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Abstract: The aim of this paper is to present some comprehensive and extended versions of classical in-
equalities such as Radon’s Inequality, Bergstrom’s Inequality, the weighted power mean inequality, Schlomilch’s
Inequality and Nesbitt’s Inequality on time scale calculus. In time scale calculus, results are unified and ex-
tended. The theory of time scale calculus is applied to unify discrete and continuous analysis and to combine
them in one comprehensive form. This hybrid theory is also widely applied on dynamic inequalities. The study
of dynamic inequalities has received a lot of attention in the literature and has become a major field in pure
and applied mathematics.

Keywords: Radon’s Inequality, Bergstrom’s Inequality, the weighted power mean inequality, Schlomilch’s
Inequality, Nesbitt’s Inequality.

1. Introduction

The time scale calculus has a scope for many applications in the field of dynamic inequalities.
The time scale calculus was initiated by Stefan Hilger as given in [11]. A time scale is an arbitrary
nonempty closed subset of the real numbers. The time scale calculus is studied as delta calculus,
nabla calculus and diamond-a calculus. Basic work on dynamic inequalities is done by Ravi Agar-
wal, George Anastassiou, Martin Bohner, Allan Peterson, Donal O’Regan, Samir Saker and many
other authors.

We will prove the following results given in (1.1), (1.2) and (1.3) on time scales.

The inequality from (1.1) is called Bergstrom’s Inequality as given in [4-6, 13].

Theorem 1. Ifn € N, z € R and yr, > 0, k € {1,2,...,n}, then

no_2
k=1 x
— <>k (1.1)
> Yk k=1 Uk
k=1
with equality if and only if
ry X2 ITn
Y Y2 Yn

The upcoming result is called Radon’s Inequality as given in [15].
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Theorem 2. Ifn €N, z; >0 and yr > 0, k € {1,2,...,n} and 5 > 0, then
n B+1
(£0)" o

A Y (1.2)
( > yk)ﬁ kzl w
k=1

Inequality (1.2) is widely studied by many authors because it has many applications.
The following inequality is generalized Radon’s Inequality as given in [10].

Theorem 3. IfneN, z; >0, y, >0, k€ {1,2,....,n} and § >~ >0, then

n B+1
< xk) n 5+1
DL S Z , (1.3)
( > yk) k=1
k=1
with equality if and only if x1 =x0=... =2y and y1 =Yoo = ... = Yn.

In this paper, it is assumed that all considerable integrals exist and are finite and T is a time
scale, a,b € T with a < b and an interval [a,b]r means the intersection of a real interval with the
given time scale.

2. Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are adapted from
monographs [7, 8].
For t € T, the forward jump operator o : T — T is defined by

o(t) :=inf{s € T:s > t}.

The mapping p : T — Ry = [0,400) such that u(t) := o(t) — t is called the forward graininess
function. The backward jump operator p: T — T is defined by

p(t) :==sup{s € T:s < t}.

The mapping v : T — R{ = [0, +00) such that v(t) :=t — p(t) is called the backward graininess
function. If o(t) > t, we say that t is right-scattered, while if p(t) < t, we say that t is left-scattered.
Also, if t <supT and o(t) = t, then ¢ is called right-dense, and if ¢ > inf T and p(t) = ¢t, then ¢ is
called left-dense. If T has a left-scattered maximum M, then TF = T — { M}, otherwise T* = T.
For a function f : T — R, the delta derivative f2 is defined as follows:
Let t € T, if there exists f2(¢) € R such that for all € > 0, there exists a neighborhood U of t,
such that

[f(@(t)) = f(s) = RO (0 (t) = 8)| < elo(t) — s,

for all s € U, then f is said to be delta differentiable at t, and f2(t) is called the delta derivative
of f at t.

A function f : T — R is said to be right-dense continuous (rd-continuous), if it is continuous
at each right-dense point and there exists a finite left limit at every left-dense point. The set of all
rd-continuous functions is denoted by C,4(T,R).

The next definition is given in [7, 8].
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Definition 1. A function F' : T — R is called a delta antiderivative of f : T — R, provided
that F2(t) = f(t) holds for all t € TF. Then the delta integral of f is defined by

b
/ FOAEL= F(b) — Fla),

The following results of nabla calculus are taken from [3, 7, §].

If T has a right-scattered minimum m, then Ty = T — {m}, otherwise Ty, = T. A function
f : Ty — R is called nabla differentiable at t € T}, with nabla derivative fV(t), if there exists
fY(t) € R such that for any e > 0, there exists a neighborhood V of ¢, such that

[ (p(t) = £(s) = FY()(p(t) = 8)| < elp(t) = sl

forall s e V.

A function f : T — R is said to be left-dense continuous (ld-continuous), provided it is con-
tinuous at all left-dense points in T and its right-sided limits exist (finite) at all right-dense points
in T. The set of all 1d-continuous functions is denoted by Ci4(T, R).

The next definition is given in [3, 7, 8].

Definition 2. A function G : T — R is called a nabla antiderivative of g : T — R, provided
that GV (t) = g(t) holds for all t € Ty,. Then the nabla integral of g is defined by

Now we present short introduction of diamond-« derivative as given in [1, 19].
Let T be a time scale and f(t) be differentiable on T in the A and V senses. For ¢ € T¥, where
']I'llz = T* N'Ty, the diamond-oc dynamic derivative f°(t) is defined by

Fr=af i+ 1 -7, 0<as<l

Thus f is diamond-« differentiable if and only if f is A and V differentiable.
The diamond-« derivative reduces to the standard A-derivative for @ = 1, or the standard
V-derivative for a = 0. It represents a weighted dynamic derivative for o € (0, 1).

Theorem 4. [19] Let f,g : T — R be diamond-« differentiable at t € T and we write
fo@) = fo(t), g°(t) = g(o(t)), f(t) = fp(t)) and g°(t) = g(p(t)). Then

(i) f+g:T =R is diamond-o differentiable at t € T, with
(f £9)°(t) = [ (t) £ g (1)
(ii) fg:T — R is diamond-a differentiable at t € T, with
(f9)°(8) = f* (D)g(t) + af(£)g>(t) + (1 — a) fP(1)g" (b).

(791) For g(t)g?(t)gP(t) # 0, 5 : T — R is diamond-« differentiable at t € T, with

<i>°“ (1) = Fo(t)g” ()g° () — af7 (t)g?(1)g™ () — (1 — @) fP(t)g” (t)g¥ (1)
g 9(t)g (t)gr(t) '
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Definition 3. [19] Let a,t € T and h: T — R. Then the diamond-« integral from a to t of h
is defined by

/ath(s)oasza/ath(S)A5+(1—a)/:h(s)Vs, 0<a<l,

provided that there exist delta and nabla integrals of h on T.

Theorem 5. [19] Let a,b,t € T, ¢c € R. Assume that f(s) and g(s) are o4-integrable functions
on [a,blr. Then

(@) [ilf(s) £ g(s)] oas = [, f(s)oas = [)9(s)oas;
(i1) [y cf(s)oas=c [, [(s)ons;
(iii) [! f(s)oas=— [ F(5)%a s
(i) [LF(s)0as= [} f(5)oas+ [y f(5) s

() [ £(s)oas=0.

We need the following results.

Definition 4. [9] A function f:T — R is called convex on It = I N'T, where I is an interval
of R (open or closed), if
FOE+ (1 =N)s) S M)+ (1= N)f(s), (2.1)

for allt,s € It and all X € [0,1] such that Xt + (1 — X)s € I.

The function f is strictly convex on It if the inequality (2.1) is strict for distinct t,s € It and
A€ (0,1).

The function f is concave (respectively, strictly concave) on I, if —f is convex
(respectively, strictly convex).

Theorem 6. [1] Let a,b € T and ¢,d € R. Suppose that g € C([a,b]T,(c,d)) and h €
C([a,b]T,R) with f; |h(s)|oas > 0. If® € C((c,d),R) is convex, then generalized Jensen’s Inequality

18

b b
[ mslgsrons) [ Ine) gs) o s
o | =4 < =4 .

/ab|h(5)|<>a5 : /ab|h<s>|<>as

If @ is strictly convex, then the inequality < can be replaced by <.

(2.2)

Ezample 1. [1] One of the three most popular examples of calculus on time scales is quantum
calculus, i.e., ¢™ = {¢" : n € Ny}, where Ny is the set of nonnegative integers.
If we set T = ¢™o for ¢ > 1 and m < n, then

for m,n € Np.
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3. Main Results

In order to present our main results, first we present an extension of Radon’s Inequality via
time scales.

Theorem 7. Let w, f,g € C([a,b]T,R) be on-integrable functions, where w(z), g(x) # 0,
Va € [a,blr. If B>~ >0, then

b
b v ([ @l @)l o)
([ o) (/ab|w<x>||g< ) o )

Equality holds in (3.1), when f(z) = g(x) = ¢, where ¢ is a nonzero real constant.

B+1

/\w Hf !5“%% (3.1)

P roof. The right hand side of (3.1) can be written as

b’w(w)"f(x)\ﬁﬂo . wa e b w(z)||g(a)| (¥ (x ))’y+1<> i
/a lg(x)] a —/al (@)|lg(z)| 0 e @@ ons " (3.2)

where
+1
by = @I
gl
The function @ : [0,00) — [0,00) defined by ®(x) = 27+! is convex for z € [0,00), so applying
generalized Jensen’s Inequality given in (2.2), we have

( b () lg(@) () x)* o [ @@ (e >>V+1<> N (33)

f|w Ng(@)| 00 z f|w Mg(x)| 00 = “

Then (3.3) can be written as

v+l |f ()| P+
< b |w(x)|| f(x )|w+1 o m) < b lw(x)|g(z )‘|g(x)|w+1
f lw(z)|g(z)| 0a f |w(z)||g(z)| 00 x

g+l
Now the function ® : [0,00) — [0,00) defined by ®(z) = 2741 is convex for & € [0,00), so applying

generalized Jensen’s Inequality, we have

O L. (3.4)

B+1

 Jw(@)||f ()] o x >”+1 w(@)||f @) oq @ .
<a f|w )| 0a @ / f|w:c|<>ax . (3:5)

Now (3.5) becomes

b 4 b g1 ) .
(/ \W)\%x) (/ !w(w)l\f(x)\%m) g/a w(@)||f ()| 7 oq . (3.6)

From (3.2), (3.4) and (3.6), we get (3.1).
Clearly equality holds in (3.1), when f(x) = g(x) = ¢, where c is a nonzero real constant, which
completes the proof. O
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Remark 1. f weset a =1, T=Z, w(x) =1, =~v=1, f(k) = zr € R and g(k) = y; € (0,00)
for k € {1,2,...,n}, n € N, then (3.1) reduces to (1.1).

Remark 2. fweset a =1, T=2Z, w(z) =1, f=~v>0, f(k) =z € [0,00) and g(k) = yi €
(0,00) for k € {1,2,...,n}, n € N, then (3.1) reduces to (1.2).

Remark 3. fweset a =1, T=7Z,w(x)=1,8>~v>0, f(k) =z, € [0,00) and g(k) =y €
(0,00) for k € {1,2,...,n}, n € N, then discrete version of (3.1) reduces to (1.3).

Ezample 2. When T = R, then continuous version of (3.1) can be written as

_— w(a w(@)lf(a WH
o) sy

If we set [a, b]T = [¢", ¢"] o for ¢ > 1 and m < n, where m,n € Ny and Ny is the set of nonnegative
integers, then

B+1
/\w Hf I,

_ A B+1
[Zq{am )1 (q >|+<1—a>|w<q@+1>||f<qz+1>|}}
[Zq{am Y+ (1—a)w(g™) |}] « Lo ;
Lzm ¢ {a\w(qi)\rg<qi>\+<1—a>rw<qi+l>ug<qi+1>r}]

Ty { D@ rw<q@'+l>r\f<qi+1>rﬁ“}.

lg(g)| lg(gi+t1)P

| A

i=m

Corollary 1. Let w, f,g € C([a,blT,R — {0}) be on-integrable functions. If v < § < —1, then

b B+1
(/ablw<x>|<>w>” <<//w(x)fj)°:j>> et gy

Equality holds in (3.7), when f(z) = g(x) = ¢, where ¢ is a nonzero real constant.

Proof. For 8 < -1,y < —1, the inequalities —y > —3, —y > 1, —5 > 1 hold. Taking into
account inequality (3.1), we obtain

jw(a Hf rﬁﬂ _ P le@llg@)
/ N A oS

b -y
b e ( / |w<x>||g<x>|<>aw)
([ e (/:\wm)uf(m)roam)ﬁl
b B+1
o s ( / |w<w>||f<x>|<>ax)
pAED </ab|w<x)||g<m)|w>7 |

thus inequality (3.7) holds. Clearly the equality holds in (3.7), when f(x) = g(x) = ¢, where c is a
nonzero real constant. 0
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Corollary 2. Let w, f,g € C([a,b|T,R) be on-integrable functions, where w(x), g(x) # 0,
Vo € [a,b]7. If B >0, then

B+1
( /:bw@s)f(x)oax) e .
([ w@listoio. )

Equality holds in (3.8), when f(z) = cg(x), where ¢ is a real constant.

Proof. If weput=-in (3.1), then we get (3.8), which is Radon’s Inequality on dynamic
time scales. Clearly the equality holds in (3.8), if f(x) = cg(x), where ¢ is a real constant. O

Corollary 3. Let w, f,g € C([a,b]T,R — {0}) be oq-integrable functions. If 5 < —1, then

B+1
( /abbw@)f(x)oax) e o
([ w@listoio. )

Equality holds in (3.9), when f(z) = cg(x), where ¢ is a nonzero real constant.

P r oo f. By applying inequality (3.8) for § < —1, we obtain

P LGy JUCTFC T </ wlatole. >51
- ( [ w@ir@) e s)

thus inequality (3.9) holds. Clearly the equality holds in (3.9), if f(z) = cg(x), where ¢ is a nonzero
real constant. n

Corollary 4. Let w, f,g € C([a,b]T,R — {0}) be on-integrable functions. If 3 >0 or § < —1,
then

(J @)1 @)] oa =) B_/m ||f | (3.10)

([ welsiot W%)

P roof. Replace |g(x)| by \f(x)Hg(x)\% in (3.8) and (3.9), then inequality (3.10) is obtained.
U

Corollary 5. Let w, f € C([a,b|T,R) be on-integrable functions, where w(z) # 0, Vx € [a,b]T.
If ng > m >0, then

b " e
[ @i @i oas / (@[ ()" o
¢ : (3.11)

() o ) [w(z)] 0 @
/ [
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Proof Take$>0,14+p8= Z—? > 1 and g(x) = 1, then (3.8) becomes

({/w DI ;a >1 /‘w W (& 7;? Ou T (3.12)
[w(z)| oq z

Dividing (3.12) by f |w(x)|oq z, replacing | f(z)| by |f(x)|™ and taking power 1/n2 > 0, we get the
inequality (3.11), which is known as the dynamic weighted power mean inequality on time scales.

0

Remark 4. Set 3> 0,1+ 8 =mn2/m > 1, g(x) =1 and f |w(x)| 0o z = 1, then (3.11) becomes

</ab [w(@)[[f (@)™ oa x>_ < </b w(@)[| f ()™ oq :c>_ (3.13)

Inequality given in (3.13) is called Schlomilch’s Inequality on time scales.
Let w, f € Crq([a,b]T,[0,00)), then for o = 1, inequality (3.13) takes the form

(/ () (x)c) " (/ " w@) (2)c) &

as given in [12, Lemma A].
Let w, f € C(la,bT,[0,00)), then inequality (3.13) takes the form

(/ " w(@) 7 (2) o0 ) " (/ " ()7 (2) o0 ) &

as given in [20, Lemma 3.4].

Now we present generalized Nesbitt’s Inequality on dynamic time scale calculus.

Theorem 8. Let w, f € C([a,b]r,R — {0}) be o,-integrable functions, c¢,d € R and

b
c / (@)1 ()] a2 — d|f ()] > 0,

where x € [a,b]r. If 8>~y >0, then

b 2 x x
jw(z)| 0o = 7
(fronny Tz

(3.14)

e )
/(/w f G \w—d\f(x)\)m
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P r oo f. By using inequality (3.1), we have that

Jw(@)|| f ()"

b
/ (cf b\w(x)\!f(m)!w—d\f(x)\f

i W@l @) s
b «
" (@) [ @) o0 -l

Oq T

o e L)

(/b w@)|If()] x)z—d/ab (@)l ()? o

Taking Jensen’s Inequality into account, we have

2
2)|1f ()] ¢a (@)|f (@) 00 @
/]w )| ©a /\w O T

Then, using inequality (3.15), we have that

c(/ab\wm)uf(m)roamf—d/b\w e

(| !w(w)!\f(w)\oaw> T (/ w(@) 1 @) o w)

c/b lw(z)| oq z —d 2
_ a/b’ ’ ( [ W@ o0z
w(z)| 0 x ¢

And then

([ wseioas)
[</b‘w IF ) o w)Q—d/ab\wm)uf(m)r?oaxr

( / " " ) (/:rwwmf(x)\oax)ﬁW.
w(x)| oz —d

(3.15)
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So,

b Y
/ \w(m)\wd ( /abm(x)"f(x)'%x)ﬁ_m

cf(f |w(z)| 00  —

b B=7 b _
Jw(@)[|f ()P
< |w(z)| oq @ 5 ©Oq X
</ > / (e f2 lw(@)|1f @)] a2~ d|f(x)])
Clearly (3.14) holds true from (3.16). O

Remark 5. If weset « =1, T = Z, w(z) =1, § = =1 and f(k) = z; € (0,00) for
ke{l,2,..,n}, n € N— {1}, then discrete version of (3.14) reduces to

(3.16)

n

n T
< 3.17
cn—d_;an—dxk’ (3.17)

where X,, = x1 + 22 + ... + z,.
Inequality (3.17) is called generalized Nesbitt’s Inequality as given in [10].
Further if we set n = 3 and ¢ = d, where ¢,d € (0,00), then (3.17) takes the form
3 T o x3

< + + ,
2 T2 + X3 xr3 + X1 T + T2

(3.18)

where x1, z9, 3 > 0. Inequality (3.18) is called Nesbitt’s Inequality as given in [14].

Remark 6. If we set o = 1, then we get delta versions of dynamic inequalities and if we set
a = 0, then we get nabla versions of dynamic inequalities presented in this article.

Further if we put T = Z, then we get discrete versions of dynamic inequalities and if we put
T = R, then we get continuous versions of dynamic inequalities presented in this article.

4. Conclusion and Future Work

In this research article, we have presented dynamic inequalities on diamond-« calculus such
as Radon’s Inequality, Bergstrom’s Inequality, the weighted power mean inequality, Schlomilch’s
Inequality and Nesbitt’s Inequality.

We can generalize dynamic inequalities using functional generalization as given in [20]. We can
present dynamic inequalities on fractional calculus as given in [16] and on quantum calculus. We
can develop dynamic inequalities using fractional Riemann-Liouville integral on time scale calculus
in a similar fashion as given in [2] and [17]. Similarly we can generalize dynamic inequalities of
this article using time scales fractional derivative as given in [2]. It will be interesting to present
dynamic inequalities in two or more dimensions.

Recently it has found that many dynamic inequalities such as Radon’s Inequality, the weighted
power mean inequality, Schlomilch’s Inequality, Rogers-Holder’s Inequality and Bernoulli’s Inequal-
ity are equivalent on time scales as given in [18], so we can find more equivalent dynamic inequalities
on time scales.
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