3, g(Wam-1Wam) = 2m, g(wamwi) = 6m — 1,
2(4m — 1) if i <m,

2(4m —1) —1 it m <i<2m,
2(4m —i) — 2 if 2m<i<3m-—1,
g(w?;mZBm) = 2(m - 1)5 g(w3m+123m+1) =4m — 2,
2(dm —i)+1  if i <m,

2(4m — 1) if m<i<2m,
2(4m —i) — 1 it 2m <1< 3m,

g(W3m—1w3m) = 2m — 1,

g(wiwit1) =
3m <1< 4m — 2,

g(w4mz4m) = 8m,

g(wiz;)
Im+1<1<4m-—1.

Through the close examination of the above function ¢, it can be seen that the induced edge
labeling is bijective. It is clear that all the vertex labels are distinct. The edge labels are computed
from these vertex labels and are also found to be distinct from 1 to 16m. Therefore, Cfﬁl U Cfﬁ,
where m is odd and m = n, is a graceful valuation. Moreover, the labeling of C’fﬁn U C’fﬁn is actually
an a-valuation with the critical value 2m, and the number 7m + 4/4 is not assigned to any vertex
of Cfﬁz U Cf,}]. This completes the proof of Claim 1.
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Proof of Claim 2. Let a; and b;, i = 1,2,...,4m — 2, be the vertices of the cycle and leaves
of Cfﬁm—z- Define the labeling of 0457}1_2 as follows:

¢(a2m) =6m + 1,

b(ai) = 3(4m —1)—i if ¢ isodd,
Yl dm 41 if 1<i<2m—1, 2m<i<4m—2, and ¢ iseven,
¢(b2m+1) = 2m’
o(b;) = dm +i if 1<i<2m—-1, 2m+1<i<4m—2, and i isodd,
Yol 34m —1)—i  if 4 is even.

Moreover, this produces the edge labels of Cziln—zz

9(a4m—2a1) = 4m — 2, g(aombam) = 4(m — 1), glazmy1b2mi1) = 4m — 2,
(a5a121) = 2(4m — 2 — 1) if i<2m—1, 2m<i<4m—2,
INGGH) = g — 5 — 24 if 2m—1<i<2m,

g(aib;)) =8m —3—2i if i<2m—1, i>2m+1.

Through these combined labelings of the hairy cycles C’f,}1 (defined before Claim 1) and Cf,}]_Q
bring out the labeling of C’f,}1 U 0457}1—27 and its induced edge labeling is bijective. It is clear that all
the vertex labels are distinct. The edge labels are computed from these vertex labels and are also
found to be distinct from 1 to 16m — 4. Therefore, Cf;}ﬂ U C’frlrk2 is a graceful valuation. Moreover,
the labeling of C’fﬁn U Czﬁ%—z is actually an a-valuation with critical value 5m — 2, and the number
3m/2 is not a label of Cfﬁl U Cfﬁl_Q (see 0851 U Cgl in Fig. 3). This completes the proof of Claim 2.

Figure 3. An a-valuation of C5* U C5*.

Proof of Claim 3. Let w; and z;, i = 1,2,...,4m — 1, be the vertices of the cycles and leaves
of Cfﬁl_l. Clearly,

V(Coh U, )| = [B(Cok UCE: )| = 16m —2.
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Since the labeling of C’fﬁn is defined at the beginning of the proof, we only need to specify a labeling
of Cfl , and Cfl and we do this as follows.

m— m—1

Case 1: m is even. Define

¢($4m71) == 2(5m - 1),

dm +1 if ¢i<4m —3 and ¢ isodd,
(i) = 12m —1—1 if i<m and i iseven,
YooY 2(6m—1)—4  if m<i<2m and i is even,

34m—1)—4 if ¢>2m and i is even,
(ysm—-1) = 11m — 2, ¢(zam-1) = 2m,

12m —1—1 if ¢<m and i isodd,
V) 26m—1)—i if m<i<2m and i isodd,
i) = 3(4m —1)—i if 2m<i<3m-—-1, 3m—-1<i<4m—1, and 4 isodd,
dm +1 if ¢ iseven.

It can be verified that all the vertices of the graph are labeled and the labels are distinct. We
now construct the set F of edge labels in the graph as follows:

9(Tam—2Tam—1) =2m — 1, g(zam—121) = 3(2m — 1),

2(4m — 1 —14) it i <m,
g(xixiy1) =< 2(dm—i)—3 if m<i<2m-—1,

2(4m — 2 —14) it 2m—1<i<4m — 3,

9(T3m-1Y3m-1) =4m — 1,  g(Tam-1Yam-1) = 2(4m — 1),

2(4m —i) — 1 it i <m,

g(xiyi) =< 2(dm —1 —1) if m<i<2m-1,
2dm—14) -3 if 2m—-1<i<3m—1, 3m—-1<i<4m-2.

Case 2: m is odd and m > 1. Figure 4 shows a graceful valuation for m = 1.

10
Figure 4. A graceful valuation of Cf ty C3S L.
If m > 1, then we define
P(wsm) =Tm +2,  ¢(wim-1) = 10m — 2,
dm +1i if i<m and i is odd,
(w;) = dm+ 1414 if m<i<3dm, 3Im<i<4m-—1, and ¢ isodd,
YO 2m—1—4 if i<2m and 4 iseven,

2(6m —1) —1 if ¢>2m and i iseven,
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P(zam—1) = 2m,  ¢(23m+1) = 5m + 1,
12m—1—1 if i<2m and ¢ isodd,
b(z) = 26m—1)—¢ if 2m<i<4m-—3 and ¢ isodd,
! dm + i if i<m and i iseven,
dm+i1+1 if m<i<3m+1l, 3m+1<i<4m-—1, and ¢ iseven.

It can be verified that all the vertices of the graph are labeled and the labels are distinct. We now
construct labels for the set F of edges in the graph as follows:

g(W3m—1W3m) =2m — 3,  g(wsmwsm+1) = 2m — b,
9(Wam—2Wam—1) =2(m — 1),  g(wgm—1w1) = 3(2m — 1),
24m —1—1d) if i<m,
g(wiwiy1) =<9 2(4m—1i)—3 if m<i<2m,
2(4m — 2 — 1) it 2m<i<3m—1, 3m<i<d4m —2,
9(w3mzsm) = 2(m = 2),  g(Wsm+123m+1) = 4(m — 1),  g(Wam—124m—-1) = 2(4m — 1),
24m —i)—1 if i<m,
g(w;z;)) =< 2(dm —1—1) it m<i<2m,
2(4m—1)—3 if 2m<i<3m, 3m+1<i<4m-—1L

We see that the labels of the edges of Cfﬁl U Cfﬁl_l are distinct. Therefore, it can be easily shown

that the graph Cf;}ﬂ U szrlnq has graceful valuations (see Cgs Y C;q !in Fig. 5). This completes the
proof of Claim 3. 0

Figure 5. A graceful valuation of C5* U CS".

Theorem 5. The graph obtained by the disjoint union of two isomorphic copies of all hairy
cycles 0457}1“ admits an a-valuation with exactly one missing number p = 4(2m+1) and the critical
value o = 2(3m + 2).
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Proof Leti=1,2,3,...,4m+2, and let p; (r;) and ¢; (s;) denote the vertices of the cycle
and leaves, respectively, in the first and second copies of Cfﬁz 1o, Tespectively. Clearly,

[V (Cphia UCE, o)l = [B(Cat 1o UCE o) = 8(2m +1).

Define a function ¢ : V(Cf,}HQ U Cfﬁwz) —{0,1,2,...,8(2m + 1)} as follows. Figure 6 shows

an a-valuation for m = 1.

17
6 o » 24 15 '\\\ /
3 ’ 2
24 \ 7
i P Y4
T 12 5
19 0\ // \11
18 14|, 23 ) g 21 10 oy 16—
— | 22 y
\\\ //,/ 2\\ 8 //
16\ 50 2/ 21 \/13 4
20 Q P
17 ST \ v 6
/ 20\ / .
N\ / N
/. °22 ‘9 14
3
Figure 6. An a-valuation of C’gl U Cgl.
For m > 1, we label the vertices of Cfﬁz o U Cfﬁz 4o as follows:
§(pamt2) = 12m + 17,
16m+9 —1 if i<2m+1 and ¢ is even,
E(pi) =< 16m+8—i if 2m+1<i<4m and i iseven,
1—1 if 4 1isodd,
E(qam+1) = 12m + 6,  {(qum+2) = 4m + 2,
16m +9 —1 if 1<2m+1 and ¢ is odd,
€(gi) = 16m+8—i if 2m+1<i<4m—1 and i isodd,

i—1 if i<4m and i iseven,
E(r1) =4m+1, &(rames) =6m+5, &(romy2) = 10m + 3,
£(r) :{ 4m+1+i' 1f 1<i<2m+1, 2m—.|—3<z'§4m+1, 'an(.i i is odd,
12m +6 —1 ifi <2m+2, 2m+2<i<4m+2, and i iseven,
E(som+1) =10m +4,  {(somy3) = M4m+ 7, &(s2m+5) = 10m + 5,

12m+6 —1 if i<2m+1 and ¢ isodd,

12m +8 — 14 if 2m+5<i<4m—+2 and i isodd,
dm+ 1414 if 1<i<2m+2 and i iseven,
dm+3+1 if 2m+2<i<4m+2 and ¢ iseven.

£(si) =

Clearly, £ is injective. Now, we prove that the induced labeling
0 E(C,UCH, o) = {1,2,...,8(2m + 1)}

defined as £(zy) = |{(x) — &(y)| for xy € E(CQE}HQ U Cf,}HQ) is bijective.
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The induced edge labeling ¢ has the following values:

U(pam+2p1) = 12m + 7, L(pam+1Pam+2) = 8m + 7,
Upipins) = { 16m+9-2 if i<2m+l,
16m + 8 — 2¢ if 2m+1<i<4m,
U(Pam+1qam+1) = 8m + 6,  €(Pami2qam+2) = 8m +5,
i) = { 16m + 10 — gz' %f i<2m+ ;,
16m +9 — 2¢ if 2m+4+1<i<4dm,
l(rire) =8m+3, L(romsarom+s) =4m — 2, L(rymsor1) = 4m + 3,
Uromy1romye) = 4m+ 1, L(romisromta) = 4m — 3,
lriripy1) =8m+4—2i, for 1<i<2m+1, 2m+4<i<4dm+1,
U(r1s1) =8m +4, L(rami3ram+3) =8m +2, L(ramisS2mts) = 4m — 1,
U(rams28am+2) =1, (roms1S2me1) =4m + 2, U(romi2S9mi2) = 4m,
8m +5— 21 if 1<e<2m+1,
ris;) =¢ 8m—2i+3 if 2m+4<i<4m+2 and i is even,
8m — 247 if ¢>2m+5 and ¢ isodd.

It is clear that all the vertex and edge labels are distinct. Therefore, the graph C’f,}1 4o U C’f,}1 4o
is graceful. Next, we prove that the above graceful function £ is an a-valuation with the missing
number p = 4(2m+1) and the critical value o = 2(3m+2). Since the vertex set V' of Cf,}HQUCf,}HQ
is partitioned into two sets, V = X UY, we have

X={0,1,2,...,d4m,4m+2,4m+1,4m+3,4m+4,...,6m+3,6m+5,6m+7,6m+6,...,8m+5}
and

Y={8(2m + 1), 16m + 7,16m +6, ..., 1dm + 8,14m +6,...,12m + 6,12m + 7, 12m + 5, 12m + 4,
., 10m +6,10m +4,..., 14m + 7,10m + 2,10m + 5, ..., 8m + 4}
Clearly, X and Y are independent sets. The number o = 2(3m + 2) satisfies f(z) < o < f(y) for

every ordered pair (z,y) € X x Y. Therefore, £ is an a-valuation of Czilmrz U Czi}mrz- U

3. Conclusion

This paper discussed graceful and a-valuations of certain disconnected graphs. Finding general
characterizations for such graphs is an open problem. We also propose the following problem.

Problem 3.1. The disjoint union of various hairy cycles C,f{; U C,%; U---U C,f{; admits an
a-labeling.
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