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Abstract: This paper presents a new iterative algorithm for approximating the fixed points of multivalued
generalized a-nonexpansive mappings. We study the stability result of our new iterative algorithm for a larger
concept of stability known as weak w2-stability. Weak and strong convergence results of the proposed iterative
algorithm are also established. Furthermore, we show numerically that our new iterative algorithm outperforms
several known iterative algorithms for multivalued generalized a-nonexpansive mappings. Again, as an applica-
tion, we use our proposed iterative algorithm to find the solution of nonlinear Volterra delay integro-differential
equations. Finally, we provide an illustrative example to validate the mild conditions used in the result of the
application part of this study. Our results improve, generalize and unify several results in the existing literature.

Keywords: Banach space, Uniformly convex Banach space, Multivalued generalized a-nonexpansive map-
ping, Convergence, Nonlinear Volterra delay integro-differential equations.

1. Introduction

A mapping ¢g on a nonempty subset K of a Banach ¥ is called nonexpansive if

lg(z) =gl < [lz —yll, forall z,yecX.

A point z in K is said to be a fixed point of g if g(x) = 2. We denote the set of all fixed points of g
by

T(g) = o € X2 = glo)).
Let R denote the set of all real numbers and N be the set of all natural numbers.

In 1965, Browder [7], Gohde [10] and Kirk [17] independently studied the existence of fixed
points of nonexpansive mappings in Banach spaces. The authors showed that every nonexpansive
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mapping defined on a bounded closed convex subset of a uniformly convex Banach space always has
a fixed point. Recently, many authors have introduced and studied some new classes of mappings
which are considered to be larger than the single-valued nonexpansive mappings.

One of the first extensions and generalizations of single-valued nonexpansive mapping which
has fascinated many authors was introduced by Suzuki [33] in 2008. Such mappings are generally
known as mappings satisfying condition (C). The author proved some existence and convergence
results for such mapping.

Definition 1. A mapping g : X — XK is said to be Suzuki generalized nonexpansive mapping
or mapping satisfying condition (C) if for all x,y € X we have

1 .
sl =gzl < llz =yl implies [lgz — gyl < |z —y]-

In 2011, Aoyama and Kohshaka [5] introduced a new class of single-valued mappings known as
a-nonexpansive mappings and obtained some fixed point theorems for such mappings.

Definition 2. A mapping g : X — X is said to be an a-nonexpansive with o € [0,1) if
lgz — gyl” < allgz =yl + allgy — =[* + (1 = 2a) |z — y|%,
for all x,y € K.

Obviously, every nonexpansive mapping is an a-nonexpansive with a = 0 (i.e., 0-nonexpansive
mapping).

In 2017, Pant and Shukla [29] introduced a new type of single-valued nonexpansive mappings
known as generalized a-nonexpansive mappings and obtained some existence and convergence the-
orems.

Definition 3. A mapping g : X — K is said to be generalized a-nonexpansive with o € [0,1) if

1 o
lle =gzl <llz —yl  implies
gz — gyll < allgz —yll + allgy — =|| + (1 = 2a)[|lz -yl
for all x,y € K.

This class of mappings properly includes nonexpansive and Suzuki generalized nonexpansive map-
pings [29].

Fixed point theory for multivalued mappings has useful applications in control theory, convex
optimization, differential equations and economics. The fixed points of multivalued mappings were
first studied by Markin [20] and Nadler [21].

A set K is said to be proximinal if for each x € ¢, there exists an element y € X such that
|z —y|| = d(x,X), where

d(z,X) = inf{||z — £|| : £ € K}.

We denote by CB(X), C(X) and P(X) the families of nonempty closed and bounded subsets,
nonempty compact subsets and nonempty proximinal subsets of X, respectively. Let 5 be the
Hausdorff metric induced by d of ¢ which is defined as:

%(%,7/):max{sgg(x,“l/),sgg(y,%)}, forall %,¥ € CB(X).
TEU y

An element = € X is said to be a fixed point of a multivalued mapping T : X — P(X) if x € Tz.
Let F(T) = {2z € X : z € Tz} denote the set of all fixed points of T.
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A multivalued mapping T : KX — P(X) is said to be a contraction if there exists a constant
d € [0,1) such that for all z,y € K,

A (Tx, Ty) < 6llz -y, (1.1)
and nonexpansive if
H (T, Ty) < ||z —yl|,

for all z,y € K. The study of fixed points for multivalued contraction and nonexpansive mappings
using the Hausdorff metric was initiated by Markin [20].

In 2011, Abkar and Eslamian [2] gave the multivalued version of Suzuki generalized nonexpan-
sive mappings.

Definition 4. A multivalued mapping T : K — CB(X) is said to be Suzuki generalized nonex-
pansive mappings or said to satisfy condition (C) if for all x,y € K, we have

1
5d(@,T2) < ||z —y|| - implies 7 (Tx,Ty) < ||z —y].

Recently, Igbal et al. [15] introduced a multivalued generalized a-nonexpansive mapping and
obtained some fixed points results in uniformly convex Banach spaces.

Definition 5. A mapping T : X — CB(X) is said to be a multivalued generalized o-
nonexpansive if there exists a € [0,1) such that

1
5d(:ﬂ,‘fﬂ:) <l|lz —vyl| implies
H(Tx, Ty) < ad(z, Ty) + ad(y, Tz) + (1 = 2a)[lz - y|,
for all x,y € K.

It is not hard to see that every multivalued mapping satisfying condition (C') is multivalued gener-
alized a-nonexpansive mapping with e = 0 and also, every multivalued generalized a-nonexpansive
mapping with a nonempty fixed point set is multivalued quasi-nonexpansive.

The fixed point theory of the classes of multivalued nonexpansive mappings is more cumbersome
than the corresponding theory for the classes of single valued nonexpansive mappings. But the
numerous applications of the former have caused several researchers to study not only the existence
and uniqueness of fixed points of different classes of multivalued nonexpansive mappings, but also
approximated the fixed points of different classes of multivalued nonexpansive mappings.

In the course of approximating the fixed points of the classes of nonexpansive mappings, several
iterative algorithms have be introduced and studied. Some of the well known iterative algorithms
in existing literature are given in Mann [19], Ishikawa [16], Noor [22], S [3], Abbas and Nazir [1],
Tharkur [34] and many more.

In 2009, Shahzad and Zegeye [11] studied convergence of the Mann and Ishikawa iterative algo-
rithms for multivalued nonexpansive mappings in a nonempty closed convex subset of a uniformly
convex Banach space. The authors defined

Py(a) ={y € T : [lo — y|| = d(z, Tx)}

for a multivalued mapping T : X — P(X) to make it well defined.
The famous Mann iterative algorithms is defined as:

{$0:$EJ<,

Vn > 1, 1.2
Tn+l = (1 - un)xn + ungna B ( )
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where {u,} is a sequence in (0,1) and ¢, € Pg(x,).
The Ishikawa iterative algorithms is defined as:

rg=x € XK,
Yn = (1 — vp)xpn + vnly, Vn > 1, (1.3)
Tn+1 = (1 - un)xn + unCna

where {u,} and {v,} are sequences in (0,1), ¢, € Ps(y,) and £, € Py(zy,).
The following iterative algorithm which was introduced by Argawal et al. [3], is known as
S-iterative algorithm:

g =1x € K,
Yn = (1 — vp)xpn + vply, Vn > 1, (1.4)
Tnl = (1 - un)gn + ungn,

where {u,} and {v,} are sequences in (0,1), ¢, € Py(y,) and ¢, € Py(x,). The authors proved
that (1.4) converges at the same rate of the Picard iteration and faster than the Ishikawa iteration
for contractions mappings.

In 2018, Gunduz et al. [11] introduced the multivalued version of Thakur iteration process as
follows:

rg=x € X,

zn = (1 = tp)xn + tply,

Yn = (1 - Un)xn + UnWn,
Tnt1 = (1 - un)wn + unGn,

vn > 1, (1.5)

where {u,}, {t,} and {v,} are sequences in (0,1), ¢, € Ps(yn), wn € Py(z,) and ¢, € Py(z,). The
authors proved numerically that (1.5) convergence is faster than each of Mann, Ishikawa, Noor, S,
Abass iteration processes.

Recently, Okeke et al. [28] introduced the multivalued version of Picard-Ishikawa hybrid itera-
tive algorithm which was considered in [26] as follows:

rg=x € X,

Zn = (1 - Un)xn + Upln,
Yn = (1 - un)xn + UpWnp,
Tnt1 = G,

Vn > 1, (1.6)

where {u,} and {v,} are sequences in (0,1), ¢, € Pr(yn), wn € Py(z,) and ¢, € Py(z,). The
authors proved analytically and numerally that (1.6) converges faster than a number of existing
iterative algorithms for quasi-nonexpansive mapping.

On the other hand, a fixed point iteration procedure is said to be stable numerically if small
errors or modifications in the data or procedure has small control on the computed value of the
fixed point.

The concept of stability of fixed point iteration process was rigorously studied by Harder in her
Ph.D thesis which was published in [13, 14].

Definition 6 [13, 14]. Let T : X — P(X). Define a fized point iteration algorithm by
Tp+1 = f(T,xn) such that {z,} converges to a fized point ¢ € T. Let {t,} be an arbitrary se-
quence in 9. Define

en = |ltn — f(T,tn)||, Yn>1.
A fixed point iterative algorithm is said to be T-stable if the following condition is fulfilled:

lim ¢, =0 if and only if lim ¢, =q.
n—oo n—oo
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The notion of stability in Definition 6 has been studied by several authors for both single and
multivalued mappings (see [15, 24, 28] and the references in them).

In [6], Berinde showed that the concept of stability in Definition 6 is not precise because of the
sequence {t,} which is arbitrary taken. To overcome this limitation, Berinde [6] observed that it
would be more natural that {¢,} be an approximate sequence of {z,}. Therefore, any iteration
algorithm which is stable will also be weakly stable but the converse is generally not true.

Definition 7 [6]. Let {x,} C ¥ be a given sequence. Then a sequence {t,} C ¥ is an approzx-
imate sequence of {x,} if, for any k € N, there exists n = n(k) such that

|xn —tull <m, VYn>Ek.

Definition 8 [6]. Let T: X — P(X). Let {x,} be a sequence defined by an iterative algorithm
with xg € 4 and

Tnt1 = f(T,2p), n>0. (1.7)

Let {x,,} converge to a fized point q of T. Suppose for any approximate sequence {t,} C 9 of {x,}

lim ¢, = nlgrolo tni1 — f(T,ta)] =0

n—oo
implies

lim ¢, = q,
n—o0

then we say that (1.7) is weakly T-stable or weakly stable with respect to 7.

In 2010, Timis [35] studied a new concept of weak stability which is obtained from Definition 8
by replacing of the approximate sequence with the notion of the equivalent sequence which is more
general.

Definition 9 [8]. Let {x,} and {t,} be two sequences. We say that these sequences are equiv-
alent if

|zn — tn]| = 0.

lim
n—oo

Definition 10 [35]. Let T: K — P(X). Let {z,} be an iterative algorithm defined for xo € 4
and

Tnt1 = f(T,2p), n>0. (1.8)

Let {x,,} converge to a fixed point q of T. Suppose for any equivalent sequence {t,} C 9 of {x,}
nh_fgo €n = nh_fgo [tn+1 — f(T,t0)[[ =0
implies
lim ¢, =q,
n—o0

then we shall say that (1.8) is weak w?-stable with respect to T.
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Interestingly, the concept of w?-stability has not been consumed by many authors for multivalued
mappings.

Motivated by the above results, firstly, we construct a new four step iterative algorithm for
approximating the fixed points of multivalued generalized a-nonexpansive mappings as follows:

g =2x € K,

spn = (1 = vp)Tn + vply,

zn = (1 — up)ln + unhp, Vn > 1, (1.9)
UYn € (.P‘j‘(Zn),

Tpt1 = Cn,

where {u,} and {v,} are sequences in (0,1), ¢, € Pr(yn), hn € Py(s,) and £, € Py(zy,).

Secondly, we will show that our new iterative algorithm (1.9) is w?-stable with respect to 7.
The stability results are supported with some illustrative examples.

Thirdly, we prove the weak and strong convergence results of the iterative algorithms (1.9) for
multivalued generalized a-nonexpansive mappings in Banach spaces. Furthermore, a numerical
experiment is performed to show that the iterative algorithm (1.9) enjoys a better speed of con-
vergence than all of the iterative processes (1.2)—(1.6) for multivalued generalized a-nonexpansive
mappings.

Finally, as an application, we will utilize the new iterative method (1.9) to find the solutions
of nonlinear Volterra delay integro-differential equations in Banach spaces. An example is also
provided to show that our results are applicable.

2. Preliminaries

The following definitions, propositions and lemmas will be useful in proving our main results.

Definition 11. A Banach space 9 is said to be uniformly convex if for each € € (0,2], there
exists § > 0 such that for z,y € 4 satisfying ||| <1, |ly]| <1 and ||x — y|| > €, we have

r+y

|<1-s

Definition 12. A Banach space ¢ is said to satisfy Opial’s condition if for any sequence {xy,}
in 94 which converges weakly to x € 4 implies

limsup ||z, — z|| < limsup ||z, —y|, Yy €Y with y+#x.

n—o0 n—o0

Definition 13. Let & be a Banach space and X a nonempty closed convexr subset of ¢.
Let {x,} be a bounded sequence in Y. For x € 4, we put

r(z,{x,}) = limsup ||z, — z||.
n—o0
The asymptotic radius of r({x,}) relative to {x,} is defined by
r(K,{z,}) = inf{r(z,{z,}) : z € K}.
The asymptotic center of A({xy}) relative to {x,} is given as:

A(K, {x,}) = {x e X :r(x,{z,}) =r(K, {xn})}
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In a uniformly convex Banach space, it is well known that A(X, {x,}) consists of exactly one point.

Definition 14. A multivalued mapping T : K — P(K) is said to be demiclosed at y € K if
for any sequence {x,} € K weakly convergent to x and y, € Tx, strongly convergent to y, we
have y € Tx.

Definition 15 [31]. A multivalued mapping T : X — CB(X) is said to satisfy condition (I) i
a nondecreasing function f : [0,00) — [0,00) exists with f(0) = 0 and for all v > 0 then f(r) >0
such that d(x,Tx) > f(d(x, F(T)))), for all x € X, where

. F(T) = _inf_ [z~ 2],

Lemma 1 [15]. Let X be a nonempty subset of a Banach space 4 and T : KX — CB(X) be a
multivalued mapping. If T is a generalized a-nonexpansive mapping, then the following inequality
holds:

3
o, 9) < (752 ) da T + o=y, Ve

Lemma 2 [37]. Let {0,} be a nonnegative real sequence satisfying the following inequality:
9n+1 < (1 - O'n)ena

where o, € (0,1) for alln € N and

o0

E op = 00,

n=0

then

Lemma 3 [30]. Suppose ¥ is a uniformly convexr Banach space and {i,} is any sequence
satisfying 0 < p < 1, < q < 1 for alln > 1. Suppose {z,} and {y,} are any sequences of 4
such that

limsup [|z,,]| <b, limsup ||y,| <b
n—oo

n—oo

and
limsup |[¢pzn + (1 = tn)yn|| = b

n—oo

hold for some b > 0. Then lim ||z, —y,| = 0.
n—o0

Lemma 4 [32]. Let T: X — P(X) and
Pr(z) = {y € Tu: |z -yl = dlz, Tw)}.
Then the following are equivalent
(a) w e F(7);
(b) Py(x) = {z};
(c) x € F(Pg).

Moreover, F'(T) = F(Py).
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3. Stability result

In this section, we will show that the iterative algorithm (1.9) is w?-stable with respect to 7.

Theorem 1. Let X be a nonempty closed convex subset of a Banach space 4. Let
T: K — P(K) be a multivalued mapping and Py is a multivalued contraction mapping with [0,1).
Let {x,} be the iterative algorithm defined by (1.9), then {x,} converges to a fized point of T.

P roof In[21], the existence of the fixed point of Py is guaranteed. Now, we show that {x,, }
converges to some fixed point ¢. Using (1.9), we have

[sn = qll = [I[(1 = vn)@n + vnln — 4|
< (1 =vn)llzn —all + vnllln — 4|l
L —vn)l|lzn — gl + vnd(ln, Py(q))
1 —wp)[|zn — ql| + 07 (P (2n), Pr(q))
L —vn)l|lzn — qll + vndl|zn — gl
(L =)llzn — 4l

IN

IN N IA

(
(
(
=(1-uv,

[2n — all = [[(1 = un)ln + uphn — 4

< (1= up)|ln — gll + unllhn — 4

(1 = un)d(ln, Py(q)) + und(hn, Pr(q))

(1 = up) (P (), Pr(q)) + un I (Py(sn), Pr(q))
(1 —un)dllzn — qll + undllsn — ql|

6(1 = upvn(l = 6))llzn — 4l

IN

ININ N DA

lyn — all < (Pg(2n), P7(q))
< 5”271 - QH
< 52(1 — Unn(1 = 6))[|zn —ql|,

[Zn+1 —all = [1Gn — 4|
< H(P3(yn), Pr(q))
< 0llyn — gl
< 31— wnon(1 — ))ln — gl (31)

Since {up}, {vn} € (0,1) and 0 € [0,1), it implies that
(1 — upv,(1—9)) < 1.
Thus, (3.1) yields

1 = qll < 6°|zn — gl

< y*|lz1 - ql- (3.2)

Taking limit on both sides of the above inequality (3.2), we get lim ||z, —¢|| = 0. Indeed, § € [0,1)
n—oo
and so lim " = 0. U

n—oo
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We provide the following example to support our analytical proof in Theorem 1.

Ezample 1. Let X =
T: XK — P(X) by

[0,1] € 4 = R be endowed with the usual norm. Define an operator

x
Tz = [0, —} . 3.3
=05 (33)
Clearly, ¢ = 0 € Tz. Next we show that Pg is a multivalued contraction mapping with § = 1/4.
Now
x
Py = {yE‘J’x: |z — y| :d<x, {O,ZD}
feseiu=le3)
x
— T ey — g — _}
{y ceTe:z—y==x 1
= {y ceTr:y= —}
so that 1
A(Ta,Ty) < eyl

for all z,y € 7.
The iteration algorithm (1.9) associated with the mapping in (3.3) is as follows:

(3.4)

The following Table 1 and Fig. 1 show that lim = 0 = g € T« for different choices of real sequences
n—oo
{un} and {v,} in (0,1).

Table 1. Convergence behavior of iteration algorithm (3.3) for different choices of real
sequences{u,} and {v,} in (0,1).

Step | (3.3) with a

(3.3) with b

(3.3) with ¢

0.9000000000
0.0114257812
0.0001450539
0.0000018415
0.0000000234
0.0000000003
0.0000000000

N O O = W N

0.9000000000
0.0128906250
0.0001846313
0.0000026445
0.0000000379
0.0000000005
0.0000000000

0.9000000000
0.0123046875
0.0001682281
0.0000023000
0.0000000314
0.0000000004
0.0000000000

where a, b and ¢ stand for the cases

1
n+1’

Up = Up =

unzvn:2n+17
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respectively.
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Figure 1. Graph corresponding to Table 1.

Theorem 2. Suppose that all the conditions of Theorem 1 are satisfied. Then the iteration
algorithm (1.9) is w?-stable with respect to T.

Proof. Let {t,} €KX be an equivalent sequence of {z,}. Define a sequence {¢,} in RT by

€n = ”tn—l—l - mn”7

kn € (‘Pj'(gn)’
o = (1= 1) + tundly, Vn € N, (3.5)

cn = (1 —vp)tn + vprn,

where {u,} and {v,} are sequences in (0,1), m, € Py(ky,), kn € Ps(gn), ™ € Py(z,) and
dy, € Py(c,). Let ILm €, = 0, then from (1.1), (1.9) and (3.5), we have

[tns1 — all < [[tns1 = Zpgall + 01 — gl
< Ntnr = mnll + lmn — znga || + lznss — 4l
= en + [[mn — Gull + |T041 — 4|
< en + H(Pr(kn), Pr(yn)) + 201 — 4|
< €n + 0llkn — ynll + llZn1 — 4|
< en + 07 (P3(gn), Pr(zn)) + l2ns1 — 4l

S €n + 52Hgn - ZnH + Hxn-i-l - QH7 (3'6)
llgn — zall < (1 = upn)llrn — Lol + wnlldn — bl
< (1= up) (Py(tn), Pr(zn)) + unH(Py(cn), Pr(sn))
< (1 = up)dlltn — @pll + undllcn — snll, (3.7)
llcn — sull L—wvp)lltn — 2nl| + unllrn — 1|l

)
L —wvp)ltn — 2n| + un I€(Py(tn), Py(vs))
L —vp)|[tn — 2p|| + v0|tn — 24|
1 —vp(1 = 0)|ltn — xnll- (3.8)

<
<
<

o~ o~ o~ o~
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Using (3.6), (3.7) and (3.8), we get

ltnsr — all < €+ 85(1 = wnon(1 = 6))ltw — 2all + 201 — gl (39)
Since {t,, } € K and its equivalence to {z,} yields lim ||z, —t,|| = 0. We have shown in Theorem 1
n—o0
that lim ||z, — ¢|| = 0, consequently lim ||z, —q|| =0.
n—o0 n—o0

Thus, taking the limit on both sides of (3.9), we get
lim_||¢, — ¢l = 0.
n—o0

Hence, {x,} is w?stable with respect to T. O

We again support the analytical proof in Theorem 2 with the following example.

Ezample 2. Let X, 9 = R and T be same as in Example 1. Let {:U } o’ {xﬁf)};’ozo and

{xﬁf’)}fzo be iterative algorithms corresponding to (3.4) with control parameters

( 1 ) < 1 > ( n+1 n >
Up = Up = Up = Uy = Uy = —————— v, = ————
Y T o4 1)’ " o410 " n241
for all n € N, respectively.

It is shown in Example 1 that {xﬁf )}OO: converges to ¢ = 0 € Tz for each i € {1,2,3}. Clearly,

S I = ] Jgn, ) =0

for each i € {1,2,3}. Taking the sequence {t,}°, to be t,, = 1/(n +4) for all n € N, then we get
0< lim [|z@ —t,] < lim 2@ + Lim ||t,]| =0, foreach i€ {1,2,3},
n—00 n—00 n—o0

which shows that hm 2®) — t,|| = 0 for each i € {1,2,3}, in other words, each of {xn }n 0
i€{1,2,3} and
o 1 >
e e 2
are equivalent sequences.
Let eﬁﬂ), eg) and eg’) be corresponding sequences to the iterative algorithms {mﬁﬂ)};’io,

{xg)}f; and {x } o » respectively. Then we have

6(1)— 1 _1 1 n 1 1 n 1 1 n_ 1 n 1 1 1

no n—|—5 4 n+1 4 n+td n+1 4\n+1 n+td "n+l 4 n+4 ’
6(2) _ _1 1 2n 1 1 1 1 2n _ 1 n 1 1 1

o n+5 4\4\2n+1 4 n—i—4 m+1 4\2n+1 n+t4d 2n+1 4 nt4d ’

and

3) 1/1 (/n?-n+1 1 1 n 1 n 1 n+1 1 1

€ — —_ — + . + - — . .
" n—+ 4\a\Un2+1 4 n+4 n2+1 4\2n+1 ntd "2n+1 4 n+4a

Obviously, lim eg) = 0 for each i € {1,2,3}. Hence, all the iterative algorithms {ng)}oofo,
n—r00 n=
i €{1,2,3} are w?-stable with respect to T.

Remark 1.  Since the notion of w?-stability is more general the concept of simple stability
considered in [15, 24, 28], hence, our result improves and generalizes the corresponding in [15, 24, 28]
and several others.
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4. Convergence results

In this section, we will prove the weak and strong convergence results of our new iterative
algorithm (1.9) for multivalued generalized a-nonexpansive mappings in uniformly convex Banach
spaces.

Lemma 5. Let X be a nonempty closed conver subset of a real Banach space 4. Let
T: XK — P(K) be a multivalued mapping such that F(T) # () and Py is a generalized a-nonexpansive
mapping. Let {x,} be the iterative algorithm defined by (1.9), then lm |z, — q|| exists for all

n—oo

qge F(7).

Proof. Taking ¢ € F(7T), then from Lemma 4, we have P5(q) = {¢} and P(T) = F(Pq).
Since Py is a generalized a-nonexpansive mapping, we get

1
§d(q,3’7(Q)) =0= |z, —ql.

On the other hand,

H (Pr(wn), Pr(q)) < ad(wn, Pr(q)) + ad(q, Pr(2n)) + (1 = 20)||zn — ]|
< allz, — gll + @ (Py(q), Pr(wn)) + (1 = 2a)[lzn — g
< Hxn - QH

Similarly, for any ¢ € F(7), we obtain

(?T(yn)7?T(Q)) < Hyn - QHa
A (Py(2n), Pr(q)) < llzn — qll,
%(?‘T( n)7iP‘J'(Q)) < Hsn - QHa
A (Pr(Cn), Pr(q)) < [I6n —qll-

Now from (1.9), we have
80 = gl = I(1 = vn)zn + valn — 4|
< (I =wva)llzn — gl + onllén — 4l
(1 =wn)llzn = gll + vnd(ln, Pr(q))

IN

< (1 =vp)l|@n — q|| + v (Pr(zn), Pr(q))
< (1 =vn)llzn — qll + vallzn — 4l
=l ~ . b
Also,
l2n — gl = |(1 — un)ln + unhn —q
< (1 = up)lln — gl + unllhn — qll
< (1 = up)d(ln, Pr(q)) + tnd(hn, P (q))
< (1 = up) A (Pyr(20), Pr(q)) + un ' (Pr(sn), Pr(q))
< (1 —up)llzn — gl +unllsn — 4
< Jlan —qll. (42)
Again,

Hyn - QH < %(?‘I(Zn)a ?T(Q))
< |lzn — 4l
< lzn — ql|- (4.3)
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Finally,
[2nt1 =gl =[G —
< A (Py(yn), Pr(q))

< yn — 4|
<llzn —qll.

Thus, {||z, — ¢||} is bounded and non-increasing, which implies that lim ||z, — ¢|| exists for all
n—o0

q € F(7).

Lemma 6. Let X be a nonempty subset of a wuniformly convexr Banach space 4.

O
Let

T: XK — P(K) be a multivalued mapping such that F(T) # () and Py is a generalized a-nonexpansive

mapping. Let {x,} be the iterative algorithm defined by (1.9), then lim d(z,,Tz,) = 0.
n—o0

Proof. From Lemma 5, we have that li_>m |xr, — q|| exists for all ¢ € F(T). We suppose that
n—oo

lim ||z, —¢|| =0 forsome b>0.
n—o0

Now from (4.1), (4.2), (4.3) and (4.4), we have

limsup |[sn, — q|| < b,

n—oo
limsup ||z, —ql| < b,
n—oo
limsup ||y, —q|| < b
n—oo
and
lim |G, — gl < 0.
n—oo
Now, we have the following inequalities

limsup [|6, — g < limsup (Py(2y), Pr(q))
n—oo

n—o0

< limsup ||z, — q|| = b,

n—oo
limsup ||hn — ¢| < lim sup S (Pg(sn), Pr(q))
n—oo n—oo

< limsup |15, — gl < b
n—oo

and

limsup [|Gn, — ¢| < limsup (P (yn), Pr(q))

n—oo n—oo

< limsup ||y, — g <b.
n—oo
Using (1.9) and (4.4), we have
b= lim [lz,1 —gl| = lim [|¢, — ]

< lim 7(Px(yn), Pr(q))

< lim ||y, — 4|

n—oo
< 7111_{20%(?@(%),9’1((]))
<

lim |z, — g]|
n—00

= lim [|(1 = up)ln + tunhyn — ql|.

n—oo

(4.4)
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By Lemma 3, we have
lim ||4,, — hy| = 0.
n—oo

Again, from (1.9) we have

lzna1 —qll = [|¢n — 4|
< A (Pr(yn), Pr(q))
< |lyn — 4l

which gives
b < liminf ||y, — q]|.
n—o0
From (4.7) and (4.11), we obtain
lim {jy, — ql| = b.
n—o0
Again from (1.9), we have

lyn — qll < (Py(zn), Pr(q))
< |lzn — 4,

which yields
b <liminf ||z, — q||.
n—oo
From (4.6) and (4.12), we have
lim ||z, —q|| = 0.
n—oo
By (1.9) and (4.10), we get

Hzn - qH = ”(1 - un)gn + uphy — QH
< | — gqll + unllhn — £nl,

which gives
b < liminf ||£, — ¢||.
n—oo

Using (4.9) and (4.13), we have

lim |4, — g =b.
n—oo
Also,
1€n = qll < [[€n = | + [|Pr — gl
< ”gn - hn” + %(T‘T(sn)7?‘7(q))
< |ln = hall + [[hn — 4l
gives

b < liminf ||s, — q||.
n—oo

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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From (4.5) and (4.14), we obtain

lim [|s, —¢|| = 0.
n—oo
Finally, from (1.9), we have
lim s, —gf| = lim [[(1 = vn)(zn = ¢) +on(ln = g)l| = b. (4.15)
n—oo n—oo

Now, due to (4.4), (4.9), (4.15) and Lemma 3 we obtain
lim ||z, — ¢,| = 0. (4.16)
n—o0

Since d(xy, Txy) < ||zn — lnl|, we get

lim d(x,,Tx,) = 0.

n—oo

O
Next we prove weak convergence of the iterative algorithm (1.9) to the fixed point of multivalued
generalized a-nonexpansive mapping.

Theorem 3. Let K be a nonempty subset of a uniformly convexr Banach space G which satisfies
Opial’s condition. Let T : KX — P(X) be a multivalued mapping such that F(T) # 0 and Py is a
generalized a-nonexpansive mapping. Let I — Py be demiclosed with respect to zero and {x,} be the
iterative algorithm defined by (1.9), then {x,} converges weekly to a fized point of T.

Proof. Letqe F(T)= F(Py). From Lemma 5 we have that lim |z, — ¢|| exists. Now we
n—oo

show that the sequence {z,} has a unique weak sequential limit in F'(T). To prove this, let p; and
p2 be weak limits of the subsequences {z,,} and {z,,} of {z,}, respectively. From (4.16), there
exists ¢, € Tx, such that nh_)n;O |zy, — £n|| = 0. Therefore, from the demiclosedness of I — Py with
respect to zero, we have p; € F(T) = F(Pgy). Following the same method of proof, we can show
that ps € F(7). Next, we prove uniqueness. To show this, suppose that p; # pe, then from Opial’s
condition we obtain

lim ||z, —p1]| = lm ||z, — p1]]
n—00 n;—00
< lim ||zp, — p2l|
N;—» 00
= lim ||z, — p2
n—oo

= Tim_7a, 2l

< lim g, —pi
N —00

= lim ||z, — pall;
n—00

which is a contradiction, so p; = py. Hence, {z,} converges weakly to a fixed point of 7. O

Furthermore, we state and prove strong convergence theorems of the new iterative algo-
rithm (1.9) for multivalued generalized a-nonexpansive mappings.

Theorem 4. Let K be a nonempty closed convex subset of a real Banach space &4. Let T :
K — P(X) be a multivalued mapping such that F(T) # () and Py is a generalized a-nonexpansive
mapping. If {x,} be the iterative algorithm defined by (1.9), then {x,} converges strongly to a fized
point of T if and only if linniigf d(xn, F(T)) = 0.
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Proof. The necessity is obvious. Conversely, assume that liminfd(z,, F(T)) = 0. By

n—oo
Lemma 5, it is proved that

[2n+1 = all < [l — gl
This yields
d(wns1, F(T)) < d(zn, F(T)).
Thus lim inf d(z,, F'(T)) exists. By hypothesis,

n—oo

liminf d(z,,, F(T)) =0

n—oo

so we must have

lim d(z,, F(T)) =0.

n—oo
Next, we prove that the sequence {z,} is Cauchy in K. We choose arbitrary ¢ > 0. Since
lim d(z,, F(T)) = 0, then there exists ng such that for all n > ny.

n—oo

d(z,, F(T)) <

=~ o

Particularly,
. €
inf{{|zn, —qll - g € F(T)} < 7,

so an element p € F(T) must exist such that
€
00— all <
Now for n, s > ng, we have
€
[@nts = @all < l@nts = Pl + 20 =Pl < 2wng —pl <2(35) =<

Hence, {z,} is the Cauchy sequence in the closed subset X of the Banach space ¢. It follows

that {z,} must converge in K. Now let lim z, = p*, then from Lemma 1 we obtain
n—oo

d(p*, Pr(p*)) < llen = p*ll + d(wn, Py (p))

. 3+«
< flew =11+ (3
—

) d(xp, Pr(xn)) + |Jzn — 2| =0 as n — oc.

This implies that p* € Py(p*) and p* € F(Pg). From Lemma 4, we have p* € F(Pg). Hence, {x,}
converges strongly to a fixed point of 7. O

Theorem 5. Let KX be a monempty compact conver subset of a uniformly convexr Banach
space 4. Let T : KX — P(XK) be a multivalued mapping such that F(T) # O and Py is a gener-
alized c-nonexpansive mapping. Suppose {x,} is the iterative algorithm defined by (1.9), then {x,}
converges strongly to a fized point of 7.

Proof. By Lemma 5, we know that {z,} is bounded and lim d(z,,Tx,) = 0. Since X is
n—o0

compact, it follows that a subsequence {zy,} of {z,} exists such that z,,, converges to some y € X.
Since Py is a multivalued generalized a nonexpansive mappings, then from Lemma 1 we obtain

d(zy,, Pr(y)) < <i) T

Again, since F(T) = F(Pg), by taking the limit as ¢ — oo, we have that y € Ty. Hence, {z,}
converges strongly to y € F(7T). O

) d(xmv‘j(xm) + Hxnz - y”

—
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Theorem 6. Let K be a nonempty closed convexr subset of a real Banach space 4. Let
T: XK = P(K) be a multivalued mapping satisfying condition (I) such that F(T) # 0 and Py is
a generalized a-nonexpansive mapping. If {x,} be the iterative algorithm defined by (1.9), then
{xn} converges strongly to a fized point of T.

Proof. From Lemma 5, lim |z, — ¢| exits for all ¢ € F(T) and therefore {z,} is bounded.

n—o0
Let lim |z, — ¢|| = b for some b > 0. If b = 0, then the result follows trivially. Suppose b > 0,
n—o0

then by Lemma 5 we have

[ent1 =gl < llan — 4
which gives

inf ||z — < inf ||z, —q|.
nt e —all < inf s =l

It follows that
A(@ns1, FT)) < d(wn, F(T)),

so lim d(zy, F (7)) exists. From condition (/) and Lemma 6, we get
n—oo

lim f(d(x,, F(7))) < lim d(z,,Tz,) =0.

n—oo n—oo

Since f is a nondecreasing function and f(0) = 0, it follows that li_>m d(xy, F(T)) = 0. Conclusion

of the result follows from Theorem 4. O

5. Numerical Experiment

In this section, we give an example of a multivalued generalized a-nonexpansive mapping which
does not satisfy condition (C'). We will also compare the convergence of our new iterative algorithm
with the iterative algorithms (1.2)—(1.6) using the provided example.

Ezample 3. Let (R,|| - ||) be a normed space with the usual norm and KX = [2,4]. Define

T: K — P(X) as:
T+ 2 .
_— P”?Ti’ﬁ z € 2,3,
2, if x € (3,4].
Then T is a multivalued generalized a-nonexpansive mapping, but T does not satisfy condition (C).

First, we show that T is a multivalued generalized 1/3-nonexpansive mapping. For this, we
consider the following possible cases:

Case (a): If z,y € [2, 3], then

ad(Ta,y) + adTy.a) + (1= 2l ~yll = | 52— + 3 |52 ~al + 3lo -]
132z 3z 1
Z312 2|ty
1 1
:§\m—y!+§\x—y!
> Lo~y
-2

=7 (Tx,Ty).
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Case (b): If z € [2,3] and y € (3,4], we obtain

ad(Ta,y) + ad(Ty.a) + (1= 2l ~yll = 3| 52 =] + glo =2+ gl ol
> Eer——'Jrllﬂc—y\
— 3|2 2 3
SUTN T
— 312 2 3
1
~ L2
2
= 7 (Tx, Ty).

Case (c): If z,y € (3,4], then we have
d(Ty, ) + ad(Ty, z) + (1 = 2a) ||z — y[| = 0 = (T2, Ty).

Hence, T is a multivalued generalized 1/3-nonexpansive mapping.
Next we show that T does not satisfy condition (C'). Now, take x = 29/10 and y = 19/6, then
we obtain

29 29 9 16
= |z —yl.

1

Sd(z,Tr) = (=, T2 ) = = < = =

g i@, Tz) (10’ 10) = 10 < 60
But,

9 16
H (T, Ty) = 2060 |z —yl.

Hence, T does not satisfy condition (C).
Finally, we will now show that P is a multivalued generalized a-nonexpansive mapping. Note
that ¢ = 2 € Tz. We consider the following cases:

Case (I): If z € [2, 3], then

ye‘Ix:!y—x!:d<x7 [1736;2])}

x—i—Q‘}
2

Pq

yG‘.Tﬂ::|y—x|:‘:c—

m—Q‘
2

-2
yEU‘x:x—y:‘x2 ‘}

x+2}
5 .

{
{
{yE‘.Tx:|y—x|:‘
{

= {y ceJr . y=
Case (II): If x € (3, 4], then we get

Pr={y €T : |y — =z = d(z,{2}}
={yeTe:ly—a|=|r—-2[}
={yeTr:zc—y=a-2}
={yeTe:y=2}

Following the same argument as those in Example 3, one can easily show that P is a multivalued
generalized a-nonexpansive mapping.
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With the aid of MATLAB (R2015a), we will use the above example to show that our new
iterative algorithm (1.9) converges faster than the iterative algorithms (1.2)—(1.6) and the com-
parison Table 2 and Fig. 2 are obtained for various iterative algorithms with control sequences
Up = vy, = t, = 3/4 and initial guess g = 4.

Table 2. Comparison of speed of convergence of our new iterative algorithm (1.9) with
Mann, Ishikawa, S, Thakur, Picard-Ishikawa iterative schemes.

Iteration number

Figure 2. Graph corresponding to Table 2.

Step Mann Ishikawa S Thakur | Picard-Ishikawa New
1 | 4.0000000 | 4.0000000 | 4.0000000 | 4.0000000 4.0000000 4.0000000
2 | 3.2500000 | 2.9687500 | 2.7187500 | 2.6054688 2.4843750 2.1796875
3| 2.7812500 | 2.4692383 | 2.2583008 | 2.1832962 2.1173096 2.0161438
4 | 24882813 | 2.2272873 | 2.0928268 | 2.0554901 2.0284109 2.0014504
5 | 2.3051758 | 2.1100923 | 2.0333596 | 2.0167987 2.0068808 2.0001303
6 | 2.1907349 | 2.0533259 | 2.0119886 | 2.0050856 2.0016664 2.0000117
7 | 2.1192093 | 2.0258298 | 2.0043084 | 2.0015396 2.0004036 2.0000011
8 | 2.0745058 | 2.0125113 | 2.0015483 | 2.0004661 2.0000977 2.0000001
9 | 2.0465661 | 2.0060602 | 2.0005564 | 2.0001411 2.0000237 2.0000000
10 | 2.0291038 | 2.0029354 | 2.0002000 | 2.0000427 2.0000057 2.0000000
11 | 2.0181899 | 2.0014218 | 2.0000719 | 2.0000129 2.0000014 2.0000000
12 | 2.0113687 | 2.0006887 | 2.0000258 | 2.0000039 2.0000003 2.0000000
13 | 2.0071054 | 2.0003336 | 2.0000093 | 2.0000012 2.0000001 2.0000000
14 | 2.0044409 | 2.0001616 | 2.0000033 | 2.0000004 2.0000000 2.0000000
15 | 2.0027756 | 2.0000783 | 2.0000012 | 2.0000001 2.0000000 2.0000000
16 | 2.0017347 | 2.0000379 | 2.0000004 | 2.0000000 2.0000000 2.0000000
17 | 2.0010842 | 2.0000184 | 2.0000002 | 2.0000000 2.0000000 2.0000000
18 | 2.0006776 | 2.0000089 | 2.0000001 | 2.0000000 2.0000000 2.0000000
19 | 2.0004235 | 2.0000043 | 2.0000000 | 2.0000000 2.0000000 2.0000000
% ‘
3.8 —e—gicard-lshikawa ]
T v
3611 —g— Thakur
341
321
5
E 28
26
241
22
ol
2 4 (; 2; 1‘0 1‘2 1‘4 1‘6 1‘8 20
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6. Application

Existence theorem for fixed points of an operator is concerned with establishing sufficient condi-
tions in which the operator will have solution, but does not necessarily show how to find it. On the
other hand, the iteration method of fixed points is concerned with approximation or computation
of sequences which converge to the solution of such operator.

In this section, we will approximate the solution of nonlinear Volterra delay integro-differential
equations by utilizing the following iterative algorithm recently introduced by Ofem et al. [24]:

zg € K,

Sn =1 —vp)zy + v, Txp,

zn = (1 —up)Txy, + uyTsp, Vn > 1, (6.1)
Yn = T'zp,

Tnt1 = TYn,

where {u,} and {v,} are sequences in (0, 1).

Remark 2. We remark that the iterative algorithm (1.9) is the multivalued conversion of the
iterative algorithm (6.1). It is shown in [24] that the iterative algorithm (6.1) has a better speed of
convergence than S [3], Picard-S [12], Thakur [34] and M [36] iteration processes for single-valued
generalized a-nonexpansive mappings.

In particular, we will be interested in the following nonlinear Volterra delay integro—differential
equation (VDIE):
t
2'(t) = f(t,x(t),x(ﬁ(t)),/ p(t,s,x(s),m(ﬁ(s)))ds), tel, (6.2)
0
z(t) =¢(t), te[-r0], (6.3)

where I = [0,k], k> 0 and ¢ € C([-r,0], R).

A function z € C([r,k],R) N C'([0,k],RN) that satisfies the equations (6.2)—(6.3) is called a
solution of the initial value problem (6.2)—(6.3).

Suppose that the following conditions are performed:

(My) Let f € C([0,k] x R3,R), p € C([0,k] x [0,k] x R2,R) and h € C([0, k], [~7,k]) be such that
h(t) < t.

(M) There exists constants Lf, L, > 0 such that

|f(taﬁ1’ﬂ2’ﬁ3) - f(t, blabQ’b3)| < Lf(ml - b1| + |ﬁ2 - b2| + |ﬁ3 - b3|)a
lp(t, 5,81, 82) — ©(t,8,b1,b2)| < Lp(|f1 — b1] + |2 — b2])

forall t,s € I, t;,b; € R (i = 1,2,3).
(Mg) k‘Lf[Q —|—Lfk‘] < 1.

4 e function ¢ : [—r, k] — is positive, nondecreasing and continuous an ere exists
M) The functi k Ry i iti d ing and ti d th ist
4 > 0 such that

/0 " (s)ds < d0(t), € [0.K].
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Clearly, from assumption (M), the initial value problem (6.2)—(6.3) is equivalent to the following
integral equations:

s

z(t) = ¥(0) + /Ot f<s,x(s),x(ﬁ(s)),/0 p(s,T,m(T),x(ﬁ(T)))dT)ds, tel,

x(t) =y(t), te[-r0].
The following existence result for initial value problem is due to Kucche and Shikhare [18].

Theorem 7. If the assumptions (M;)—(My) hold, then the problem (6.2)—(6.3) has a unique
solution and the equation (6.2) is generalized Ulam—Hyers—Rassias stable with respect to the func-
tion .

We now present our main result in section.

Theorem 8. Let {x,} be the iterative procedure (6.1) with w,,v, € (0,1) such that
Yoo UnVy = 00. Suppose that the conditions (My)—(Ms) are fulfilled. Then the initial value
problem (6.2)~(6.3) has a unique solution, say, q in C([r,k],®) N C"([0,k],R) and {x,} converges
to q.

P roof. Consider the Banach space 4 = C([—r, k|, R) with Chebyshev norm || - ||c. Let {z,}

be an iterative sequence generated by the iteration process (6.1) for the operator T : 4 — ¢ define
by

Tx(t):¢(0)+/0 f(s,x(s),:ﬂ(ﬁ(s))’/osp(S,T,g;(q-),x(ﬁ(T)))dT)ds, tel,
Ta(t) = (1), t€[-r0].

Let ¢ stand for the fixed point of 7. We now prove that x, — ¢ as n — oo. It obvious that for
te[-r0], z, — qasn — oo. Next for t € I, we get

[sn — all = |1 = vp)xn + v T2y — Tq||
< (1 = wvp)llzn — qll + vn || T2y — Tql|
= (L —on)|an(t) — q@)] 4 va|T(2n)(t) — T(q)(?)]
= (L —on)|an(t) — q(t)]

+ v, |(0) 4+ /Otf(s,xn(s),xn(ﬁ(s)),/os p(s,T, xn(T),xn(ﬁ(T)))dT>

000 = [ £(s.a)ath6D). [ ol atr).athtr))ar)
< (1 - Un)|xn(t) - Q(t)|

+ v /0 Ly{ mae foa(d) = qld)] + mas [ (i) - a(h(d))

0<d; <

0<d2<

< (1= vn)ln(t ) —q(t)|

+vn/0th{ max |z, (di) — q(di)|+ max |z, (1) — q(m1)]

+/0st[ max [on(da) — q(da)| + s [on(h(da) — a(h(da)) ] dr b

—r<di1<k —r<n <k

—r<d2<

—i—/o L, max i |z (d2) — q(d2)| + _max |z (12) — q(Tg)HdT}ds
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IN

t s
(1= valllen = allc +vn | Le{2len —dlle+2 [ Lollen — dllodr s
0 0

(1 = vp)llzn = gllc + vnkLy(2 4+ Lok)|lzn — qllc
[1—vn(1 = kLf(2+ Lok))] |zn — qllc;

I IA

lzn = all < (1 = un)[[Tzn = Tql| + unl|Tsn — T4

[ 1(ssratermathisn, [

B /Otf(s,q(s),q(ﬁ(s)),/os o(s, 7, q(T),q(ﬁ(T)))dT)

=(1—-up) p(s,T, xn(T),xn(ﬁ(T)))dT>

p(s, T, 8n(7), Sn(ﬁ(T))) dq-)

B /Ot f(s, q(s), q(A(s)), /Os o(s,7,q(7), q(ﬁ(T)))dT)

< (1) / Ly{ max Joa(d) = gld)] + max [oa (i) — a(h(dr))

+ /Os Lp[ogcllax |zn(d2) — q(do)| + onax |z, (R(d2)) — q(ﬁ(dg))”dT}dS

s [ L s [sa) = ala)] + mas s (i) = a(i)|

+ /OS Lp[ogéax |sn(d2) — q(da2)| + pnax |sn(R(d2)) — q(ﬁ(dg))”dT}dS

g(l—un)/o Lf{ max |z, (dy) —q(di)| + max_ ‘xn(Tl)_q(Tl)’

—r<di1<k —r<71

[ Lol fon(d) =)+ [on () = a()Jdr s

t
o [ L ma Jsala) = o)+ _max [sn(m) = a(n)

—|—/0st[ max. |sn(d2)—q(d2)|—i— max |5n(7'2)—q(7'2)|]d7'}d8

—7’<d 7’< 2<

<(1-un) /O Lr{2lan —alc+2 [ Lolle, - alcdr s

t s
s [ Le{2lsn—dle +2 [ Lollsn —alcdr s
0 0

< (1= up)kLp(24 Lok)||zn — qllc + unkL(2 4+ Lok)|sn — g¢llc
= kL(2+ Lok) [(1 = un)||zn — qllo + unllsn — qllc];

l2n = qll = [[Tzn — T4qll

[ 1 (st [

_ /Ot f(S,Q(S)7Q(ﬁ(8)), /O s p(s,T,q(T),q(h(T)))dT>

< [ nef s () = )|+ [z (i) = aCha)

s

p(s, 7, 2n(T), zn(ﬁ(T))) dr)

(6.5)
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o [ Lol mas Jaa(d) — atda)] + Lo (hld) - a(hld)Jar s

t
< [ ref e Jenla) = a@)l+_max n(m) =gt

—r<di1<k

+/OS Ly max |zn(d2) —q(da)| + n<1ax< |2 (T2) —q(Tg)HdT}ds

77’<d2
t s
< [ 2el2lm—dle +2 [ Lollz— alcdr s
0 0
< KL;(2 4 Lokl — e (6.

201 — gl = | Tyn — T4
_ ‘/0 f(s,yn(s),yn(ﬁ(s)),/os@(S’Tayn(T)’y”(ﬁ(T)))dT>
- /Otf(s,Q(S),Q(ﬁ(S)),/OS@(SaT’Q(T)’Q(ﬁ(T)))dT)‘

< / Lf{ogldax () = a(d)| + mas [y () — a(i(d))

+

ol maxlyn(d) = a(da)] + max [yn(hi(da)) — a(h(d2)]dr s

Lf _juax lyn(d1) — q(d1)| + _max |y (1) — a(71)]

IN

+

\_,o\..o\_,o\..

L e Jyn(da) —q(dr)| +_max Jyn(72) — a(m2)[]dr s

S
(ol —alle +2 [ Lol allcdr} i

k‘ L2+ Lok)llyn — dllc- (6.7)
Using (6.4), (6.5), (6.6) and (6.7), we get
lzns1 = gl < [FLp(2 + Lok)P[1 = unva (1 = kL§(2 + Lok))]l|zn — gllc-

Using assumption (Ms), we obtain

[Zn1 = qll <[ = upon(1 = KL§(2 4 Lok))]ll2n — dlle- (6.8)
Now define

on = upvp(1 —kLf(24+ Lok)) <1
then o, € (0,1) such that ) ° 0, = oo and set 0,, = ||z, — ¢||c. Then (6.8) can be rewritten as
0n+1 = (1 — O'n)(g

Therefore, all the conditions of Lemma 2 are satisfied. Hence, lim |z, —¢|| = 0. O
n—oo

Now, we furnish the following example in support of the above claims in Theorem 8.

Ezample 4. Consider the following nonlinear delay Volterra integro-differential equations:

2 =1+ t“’;(;) - mg“)) + % /O %[ﬂc(s) — o(h(s))ds, te 0,3,
z(t) =0, te[-1,0],

where A(t) = t/3, t € [0,3]. Obviously, we have that h(t) =t/3 <t, t € [0,3].
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(i) Define p:10,3] x [0,3] x & x R — R by

p(t,s,x(s),2(h(s))) = z[z(s) —x(A(s))], ¢ s€]0,3].

1
)
Then for t,s € [0,3] and ;,b; € R (i = 1,2), we have

|p(t’5’ﬂl’ﬁ2) - p(t’S,blyb2)| < (Hil - b1| + Hj? - b2|)

o] =

(ii) Define f:[0,3] x R x R x R — R by

f(vate).atue). |
te(t)  Ttz(h(t)) 1 [t1
25 50 10/0

te(t)  Tta(A(t) | 1

25 50 +E/O p(t,s,x(s),z(h(s))ds, t€[0,3].

=14+

=1+

Then, for any t,s € [0,3] and #;,b; € R (i = 1,2, 3), we have

1 7 1
|f(t, 81,82, 83) — f(t,b1,02,b3)] < %Iﬁl —bo| + %Hb — bl + E|ﬁ3 — b3

7
< w51 =2+ B2 = b2| + |23 — bs]).
Thus the above defined functions f and @ satisfy the assumptions (A/;) and (Mz) with Ly = 7/50,
L, =1/10. Further, we see that

7 1 483

=2 <1
50 10) = 500 ©

Thus condition (M3) holds. Now, if we take u,, = n/(n + 1) and v,, = 1/n, it follows that

oo
g UpUp = OO.
n=0

In addition, we notice that the exact solution of the problem (6.2)—(6.3) is the function

t, if telo,3],
a(t) =
0, if te[-1,0].

Indeed, for z(t) =t, ¢t € [0,3] and h(t) =t/3, t € [0, 3], we get

te(t) Ttz(h(t) | 1

b1 2 1 [t s
1 S qa(s) — a(h(s)ds=14+———— 4+ = [ = [s—Zldas=1=2'().
35 50 +5/0 o (#(8) — @(Als))Jds=1+5 150+5/0 10 [5 3] s z(®)

Thus, all the conditions of Theorem 8 are fulfilled. Hence, Theorem 8 is applicable.
Remark 3. For any fixed r > 0, define

mt)=t—r, tel0k].
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Then we get the following special case of the Problem (6.2)—(6.3) as follows:

Z(t) = fi <t,x(t),x(t —r), /Ot p1(t, s, z(s),z(t — r))ds), t €0, k], (6.9)
xz(t) =¢(t), te[-r0], (6.10)

which is the initial value problem for a nonlinear Volterra integro—differential equation.

The approximation of solution the problem (6.9)—(6.10) has been studied by several authors for
p1(t,s,z(s),z(t —r)) = 0 (see for example [4, 9, 12, 23, 25-27] and the references there in). Hence,
our result in Theorem 8 generalizes the corresponding results in [4, 9, 12, 23, 25-27] and several
others.

7. Conclusion

In this paper, we have studied the stability result of our newly introduced iterative algo-
rithm (1.9) for a wider concept of stability known as w?-stability instead of the simple notion
of stability considered in [15, 24, 28]. A numerical example is also used to support the analytical
proof of our stability theorem. We have also proved the weak and strong convergence theorems
of our new iterative algorithm (1.9) for fixed points of multivalued generalized a—nonexpansive
mappings. In addition, a numerical experiment was also carried out to illustrate the advantage
of our iterative method over some well known iterative methods in the literature. Further, as ap-
plication of our new iterative algorithm (1.9), we approximated the solution of nonlinear Volterra
delay integro-differential equations (6.2)—(6.3). A nontrivial example of a nonlinear Volterra de-
lay integro-differential equation which satisfies all the mild conditions used in obtaining our re-
sult has been provided. We have also seen that the class of delay differential equation studied
in [4, 9, 12, 23, 25-27] is a special case of the class nonlinear Volterra delay integro-differential
equation considered in this article. Hence, our results generalize, improve and unify the corre-
sponding results in [4, 9, 12, 15, 23-28] and several others in the existing literature.
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