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Abstract: The Neumann boundary value problem (BVP) in a unit circle is discussed. For the solution of the
Neumann BVP, we built a method employing series representation of given 2m-periodic continuous boundary
function by interpolating wavelets consisting of trigonometric polynomials. It is convenient to use the method
due to the fact that such series is easy to extend to harmonic polynomials inside a circle. Moreover, coefficients
of the series have an easy-to-calculate form. The representation by the interpolating wavelets is constructed
by using an interpolation projection to subspaces of a multiresolution analysis with basis 2m-periodic scaling
functions (more exactly, their binary rational compressions and shifts). That functions were developed by
Subbotin and Chernykh on the basis of Meyer-type wavelets. We will use three kinds of such functions, where
two out of the three generates systems, which are orthogonal and simultaneous interpolating on uniform grids
of the corresponding scale and the last one generates only interpolating on the same uniform grids system. As a
result, using the interpolation property of wavelets mentioned above, we obtain the exact representation of the
solution for the Neumann BVP by series of that wavelets and numerical bound of the approximation of solution
by partial sum of such series.
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Introduction

Subbotin and Chernykh [1] constructed real 2m-periodic orthogonal wavelets and applied them
to represent and analyze solutions of Dirichlet, Neumann, and Poisson boundary value problems for
harmonic and biharmonic functions. In [2] the Dirichlet BVP in a unit circle was solved by means
of interpolating-orthogonal periodic wavelets from [3]. In the present paper, we propose to use the
same wavelets for solving the Neumann BVP in a unit circle. Moreover, our main interest is the
exact representation of the solution for the Neumann BVP by series of wavelet bases and behavior of
partial sums of such series. For the sake of convenience, we give the reader an adequate background
for further study and partially repeat sections with interpolating and interpolating-orthogonal 27-
periodic wavelet construction from [1, 3.

1. Preliminaries

Consideration of autocorrelation functions for orthonormal scaling functions instead of
orthonormal scaling functions is commonly used construction technique for interpolating wavelets
in R. It is equivalent to replacement of scaling ¢(x) function by function, which Fourier transform
coincides with |p(w)|?.

Let ¢ be a fixed number from (0,1/3] and let @.(w) be a Fourier transform of Meyer-type
(see [4, 5]) function:

Pe(w) =0, w| > (14¢)/2;
Pe(w) =1 w| < (1 —¢)/2;
W +Pw—1) =1, (1-¢)/2<w<(1+¢)/2.
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We also require that the function $?(w) is even and smooth on R with the symmetry center of its
graph on the interval ((1 —¢)/2, (1 +¢)/2) at the point w = 1/2. Define functions ¢4(z) (s = 1,2)
as in [1] and function ¢3(z) as in [2] such that:

(14 @e(w) = Pe(w = 1) = Pe(w + 1)) +i(signw) v/ 2B(w),
1wl < (T+e)/2
2 0,
wl = (1+¢)/2,

P2(w) = PZ(w) +i(signw)B(w), Bw) = Pe(w)(Pelw — 1) + Pe(w + 1)),
P3(w) = PZ(w).

Here f(w) is a smooth even function on R vanishing together with its derivative at the points
= (—1#4¢)/2 and w = (1+¢)/2, with the support {((—1—¢)/2, (—1+¢)/2) U((1—¢)/2, (1+¢)/2)}
and even on intervals £((1 — €)/2, (1 + €)/2) with respect to their centers w = +1/2. Functions
ws()(s = 1,2,3) generates interpolating in C(R) systems {ps(2z—k) : k € Z} (j € Z) on the grids
{1/29 : 1 € Z} (j € Z). For s = 1,2 these systems are also orthogonal in L?(R). Unless otherwise
stipulated, throughout the paper s = 1,2, 3.
The 1-periodization process of the function ¢, (2/2)

Pel‘ﬁs(ij) = Z QOS(QJ('%' + :U')) =: CI)g’O(QTrx), JEL (1'1)
MEZL

converges uniformly on the interval [—1/2,1/2] (see [1]). Calculating the coefficients a, in the
expansion of the function @g’o(%’az) by the trigonometric system {e?™® : v € Z}, we get

®10(27) Za e j e 7. (1.2)
VEZL

Using (1.1), we find all coefficients a, (v € Z)

au—/z@s 2jx+u 27rll/$dl,_2/sps 2]a:+,u —27rwaadx:

MEZL HEZ
pt1
= [substitution: z + p =t Z / s (21)e 21 gt =
;LEZ

= /tps(?t)e%i”tdt (1) =275, (55)-
R

Substituting the coefficients a, (v € Z) in (1.2), we obtain:

ol0emn) =27 Y au(5)e, et
veAINZ

where Al = 27 ((=1 —€)/2,(1 +¢)/2). Replacing the variable = by z/(27), we obtain 2m-periodic
wavelet systems

{‘P?;”‘“(w) = ‘PZ’O(OC - @) =27 ) @(1)6’ (z=2mk/20) | e Z} jez,  (13)
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which are interpolating on the grids {xé = 27l/20 1 1 = 0,27 — 1} for s = 1,2,3 and orthogonal
in L*(R) for s = 1,2.
It is easy to see, that for n € Z
@g’kJer”(x) — 977 Z 903( V) iv(z—2mk/27 —2mn) _ (I)g’k(.%').

- 27
veAINZ

So the sequence of spaces (1.3) has only 2/ distinct linearly independent terms. Hence, we can
assume in the following discussion that k = 0,2/ — 1.

~Define system of spaces {Vi := span{®F(z) : k = 0,27 — 1} : j € Z}. As follows from
ALNZ = {0} for j <0 and $s(0) = 1, we see that

and

vEAINZ

i.e., for all integers such that j < 0 and for all k € Z relation ®7*(2) = ®J°(z) = const holds and
thus we can consider the system of spaces {VZ} only for j € NU{0}. Further, for j € NU{0} define
spaces W7 as direct complement of V7 to Vj '+, With the interpolation system {UiF(z) : k=02 — 1}
on the grid {:c2l+1 [ =0,27 — 1}, which is interpolating basis of 27-periodic continuous functions.

~ Show that the Ui () = &I (1) holds for all j € NU {0} and for all k = 0,2/ — 1. Since
Vi c Vit (j e NU{0}), we see that

2it+1_q

> ba®t(x), jeNU{0}, k=0,2 -1 (1.4)

Using interpolating condition of basis {@2*1”“(;,;) : k=0,27*1 — 1} on the grid {xé_H :1=0,2711 — 1}
and assuming z := 271/2/*! in (1.4), we find the coefficients b, (n = 0,2/+1 —1):

27l L 27l L _—
) (2J+1) Z b (I)j+1n<2ﬂ+1> = Y babpy, 1=0,2771 1,
n=0
SO
by = @jv’f(—%n) n=0,21—1
n = s 9+t =0, .

In view of b,, obtained, the sum on the right side of the expression (1.4) may be written as two sums
over even and odd indices

20+l 1 271 —1

; 21N
‘Iﬂs’k(m) — Z q)i,k<2j+1)q)]+ln Z (I)]k( >(I)]+1 Qn( )_|_
n=0
= k(272 + 1)\ Citiont ik (27N o2k
+ Z Y < 9j+1 > O (1) = Dy (2—J> QLT @)+
=1
27 -1

27(2n +1 ,
+ Z (1)] k< YS! )>(I)2+172n+1(x).
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As a result, we have

271

. . 27 (2 1 » —
(I)gk(x) — (I)g+1,2k‘ + Z q)]k< ™ 2]"’1‘1{' )>‘1>é+1’2n+1(£6), jeNU {0}’ k=02 —1,

ie.,

. : 2-1 2m(2n + 1)\ -
@éJrl’%(x) — @é’k(x) _ Z (I)g,k(T)q)nglznﬂ(x)’ j cNU {0}, k= 0, 29 — 1’
—— N———

evit! evi =

and it implies that
2011
Vit = { D kit (@) e € R} =
k=0
21 A 25 1 271
k=0 k=0
2 -1 21 20 -1
2r(2n +1 ; i
— Z Cjt1,2k Z P <T)>‘I>§+l’2n“(:ﬂ) + Z Cj+1,2k+1‘1)§+1’2k+1(~"3)} =
k=0
271 251 29 -1
: : L (2m(2n + 1)

k k

= { ;;) 1,2k Py () — ZO AR €) kzo Cji1,26 Py <T>+
= n—=— =
201 27 -1 271
+ Z Citl, 2n+1q)j+1 2n+1 } { Z it 2k‘b]’ )+ Z djmq)éJrl,QnJrl(x) .
n=0
271
o 2m(2n+ 1 ; i
djpn = — Z Cj+1,2k‘1>§’k<%> + Cj+1,2n+l} =View].
k=0

In view of definitions of spaces V& and W7, for all j € NU {0} and for all k£ = 0,29 — 1 relation

\I/j’k(x) _ @g-i-l, 2k+1(x)

S

holds.
Denote the interpolation projection of a function f € Ca, (the space of continuous 27-periodic
functions) onto the Vi by

271

2k _ - .
So(@if) = Y f(Fr) @), jeNu{o}. (15)
k=0
Since U 0 Vi = Cor, for f € Cy we have
SS,QJ (x; f) ? f(x)a (16)
+o0029—1 +00 27 -1

flz )+ i )Y @l (g), (1.7)

7=0 k=0 7=0 k=0
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Find all coefficients c;r, (j € NU{0}, k= 0,27 — 1) from (1.7). Because of S, 5 (:U f)eVvi,
Ssoit1(z; f) € VZ™! and definition of spaces W¢ we have Ss0i1(x; f) — Ss0i (w5 f) € Wi, ie.,

21 27 —1
k l
(Sgo+1 (x5 f) — Ss0 (x;f))‘xi I Z ¢j p @I (o 32431) Z i k0Kl = Cji,
Tj+1 k=0 k=0

where j € NU {0} and I = 0,2/ — 1. Using definition (1.5), we rewrite Sy o+1(z; f) and take

20+1
T T
27+1 1 20+1 1
2k Lk, 2141 2mk 2141
Ss,zjﬂ(ﬁﬂ;f)‘ o = f<2]+1)‘1)J+ (=34 = f<2j+1>5k a1 = (x5
T k=0 k=0
Consequently,

¢i0 = Seprt (@3 ) = Sap (@3 f) = F@f) = Sus@f5 £), j€NU{0}, 1=0,27 1.
With (1.3), (1.7) and preceding expression the following relation holds for a function f € Ca,

40029 —1 +00 27 —1

0+ 37 3 et (a) = £ + 3 3 (£ = Syt 1) ¢
Jj=0 k=0 j=0 k=0
+o0 27 -1
X @A @) = 0)+ 30 Y (£ = S, ) 270 x 18)

j=0 k=0
= (_V jv(z—2m(2k+1) /291

< 3 ¢s(§;3)e’@f m(2k41) /201

V6A£+1HZ

The definition of WY imply Vi = V0 & (EB{;OI W!). Then S, o;(z; f) is the partial sum of order 27
for (1.7) and from (1.6) series (1.7) converges uniformly. Thus for J € Z

J—127-1
Suar (@ f) = FO)+ D0 D7 (F@HEY) = Suo (@1 1)) @15 (@) (L9)
7=0 k=0

and as J — oo

Ssa0(x; f) = ().
R

2. Application to the solution of the Neumann BVP in a circle

Setting of the Neumann BVP in the unit circle K (see, for example, [6]):

02U 190U 10%U —
A i WK @ (K
a((]](r %) = or2 + r Or + r2 Ox2 0, UeCH(K)NC(K), (2.1)

E(l,ﬂf) = g1(x) € Cor,

where 7¢ (0 < r < 1, 0 < 2 < 27) are points of the unit circle K; centered at the origin of
the polar coordinate system. It has been well known that necessary condition of solvability of the
Neumann problem is

21
/gl(az)dm =0, (2.2)
0



96 D.A. Yamkovoi

and the problem have a unique solution up to an additive constant.
Define harmonic in the unit circle polynomials @é’k(r, x):

OIf(rw) =270 3 (o )rMeme ) e NU{0), k=027 -1

, 27
veAINZ
and consider series
40027 —1
2k+1 1,2k+1
U(1,0)+ 3 3 (U(1) ~ 8,0, 5U(1,)) (28I 211, 2),
7=0 k=0

Since U(r,x) is a harmonic in the unit circle function with continuous boundary value U(1,z), it
follows that the above series converges uniformly on the boundary of Kj by taking into account (1.8)
and (1.9) (where for f(z) we take U(1,z)). Because of maximum principle for harmonic functions,
we obtain the following representation for U(r, ) in form of uniformly convergent in K series

+o00 27 -1
Ur,2) = U1L,0)+ 32 37 (U019 = 8o (L5 U(1) ) (225 @524 1, 2) =
0 k=0
J+oo 20 -1
=UL0)+>. Y (U(l, ) = 8y 05(1, 5 U1, ,)))( 2 1)0=(7+1) (2.3)

j=0 k=0

~ v |v| jiv(z—2m(2k+1)/29+1)
Y ) .
veAiTing,

Using (1.8), we have the following representation for function g;(z) € Cy, in form of uniformly
convergent in K series

+o0 2791
—( ~ v i (z— j+1
) = g1(0 +Z Z (91 521(';91)>(33§5f{1)2 (G+1) E : @s(sz)@Z (@—2m(2k+1)/27+1)
7=0 k=0 VEAZJAOZ

We may extend terms of the series into the interior of the unit circle to harmonic polynomials
cjk(gl)fbi’k(r, x) and, consequently, we may extend the series into the interior of the unit circle to
harmonic in Ky and in continuous K7 function.

+o0027-1
g1r2) = 91(0) + 3. D (1) = Sums(.01) ) (@220
7=0 k=0 (2.4)
~ (_V N\ vl iv(z—2m(2k+1)/29T1)
Y (o) .
veAltinzg

Because of series in (2.3) converges uniformly, we can perform a term-by-term differentiation
with respect to r and multiplication by 7 and as result we get

+o0 2/ -1

=3 (U0) = S, (15U, D) @2 0

7=0 k=0

~ v lv| jiv(z—2m(2k+1)/29+1)
X Z <ps<ﬁ>\u\r e .
veAiting
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As is easy to see that this function is harmonic in K. In view of setting of the Neumann BVP, we
oU oUu

have 8—(r,x)|7"71 = ¢1(z), this implies that for 0 < r < 1 the equality ra—(r,m) = ¢1(r,z) holds
r = r

as equality of two harmonic functions which are equal at the boundary of K7. Hence

400291

oUu (i
o, (re) =g1(0 B (91 521('591)>(90§ﬂ1)2 SARRPY
§=0 k=0
~ v lv| jiv(z—2m(2k+1)/29+1)
x 3 SDs(w)r e .
veAItinz

In consequence of (2.2), we also have

27
/91 (r,x)dx = 0. (2.5)
0
. . U . . ;
Indeed if we expand function g¢;(r,z) = ra—(r,x) in a series by system {r™e™* : n e 7z}
r

(for instance, with the use of Poisson kernel), then we get for 0 <r < 1

27
1
n(ro) = 5= [ @LOP - 0 / 3 (o
0 nez

Interchanging of integration and summation and using (2.2), we arrive at

Z /91 1 t lntdt> |n\ ln:v

neZ\{0}

resulting in (2.5).
Thus, using (2.5) and taking into account @4(0) = 1, we obtain

+o00 27 -1

O) + Z Z (gl() - 5572]'(-;91)) (x?ljr'il‘l)z—(j-l-l) — 0,

§=0 k=0

and numerical series on the left side of the equality converges. Consequently, the following equality

holds

+o0 291

—(i ~ 14 iv(c—or j+1
Z Z (91 Sy g1)>(ﬂ:?f{l)2 (G+1) } : @s(2j+1)r‘l/|62v($ 2m(2k+1)/29F1)
§=0 k=0 veAItnz\{0}

Therefore, by setting

21

1 .
%/q)éJrleJrl(l,x)dx —
0

_ o—(j+1 ~ v v| iv(z—2m(2k+1)/2i+1
—o Uty Y “’S(W)T‘ |giv(@=2m(2k41) /2
veAITnz\{0}

q)ngl,QkJrl,O(,r’x) — (I)g+1’2k+1(’l“,£ﬂ) _
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we obtain
00 27 —1 i+1,2k+1,0
ouU gi(r,z) R T S D)
S ) = T2 =3T3 (010 = Sew (30 ) (@3 T =
=0 k=0
+o0 27 -1 y L
—(7 ~ vl—1 w(x—2m J+
-y (gl(‘)_5872j(‘;gl)>(x§§_4{1)2 Gy §° %(F)H [—1giv(e—2m(2k+1) /27

§=0 k=0 veAITnz\{0}

where the series converges uniformly in K. Setting

T .
q)_;+1,2k+1,0(rl, iE)

Wk z) = / = dr’ =
0
— 9=+ Z 5 (Y ﬂew(w—%(%ﬂ)/?“) e NU{0}, k=0,2—1
SOS 2]_;’_1 ‘I/‘ Y ] Y Y Y

veAItnz\{o}
and calculating the U(r, z) from the preceding equality, we formulate the following theorem.

Theorem 1. Under conditions of setting of the Neumann BVP (2.1) we obtain for s =1,2,3

400 27 -1
Ur,z) =U(1L,0)+ > > <gl(-) — S, 0 gl)) @YW 2), re® € K. (2.6)
j=0 k=0

Series in (2.6) converges uniformly in K1 and U(1,0) is a constant.

P r oo f follows from preceding equations. O

Also we obtain the error for approximation of solution U(r,z) of the problem (2.1) by partial
sums of series (2.6) denoted by S, s (r,z; U, ¥~1). Denote by EN—](f)c%r the best approximation

of a function f in Co, by trigonometric polynomials of order N_ = [12771(1 —¢)].

Theorem 2. Under conditions of setting of the Neumann BVP (2.1) for s = 1,2,3
and J € Zy :={j € Z:j >0} the function S,q:(r,z;U,¥) approzimates the solution U(r,z) of
problem (2.1) with accuracy guaranteed by the inequality

_ T
HU(T,%‘) - SS,Z‘I(T7'%.; U, v 1)HC(K1) < %(1 + HSS,Z"H)EN;J(gl)C%?

Estimates for norm of the operator S o1 (interpolation projection onto the subspace VJS) can be
found in Theorem from |2].

P r o o f. For convenience introduce the following notation:
(1) = (q1(-) — Ss,zj(';gl))(ﬂfiﬁl), jeNU{0}, k=0,27—1.
Using Euler’s formula, we can represent (2.6) in the form

+0027 -1 v

U(r,z) =U(0,0) + Z Z k()2 Z Ps (2J—V+1)% cos <V(9C - %))

J=0 k=0 veAITInN
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and partial sum S; o (7, z; U, U~1) in the form

J—-127-1
Seor(ra; U, 1) = U(0,0) + Y > ¢jklg1)2 7%
j=0 k=0
[ v T 2m(2k + 1)
> %<21+1>7 €08 (”(x TR ))‘
veAITINN
Note that the following representations hold
1 27T+oo COS(M( 400 29 -1
) =2 [ 55D (50,0) 4 5 080012119
0 p=1 K 7=0 k=0 (2 7)
1 2 oo cos(u( — £)) J—12i-1 '
SS,QJ (r,x; U, \Ilil) = — / :U'—< + Cj, (I)JJrl 2k+1(’r 5)) dg.
g 0 mn=1 H j=0 k=0
It follows from
27r+oo
1 / cos(pu(x —¢§)) PIHL2HL (€Y e =
7T )= I
2r N 27 (2k+1)
LT cos(ulz —€)). oy (e )
LRl ), g vy, =
T i _ 27+1 v
0 m=1 veAITinz+
s R 14 7"” 27T(2k+1) ik.—1
=277 Z gps<ﬁ>7cos (V(x—T» = U (r x),
veAITINN

where N j ;= [27(1 +¢)] and the second equality holds in view of

2

1 2r(2k + 1
- /cos(,u(x —&)) cos (y(§ — %))dg =
0
= 0y, COS <1/(:U — %)), TS Ag“ VAR

Let S 2s(r,x;91) be a partial sum of series in (2.4), then

2,
U(r,x) = S 90 (r,a; U, o = ‘% O/:Z: M(m(ﬁf)) - 5572‘1(7°,§;g1)>d§‘ <
/‘Z coslple - ‘ ‘91 r,T)) — 55,2(’(7“,33;91)‘% <

2m
([ ) / | z U2 =D i) Plgs () — 8007 90 llotor) =

0

+
1 1\1/2 T
= —V2r(n ZI> 191(2)) = Su20 (2391 lom < —= (1+ 1S, 201) B s (91) e

V3
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where the first equality follows from (2.7), the second equality follows from Parseval’s identity, the
second inequality follows from Hélder’s inequality and the last inequality follows from Theorem
in [2]. As the final result we have

1U(r, ) = 8 90 (r, 2 U, ™l oy (14118520 1) En- (91)Cor-

< s
- \/g J

3. Conclusion

Theorem 1 gives the solution (2.6) (up to an additive constant) of the problem (2.1) in form
of uniformly convergent in K; series of harmonic interpolating 27-periodic wavelets. In this case,
coefficients of series in (2.6) have an easy-to-calculate form in preference to calculating coefficients
(integrals) in case of implementing orthogonal 2m-periodic wavelets. This useful fact simplify the
numerical implementation of the suggested method.
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