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Abstract: There are several works where bases of wavelets on the sphere (mainly orthogonal and wavelet-like
bases) were constructed. In all such constructions, the authors seek to preserve the most important properties
of classical wavelets including constructions on the basis of the lifting-scheme. In the present paper, we propose
one more construction of wavelets on the sphere. Although two of three systems of wavelets constructed in
this paper are orthogonal, we are more interested in their interpolation properties. Our main idea consists in a
special double expansion of the unit sphere in R3 such that any continuous function on this sphere defined in
spherical coordinates is easily mapped into a 27-periodic function on the plane. After that everything becomes
simple, since the classical scheme of the tensor product of one-dimensional bases of functional spaces works to
construct bases of spaces of functions of several variables.
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Introduction

Different systems of wavelets on the sphere are constructed and studied in a number of works.
We would like to note the constructions in the paper by Skopina [9]. They are beautiful but difficult
to put in practice, as their author notes herself. In [2], the ideas of these constructions were extended
to spheres in R™. These and some other works mentioned below contain a good analysis of the
studies on the specified or close subject. In [4, 6, 7], to construct bases of wavelets on spheres
in S? and S3, the tensor product of bases of one-dimensional wavelets is used including a basis of
exponential splines on a segment. In the papers [1, 5, 8], which contain much of the bibliography
related or close to the subject and the analysis of the previous results, in particular, the lifting-
scheme technique is used to construct biorthogonal wavelets on the sphere. This is accompanied by
rejecting a number of properties of classical wavelets including, for instance, shifts with a constant
step at each scaling level and with localization of the compression—stretching operation in the right
places. In the present paper, we attempt to preserve the standard properties of classical wavelets
on the line and on the period in the construction of wavelets on the sphere. In so doing, we give
preference to interpolating wavelets. Orthogonal wavelets are only defined. The study of their
approximative properties is postponed for the future. Here, for the classical schemes to construct
wavelets on the sphere to work, we carry out a double expansion of the unit sphere with a special
extension to it of the function originally defined on the sphere. This makes it possible to apply one-
dimensional periodic interpolation and interpolation—orthogonal bases of expanding subspaces of
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multiresolution analysis (constructed and studied in [3, 10]) to construct wavelets on the expanded
sphere.

1. Construction of wavelets on the sphere

Without loss of generality, we assume that S is the sphere of unit radius centered at the origin of
a Cartesian coordinate system, (6, ) are spherical coordinates of points of S (6 17 denotes latitude
and ¢ 13" denotes longitude) associated in a standard way with the Cartesian coordinates. Thus,

S={M@,p)eS: 0<0<m, 0<¢p<2r}.

For a uniform grid with any small step h = 27/l (I € N, [ > 1) in the angular coordinates 6, ¢,
the geometrical sizes of cells of the corresponding grids on the sphere are strongly nonuniform. We
have cells with size of order h x h in R3 near the equator, where @ is close to 7/2, and we have
cells with size of order h x h? near the poles, where 6 is close to 0 in the case of the north pole N
or 6 is close to 7 in the case of the south pole S. On S, every value ¢ € T (where ¢ and @19/, are
indistinguishable) determines the p-meridian, i.e., the great circle arc

My :={M@0,¢): 0<0 <7},

and every value 0 € (0,7) determines #-latitude, i.e., the circle MY := {M(6,¢) : 0 < ¢ < 27}
of radius 7y = sin @ in the plane zg = cosf centered at the point (0,0, zp) of the Cartesian system.
Despite the noted disadvantage of spherical coordinates and the specified grids on S uniform in 6
and ¢, their application is profitable and simple for both the construction of wavelets on S and the
practical use of the wavelets in computational algorithms.

Thus, to construct basis scaling functions of the subspaces V;(S) C L2(S) (j € Z4) of
multiresolu-tion analysis on S, a usual method of passage from one-dimensional to multi-dimensional
wavelets can be used here by choosing as those the tensor product of the bases of the subspaces V;(T)
of the space L?*(T) of 2m-periodic functions and the bases of the subspaces V;[0,7] C L?[0,7] as
done in [4]. It is true that, in this case, one has to use a construction of wavelets on a segment,
which is more complicated than that on the line or on a period, for instance, applying a “folding”
operation. Instead of this, in the present paper, the sphere “doubles”. Due to this, the construction
of bases of the subspaces V;(S) reduces to the tensor product of two (possibly different) bases of
the subspaces V;(T) in the variables ¢ and 6, respectively.

It is clear that any ¢-meridian M., is connected with the opposite (¢ & 7)-meridian My4, on
which as well as on M, by the definition of the spherical coordinates (6,¢), § changes from 0
(at the pole N) to m (at the pole S). These two meridians form together the great circle C,,
on S. Keeping the bypass direction of the p-meridian by the points M (6, ¢) when 6 increases
on -meridian and changing it to the opposite on the ¢ + m-meridian, for every ¢ € [0,27], we
define the full p-meridian as follows:

Cop:={M(0,p) € My UMyir: 0<0 <27},

where M (0, ¢) = M (27, p).

We note that, although the full p-meridian C,, element-wisely coinciding with M, U M4,
crosses the equator {M(0,¢): 0 =7/2, 0 < ¢ < 2r} in the two points (7/2,¢) and (7/2,¢ + ),
this meridian is completely determined by the value of the angle ¢, since its bypass direction with
the increase of 6 is determined by the movement direction of the point M (6, ¢) along the ¢-meridian
and is continuously extended to the (¢ £ m)-meridian changing its original direction from N to S
to the opposite.
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Any function f defined on S uniquely determines the function f (6, ¢) of the variables ¢ € [0, 27]
and 6 € [0,7]. In particular, this function is uniquely defined on any full p-meridian as a function
of 6§, and to apply periodic wavelets in the construction of wavelets on S, it is very important that
the coordinate # changes on C, over the full period from 0 to 27, since, in C,,, the function f (6, ¢)
is 2m-periodic in 6 because the functions f(0, ) and f(m, ) on S do not depend on . However,
it is easy to see that C, and C+, coincide as sets of points on S differing only in the direction of
movement of their points M with coordinate 8 as 6 Tg”. As a result, every function f(6, ) single-
valued on S generates a two-valued function F'(6, ¢) of the variable # on every set C, = Ci o4 and,
hence, on S. Namely, for any ¢ € [0,27), we have

f(0,9), 017 on My,

. (1.1)
f@r—0,p£m), 017 on Meir

on C, and

F(6.0) :{ fO,pxm), 015 on Myir, (1.2)

f@r—6.9), 012 on M,

on Cyir. Obviously, this function completely restores f(6, ) already for 0 < ¢ < 7. However, it
is also important for us to preserve the 2m-periodicity of the function F in .

To avoid the two-valuedness, we use the fact that S is a two-sided surface and we distinguish
external and internal points M (r, 0, ¢) of S considering them as if for r =140 and r =1 — 0.

In what follows, we assume that the continuous passage from one side of S to the other is
allowed only through the poles N and S of the sphere S. In so doing, any full ¢-meridian is not
placed on one side of S but is placed in two parts on different sides of S. We place the part M,
of any full ¢-meridian Cy, on the external side S14 of S and the part M 4, with ¢ 127 on the
internal part S;_g of S. As a result, the function F(6,¢) in (1.1) becomes a single-valued and
well-defined function on Sj19 U Sj_¢ coinciding with f(,¢) on S;1g. On the internal side S;_g,
the function F'(6, ) is defined by the part of formula (1.1) which relates to the (¢ % m)-meridian.
Formula (1.2) is given only to explain the reason of the two-valuedness of the function F'(, ) on S.

Now, according the usual classical Meyer scheme, one can easily construct a multiresolution
analysis on the double sphere S() = 5140 U S1-¢ with angular coordinates of points on Sy still
denoted by (0, ¢). In this case, 6 changes from 0 to 27 on any full p-meridian and values of ¢ can still
be bounded by the interval [0,27). The coordinates of points M (6, ) on S;1g are usual spherical
coordinates. They are extended on S;_g as follows: the ¢-coordinate of the point M € S;_g
coincides with its value in the original spherical coordinate system, and the value of its usual
spherical latitude, say 7, is replaced by 8 = 27 — 7. It is easy to see that the point M with such
coordinates (6, ) belongs to the part of the full (¢ £ m)-meridian lying on S;_¢ (the sign, plus or
minus, in the expression ¢ + 7 can always be taken so that ¢ + 7 € [0,27)).

As basic functions of the subspaces V;(T) of multiresolution analysis on S9) (defining V;(T)
themselves), we take systems of 2m-periodic functions constructed on the basis of Meyer wavelets.
These are the trigonometric polynomials @ik(x) (s = 1,2,3) generating the finite-dimensional
subspaces V;(T). We use them because of their simplicity. Furthermore, in order not to calculate
integral coefficients of function expansions in orthogonal systems, we restrict ourselves to the use
only of the interpolation properties of multiresolution analysis on finite grides in # and . Since
the convergence of interpolation expansions for continuous (and especially smooth) functions on S
occurs with high rate, there is no need to apply the subspaces V;(S(p)) with large indices j for
practical problems. Thus, one may not be afraid of a significant concentration of grid points near
the poles (especially in the case of computer implementation of algorithms of approximation of
functions f on S). The orthogonal properties of bases can be useful when approximating functions
integrable only on S.



6 Nikolai I. Chernykh

Thus, in what follows, we use (see [3, 10]) the scaling functions of periodic multiresolution
analyzes:

oFx) =27 sﬁs(%)e”(x‘?”’“/”), k=0,2—1, jeZ,, s=1,23, (L3
/29| <(1+2)/2

where

os(w) = @e(w)2 + (1 — 63,5)i(sign w)@e(w)(@;(w — 1)+ @e(w+ 1)), s=2,3. (1.4)
In turn, @.(w), € > 0, is an even continuous real function on R of Meyer type supported on the
interval |w| < (1 + ¢)/2 and such that @.(w) =1 for |w| < (1 —¢)/2 (0 < € < 1/3), the derivative
PL(w) is a function of bounded variation, and P2 (w) + @2(w—1) =1 for (1 —¢)/2 <w < (1+¢)/2.
When s = 1, we replace p.(w) in (1.4) by

Bre(w) = %m @) - w1 -Gt ). (1.5)

For each s = 1,2,3, the functions @2”“(@«) form the interpolation basis of the subspaces V¢ (T)
(j € Z4) of 2m-periodic multiresolution analysis:

. 2ml N
@gv’f(y) = 6py (k,1=0,27 — 1),

In addition, for s = 1,2 and for any j € Z,, the system {2]‘/2@%”“(:5)} is orthonormal on T:
2
1 [ — .
— /2J<1>§’k(3:)<1>§’l(:6) dr =6y (k,1=0,20 —1). (1.6)

™
0

For any j and for k,1 =0,1,...,2/ — 1, we define
DIFLG, ) = ®IF(9)DI(p) for (A,p) € T x T. (1.7)

Naturally, without any additional assumptions except for the 27-periodicity, this is an interpolation
system of functions on the grid {(27m/2’, 27n/27) : m,n =0,27 — 1}:

2mm 2mn

ikl
oM (S 5 ) = e i

This system inherits in C(T x T) all approximative properties of system (1.3) in C]0, 27].
2. Approximation by interpolating wavelets in C(T x T)
We denote by ;V;(T?) the subspace of the space C(T x T) of 27-periodic (in 6 and ) functions

on R? by setting

29-127—1

JVi(T2) = { YN Gk (0)@2'(p) : Cry €R forall k,1=0,27 1}.
k=0 (=0

The interpolation projection of any function F'(6,¢) € C(T x T) is defined as follows:

- v 2rk 2wl
Ss0iF(0,¢) = PSVE_(TQ)F(H,@ = Z F<— _‘)‘I)?k’l(ea@)- (2.1)
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Obviously, [Sy F(0, )] < Loi(0, 9)||Fllc(rxT), Where Ly;(6,) is the Lebesgue function of the

operator Sy; : C(T xT) — ,V; c C(T xT),

29 -127-1

Looi(8,0) = D > 1®IHO)19 ()| = Ly o (0) Ly 23 (), (2.2)

k=0 [=0

and Ly 5 () is the Lebesgue function of the projection operator of continuous 27-periodic functions
on the line on the subspace V¥ (T) C C(T), which was studied in Lemmas 2 and 3 of the paper [10]
under the condition of smoothness of the functions ps(w) on R for s = 2,3. Using this lemmas and
the remark to them on page 265 of the mentioned paper, for the 27 /2/-periodic Lebesgue function
Ly 5i () with s = 2,3, we obtain

(1+¢)/2 i (14¢)/2 o o i
_ 9, v |Sin277 o~ , sin“e27 7%z \ |sin 2/~ x|
Ls,QJ(x) < ( \/ ((Ps(w))w W‘ + 58,2 \/ ((ps(w)(pE(w - 1))w ‘Qj_l.%" ’2]‘—11.‘
1/2 1/2
(1+¢)/2 (1+e)/2 2
R . . 4 1-4/7 i
+ \// (B2 @)L+ b2 \// (@)oo~ D), (o + 2+ L) | sin 2 1a
1/2 1/2

for |x| < 27/2/F1. We do not write an analogous estimate for s = 1, noting only that this estimate
is similar to the latter one with replacing 52 by ds1 and @.(w) by @1.(w) from (1.5).
For brevity, we use the following formulas from [10]:

1 1+e¢ ~ ~
A =[5 57| B = W) BW) = Paw)p:w—1).

Theorem 1. Assume that, in addition to the conditions® on @s(w) imposed in the description
of formula (1.4), the functions ps(w) and [(w) are smooth in a neighbourhood of the interval
(1 —¢)/2,(1+¢)/2]. Then the Lebesgue constants Lg4;i(0,¢), s = 2,3, in (2.2) satisfy on their
period [—2m /27 27 /20T % [—27/29FY ) 270 /29 L] the estimates

_ ,\, sin 2971 51n2(62j_1gp/2) |sin 2/~ 1|
Lo 00) < | V@ TG+ 0na Y 8 ™ P Rt
+ \/ +552\/ﬁ }( + 4/ )]stﬂ 14p\}
s 22J
A€
. ) i (2.3)
" 5 (w | sin 27~ 9[ \/5 sin?(e29716/2) 7 | sin 27719
MR Cerm e
4 —4/7? :
~ / > . 7j—1
+[\/<P3(w)+53,2\/5(w)} (772 +722j )]st 9[}
As As
P roof follows from the above estimate and (2.2). O

We note that, to estimate the function (2.2) on the square T x T, it is needed to write its estimate
on every small square [27(2k — 1)/27T1 27 (2k 4 1)/27F1] x [27(21 — 1)/2”% 2 (20 + 1) /271 con-
tained in T x T by replacing on the right-hand-side of (2.3) ¢ by (¢ —27k/27) and 6 by (60 —27l/27).

2Actually, this is a condition to estimate Lgo;(z) in [10] allowing to drop terms outside the integrals
when integrating by parts.
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To estimate the Lebesgue constant, which is the norm in C(T x T) of the function L, 4;(0, ) co-

inciding with the norm of the operator ||Sy;|| = ||Sai ||g$§%, it is sufficient to estimate it on any

period, in particular, for |f| < 7/2/ and |p| < m/27. Estimating the right-hand side of (2.3) with
the use of the fact that |sinx|/|z| <1 for |x| < 7/2, we obtain the following result.

Corollary 1. Assume that the conditions of Theorem 1 are satisfied. Then the morm of the
operators of the interpolation projection (2.1) from C(T x T) to the subspace sV;(T?) C C(T x T)
satisfies the estimate

15,1 < (Voo A )2(4+g+1—2#). 2.4

A€

For one-dimensional periodic wavelets, the following well-known and easily verified remarkable
fact holds: for any € € (0,1/3], the operator of interpolation (and also orthogonal) projection on
the subspaces V; of periodic multiresolution analysis generated by any Meyer type function @, (w)
is the identity operator on the subspace of trigonometric polynomials of order N. = [2/71(1 — ¢)],
where [a] is the integer part of a for a > 0.

We verify in what form this property is preserved for the operators (2.1). Computing S; 5;9(¢, ¢)
for g(, ) = €% and integer p and 7, we have

29—-127—1
55721'9(0, (P) _ Z Z eQﬂiuk/QJ 627rinl/2] Q)g’k’l(07 90) _
k=0 =0
271 27 -1

= E Q*j(”fs (i)ei’/e § 27”(# v)k/2! § 2~ J(,OS(V > iw'p e?wzn V127 _
21 §
v

) ) 2mi(p—v) -1 27”(77 V)_l
1% e /
— —J~ (2 ) o .
- ZV:Q %(zj)e 2mi(u—0)/27 _ 22 “’S( > 2mi—)P _ ]
(n—v')/2 ,

i~ [V iv6 oj —j~ (VY iV poyj ind inp ~ (M n
:ZQ j%(g)el 20y Z, 2 j%(E)el FXoyy =" ezw%(zj)%(Z)

v

which coincides with g(6, ) for |u|/2? < (1 —¢)/2 and |5|/27 < (1 —€)/2 (where @,4(w) = 1).
Thus, we obtain the following property of interpolation projections on the subspaces SVj(’]I‘Q).

Assertion 1. For the trigonometric polynomials of two variables
=3 Y e
p=—nn=—-m

of order n in the variable 6 and order m in the variable ¢, the equalities

SS,QJtn,m(‘g? 90) = tn,m(aa ()0) (25)

hold for n and m not greater than N. ;= [2271(1 —¢)] and s = 1,2,3.

Note that the order INV. ; of the polynomials in (2.5) is allowed in each of the variables § and
¢, not just in the totality of variables (when the summation in the formula for ¢, (6, ¢) is taken
over p and v such that || + [v| < N ;).
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According to the usual Lebesgue scheme, from inequality (2.4) and Assertion 1, we easily obtain
an estimate of the error of approximation of continuous 2m-periodic functions of two variables by
their interpolation projections on st(']I'Z). In view of the importance of this estimate for practical
applications of interpolating wavelets, we state it as a theorem. We denote by E, (F )C(Txm the
best approximation in the metric of C(T x T) of continuous 27-periodic functions F' on the square
T x T by trigonometric polynomials of order n in each variable.

Theorem 2. Under the conditions of Theorem 1 on ps(w), s = 2,3, any function F(0,¢) in
C(T x T) satisfies the estimates

1F(0,¢) — Ss 2 F(0,0)lcerxry < (14 (1S5 25 ) EN.; (F)c(rxT)- (2.6)

P roof. To justify this estimate, we note that, applying formula (2.5) to the polynomial ¢,
of the best approximation of the function F' in C(T x T), we obtain

IF(0,0) = S5 2 F (0, 0)l| = [(F(0, ) — tn.;(0,9)) + Ss 05 (tn. ;(0,0) — F(0,9)) ],

From this, using the triangle inequality for norms, the definition of [|S; 5[/, and Corollary 1, we
get (2.6). O

An estimate of the best approximations E,(F)c(rxr) of the Jackson type in terms of the
modules of continuity or the parameters K and « of the Holder class

KH® ={f:|f(z+ Az) — f(z)] < K|Az|*}

can be found in the known monographs on approximation theory.
The systems of functions

{@ITL2R+L2A+ g )k =0,20 — 1}, j€Zy (s =1,2,3), (2.7)

additional to (1.7) are the interpolation bases of the subspaces sW;(T?) (sV;41(T?) =5 V;(T?) &,
W;(T?),j € Z4). By their means, any function g €, V;4+1(T?) is uniquely represented in the form

9=PYg+ Py (g Pig), (2.8)

which is easily derived from the fact that ;W; C (Vjy1. For each s = 1,2,3, the family of sys-
tems (2.7) over all j € Z, together with ®y¢ = 1 is an interpolation basis of the whole space
C(T x T), so that any function F(6,¢) is expanded in the series

0o 21—-1

F(0,0) = F(0,0) + > Y ¢jra®ITHHFL2H (g ) (2.9)
=0 k,I=0

converging uniformly in the square T x T and, hence, in R?. According to the usual scheme, the
coeflicients of this series are calculated recursively in j in terms of the grid values of the function F
and the partial sums

j—1 2>2—1

5100, F) = F(0,0) + Y~ > x @22 (g, ) (2.10)
A=0 p,v=0

of the same series, namely

_ 2r(2k +1) 27(20+ 1) 2r(2k +1) 27(20+1)
Ciskl = < D S Y EE >_ H( 27+1 7 il >
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It follows from (2.8) that the sum X;_1(6, ¢; F') coincides with P:%F(G, ©)=S852F(0, ) (see (2.1)),
so that we can write the values c;; without recurrence:

2m(2k +1) 2m(20 + 1)> (2.11)

_ int
Gkl = (F_Psuxl/jF)< 2j+1L ' 9jtl

Hence, it is easily deduced that the series (2.9) with the coefficients (2.11) coincides with the series
o

F(@,(p +Z 521+1F ) SS,QjF(‘g?(p)) (212)
7=0

converging uniformly in T X T by Theorem 2. The partial sum of order J of the latter series is
J-1
+ Z 5,20+1 7 Mg 2j)F(6790) = SS,Z"F(Gaw) = EJ—l(aaw; F)
7=0

3. Interpolating wavelets on the sphere and their application
to the approximation of functions in C(S)

In the second section, unlike the first section, the arguments (6, ) of the functions F' and @g’k’l
were treated as the Cartesian coordinates of points of the square T x T on the opposite sides of
which the values of any function in C(T x T) coincide in view of its 27-periodicity. Moreover, the
function F'(0,¢) constructed on §(2) by formula (1.1), if interpreted as a function on the square
T x T, has the additional feature that it is constant on each of the sides # = 0 and 6 = 7 of the
square.

Let F be a function defined on the sphere S and continuously depending on the points of the
sphere. For instance, F' represented as F(x1,z2,23) is a function continuous in all coordinates
connected by the relation 23 + 23 + 23 = 1. In particular, F is also continuous at the poles N
and S of the sphere S. Therefore, after the change z; = cos¢sinf, xo = cospcosf, x5 = sinb,
the function F' becomes a function of the coordinates ¢ € T = [0,27) and 6 € [0, 7] with the
following specificity: F(N) and F(S) do not depend on 6, since limy_,o F(0,9) = F(N) and
limg_, F'(0,¢) = F(S) for any ¢ € [0,2n]. Thus, the function F(f,¢) defined on the double
sphere S(y) by formula (1.1) and glued from the continuous functions f(6, ) on M, for 6 17 and

f@m— 0,0+ 7) on My, for 6 127 is continuous on g(z), since the values of the function F (0, ¢)
and the values of the function F'(m,¢) do not depend on ¢ at the gluing points § = 27 and 6 = 7.
We note that the values of the function F(6,¢) on S (i.e., for § 17, ¢ 12™) coincide with
the values of the original function f(6, ). Therefore, approximating F' on g@), we simultaneously
approximate f on S. Of course, the latter property could be preserved for any continuous extension
of f from S to §(2) \'S. However, if the original function f is smooth on S, i.e., at any point
(z1, 72,73, f(21, 72, 23)) (With 22 + 23 + 22 = 1) of the graph surface of f over S, there exists a
tangent plane to the graph, then, obviously, the extension chosen by means of (1.4) preserves the
smoothness of (0, ¢) on any full p-meridian Cy, and, hence, on the whole double sphere g( 2), since
there exists a tangent line to the graph of F'(0, ) over any full p-meridian at the points (60, ¢) (0 17)
which is the section of the tangent plane at the point X (6, ) € C, by the plane containing C,.
The basis functions ®2 1(6?, ¢) are defined on the whole §(2) as 2m-periodic in 6 and ¢, since
the parameter 6 changes from 0 to 27 on any full p-meridian and the parameter ¢ defining C,
changes similarly. Of course, not each of these functions is constant for 6 = 0 (0 = 27) or § = 7 like

F(6, ) (these are the functions ®"!(6, ) and <I>?;2j_1”(9, ¢)). However, only the continuity of F’
is important to apply formula (2.1), estimates (2.3), (2.4), and (2.6), and formulas (2.9)—(2.12) to
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the functions F'(6,¢) defined by (1.1). Thus, the functions L*4(0, o) defined by (1.7) determine
multiresolution analysis on S(y), i.e. the subspaces SVj(S(z)) and SWj(S(z)). In so doing, a pair
(0, ) should be treated everywhere as parameters defining the points M (6, ¢) on §(2), The only

useful thing remaining is to rewrite formulas (2.1) in terms of the function f(6, ) on S defining
F(0,p) on S(y. Using (2.1) and (1.1), we set

int ERa 2k 2wl !
PF(6 Z Zf( )OO, 0)+

27 -1 20-1_1 27 -1

+X(z (%(2;_ n, ;y_l))q>g‘v’f’l<e,w>+ > (LR we0).

k=2i-1 (=271

By Theorem 2, one can estimate the error of approximation of the function F'(6,¢) by means
of Pj"}fF(G,Lp) in terms of the best approximation ENs,l(F)C(g(Q))' In real applied problems, it
is unlikely to be required to approximate functions defined on both inner and outer sides of the
sphere S. Therefore, to approximate the original function f(6,¢), it is sufficient to estimate the
deviation |f (6, ) — Pth( ©)lc(o,,xT) that does not exceed the approximation error (2.6).

There are studies of the problem of approximation by trigonometric polynomials on an interval
less than the period. Here, one can expect an essential improvement of the estimate (2.6) by
learning to use the specificity of the function f on S, in particular, its singularities on S which
make it hardly changing in a neighborhood of the sides of the rectangle [0, 7] x T with # = 0 and
6 = 7 on which the function f(6, ) is naturally transferred from S.

Until now, we have discussed the use of interpolation properties of the wavelets @Z’k’l(ﬁ, ©). As
noted, in view of (1.6) the systems {29/2®07%(z) : k = 0,27 — 1} are orthonormal for s =1 or s = 2
and for every j € N. This implies that, for any j € N, the systems {23/2<I>] ok, l(ﬂ ¢): k1=0,2 —1}
are also orthonormal:

1\2 [2m p2m , e 1 [27 , —_—

— 21205819, )220 (9, p)dodp = — [ 272@1F(0)®™(6)do x
2 2 2 2

2m o Jo 2 Jo

1, (k1) =(m,n),
0, (k,1)# (m,n).

However, the question on the application of the orthonormality properties of these systems to the
approximation of functions on the sphere in L?(S)-norm requires separate consideration.

1 2r . —
X % /0 2j/2(1>%,l(90)(1>%, ((p)d@ = 5k,m ' 5l,n = {

4. Conclusion

In this paper, we have considered the question of approximation of continuous functions on
the sphere S C R? and have proposed once more approach to the construction of corresponding
interpolating wavelets. Due to a special double expansion of the sphere, this approach reduces to
the simple and well-studied problem on the construction of interpolating periodic wavelets on the
plane R2. Two of the constructed wavelet systems are orthogonal on the expanded sphere S. This
property can be useful when the approximated function is inaccurately defined (for instance, is
obtained experimentally). The problem of accuracy of approximation of functions on the sphere
in L? was not studied in this paper.
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