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Abstract: The non-elementary integrals Sig o = [[sin \zP)/(Ax®)]dz, B> 1, a« > B+ 1 and Cig,o =
Slcos (AzP)/(Ax®)|dz, B > 1, a > 28 + 1, where {8,a} € R, are evaluated in terms of the hypergeometric

function 2F3. On the other hand, the exponential integral Eig . = f(e””ﬁ Jx¥)dz, B > 1, a > B+ 1 is
expressed in terms of 2 F». The method used to evaluate these integrals consists of expanding the integrand as
a Taylor series and integrating the series term by term.
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1. Introduction

Let us first give the definition of the non-elementary integral. This definition is also given in
Part I [6], we repeat it here for reference.

Definition 1. An elementary function is a function of one wariable constructed using that
variable and constants, and by performing a finite number of repeated algebraic operations involving
exponentials and logarithms. An indefinite integral which can be expressed in terms of elementary
functions is an elementary integral. And if, on the other hand, it cannot be evaluated in terms of
elementary functions, then it is non-elementary [4, 9].

The cases consisting of the non-elementary integrals Sig, = [[sin (A2”)/(Az¥)]dz, B8 > 1,
a < B+ 1 and Cig, = [[eos (Az?)/(Az¥)|dz, B > 1, @ < 28 + 1, where {8,a} € R, were
considered and evaluated in terms of the hypergeometric functions 1 F5 and 9 F3 in Part I [6], and
their asymptotic expressions for || > 1 were derived too in Part I [6]. The exponential integral
Eig o = f(e”ﬂ /x%)dx where 5 > 1 and a < f+1 was expressed in terms of o Fb, and its asymptotic
expression for |z| > 1 was derived as well in Part I [6].

Here, we investigate other cases which were not treated neither in Part I [6] nor elsewhere.
We evaluate Sig, = [[sin (\z?)/(A\z®)]dz, 8 > 1, @« > B+ 1 and Cigo = [[cos (A2”)/(Az®)]dz,
B >1 a>28+1and Eig, = f(e)‘mﬁ/xa)dx, B8 >1, a > B+ 1. In order to take into ac-
count all possibilities, we write these integrals as Sig 1o = [[sin (A2?)/(A2PT)]dz, 8> 1, a > 1,
Cigopra = [[cos (Az?)/(Ae2t)|dz, B> 1,a > 1, and Eig g = [(e**’ /zPT)dz, B> 1, a > 1
where {$,a} € R. On one hand, Sig g, and Cigagiq are expressed in terms of the hypergeo-
metric function oF3, while on another hand, Eig g, is expressed in terms of the hypergeometric
function o F5.

These integrals involving a power function z” in the argument of the numerator are the general-
izations of the exponential, sine and cosine integrals in [7] (see sections 8.19 and 8.21 respectively),
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which have applications in different fields in science, applied sciences and engineering including
physics, nuclear technology, mathematics, probability, statistics, and so on. For instance, the gen-
eralized exponential integral F1 14, is used in fluidodynamics and transport theory, where it is
applied to the solution of Milne’s integral equations [2], there are also used in modeling radiative
transfer processes in the atmosphere and in nuclear reactors [10], etc. Exponential asymptotics
involving generalized exponential integrals are used in probability theory, see for example [3]. On
the hand, generalized sine and cosine integrals are frequently utilized in Fourier analysis and related
domains [8]. Therefore, we are justified to further generalize these functions and their connections
to hypergeometric functions.

Before we proceed to the main objectives of this paper consisting of evaluating the above
interesting cases of non-elementary integrals (see sections 2, 3 and 4), we first define the generalized
hypergeometric function as it is an important tool that we are going to use in the paper.

Definition 2. The generalized hypergeometric function, denoted as ,Fy, is a special function
given by the series [1, 7]

— (a1)n(az)n - - (ap)n 2"
p (I(ala(ZQa , Ap; 01, 02, ) q,CC) nzzo (bl)n(bQ)n(bq)n n!a

where ay,as,- - ,ap and ;bi,by,--- by are arbitrary constants, (¥), = I'(¥ + n)/I'(¥) (Pochham-
mer’s notation [1, 7]) for any complex 9, with (9)o =1, and I' is the standard gamma function [1].

2. Evaluation of the sine integral Sigg ., 5>1, a>1

Theorem 1. Let f > 1 and a > 1, and let « = mf3 + €, where m is an integer (m € N) and

—B<e<f.

1. If e =0, then

—1
, sin (A\z?) \2n+2m 2Bn+1
S _ 7(1 _ -1 n+m
3,8+ / ApBta v n:zm( ) F'(2n+2m +2)20n+1
(=1)mA\2my 1 3 1 A28
F3(1,1+ —:; 1 —, 24 —;— C
T T AT (m+ DE (m 1 3/2) (28 1) 23\ taggm T hmt g etogim— )&
(2.1)
where m = /.
2. Ife =1, then
. sin (\z?) \2m — Azntzm z?on
Sisgra= | AN g (yym A —pynm
18,+a / it ¢ (=1) r'(2m +2) n’manzm( ) ['(2n +2m +2) 28n
(—1)mH1\2m+2,28 5 22428
F(1,1; 2 22— C
TR AT m T (m15/2) 8 2 s \bim i am A g s )G
(2.2)

where m = (a — 1)/p.
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3. Finally, if e € (—5,0)U(0,1) U (1,8), we have

/Sin ()\xﬂ)d e A2m plee . 21: [yntm A\2n+2m 22Bn—et1
—a—dr = (— —
ApPte r@em+2)1-¢ =~ F2n+2m+2)2n—e+1
(_1)m+1)\2m+2x2576+1

T2 AT (m 4 2T (m +5/2) (28 — e+ 1)

1—¢ 5 l—e A%
311,14+ —; 2 - 24— — C
X23<,+257m+ am+2’+25a 4 >+’
(2.3)
where m = (o —¢€) /3.
Proof. We proceed as in [5, 6]. We expand g(z) as Taylor series and integrate the series

term by term. We use the gamma duplication formula[l], the gamma property I'(a + 1) = al'(«)
and Pochhammer’s notation (see Definition 2). We also set & = mf3 + €, and then we obtain

sin ( )\xﬁ ()\3:6 n+l 9
_1 — 5"*04(1
/ )\ﬂ:5+°‘ )\xﬁxa — ) (2n+1)! do = /Z (2n + 1) @nrn” v
n 26n 2Bm— €d 2[’3”72ﬁm76d
/Z 2n—|—1) x+/z 2n+1) v
o 26(11 m) —€d QB(nfm)fed
/Z 2n—|—1) x+/z 2n—{—1)x o

n )\2n+2m 26 N )\2n+2m 28
_ _1)ntm n—eg n m n—eq
/nz_:m( ) 2n+2m +1)! $+/Z @n+2m+ 1) v
)\2n+2m )\2n+2m
n+m 26n7€d 1 n+m 2aned
/nz_:m T(2n+2m+2)" ”H/Z( ) T2n+2m+2) v
2 2n+2
_ (_1)m)‘7m/d / Z pyim_ AT gy
rem+2) ) ¢ < I'(2n+2m +2)
n=—m (2.4)
o) N )\2n+2m 26n
_1)ntm —€d
+/nzl( S G s v
)\Qm dz )\2n+2m
= (—1)™ n+m 26n—5d
(=1) F(2m+2)/x /Z 2n+2m+2)x v
n=—m
0 ol \2nA4-2m+2 2Bn128
_1)ntm n —€d
+/7;)( ) F(2n+2m+4)x v
)\2m dx —1 )\2n+2m 1.2671764’1
= (—1)m7/—6+ > (=i —
r'2m+2 xe = F@2n+2m+2)26n—e+1
2n+-2 2 2 20—e+1
+Z n+m+1 \2n+2m+ pBn+28—e+ N Cl
2n+2m+4) 2n 428 —e+1
_ (_1 / 1)n+m )\2n+2m 1.2671764’1
2m+2 F@2n+2m+2)26n—e+1

n=—m
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R S S, - (L) A+(1-€)/(28)), (=A% /4)"
22m+3, /7T (m~+2)T (m+5/2) (28—e+1) Z m—|—2)n (m+5/2), (2+(1—€)/(28)),, n!
— e )\2n+2m x26n—5+1
= (=07 2m+2 / Z (=1 T(2n+2m +2)28n — e+ 1
1)m+1)\2m+2 28—e+1
2%wa/Tun+2W@n+5m)@5—e+nx

_|_

+C4

+

1- 5, 1—e Xa?
F3(1,1 2, 24+ —— C1.
X2 3< + 5z 23 m+ m+2 + 28 1 >+ 1

1. For e = 0, we substitute ¢ = 0 in (2.4), and hence, we obtain
N A B8 1 0 B\2n+1
sin (Ax )dx:/ Z(_l)n()\x ) g
Aghte AzP e = (2n + 1)!
-1 )\2n+2m )\2n+2m

o0
n+m 2Bnd 1 n+m Qﬁnd
/ 2. T(n+2m+2)" x+/Z( U o s L

n=—m

N )\2n+2m 26n+1 n )\2n+2m $26n+1
_ _1\n+m n m
B Z( ) F(2n+2m+2)2ﬁn+1+z I'(2n+2m+2)28n+1

n=—m

-1 N )\2n+2m x26n+1
_1\n+m
Z( ) I'(2n+2m +2)26n +1

(- 3 (1)n (1+1/28)), (-2 /2)"
2m+l /w26 4+ )T (m + )T (m + 3/2) o (m+1), (m+ 3/2)n (2+ 1/(2ﬁ))n n!
—1 o \2n+2m 22Bn+1
Z(_) I'(2n+2m +2) 26n +1

n=—m

_l’_

(_1)m)\2mx
2m+l /ml(m + DT (m+ 3/2) (28 + 1)
which is (2.1), and where m = a/f3.

1 3 1 \228
* 2F3<1,1+ﬁ;m+1,m+—2+_-_L>+C’

27728 4

2. For e =1, we set € =1 in (2) and obtain

sin (\z?) \Zm x
R N = (=1 mil -1 n+m
/ i = (V) p Ty nlal + 2 (1) T(2n +2m + 2) 26n

n=—m

—1 )\2n+2m 28n

(_1)m+1)\2m+2x2ﬁ
22m+4, /r(m + 2)T (m +5/2) 8
which is (2.2), and where m = (a — 1)/8.
3. For e € (—5,0) U (0,1) U (1,75), (2) gives
. B 2m 1—e —1 2n+2m 28n—e+1
/sm()\x ) = (—1)m A A Z (=1 A x
AxBte r2m+2)1-¢ F'2n+2m+2)26n—e+1
(_1)m+1)\2m+2x2ﬁ—5+1
22m+3 /x0(m + 2)L (m +5/2) (26 — e+ 1) .

+

5 )\2 25
2F3<1,1;m+2am+§’2;_ z >+C’

_|_

1—c¢ 5 1—e M2
F3(1,1+—: 2 - 24 —:— C
X2 3(7 + 25 ;ym + 7m+27 + 25 3 A >+ )
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which is (2.3), and where m = (o — €) /0. O

Ezample 1. In this example, we evaluate [ [sin(mz) /m3'5] dx. We first observe that A = 1 and
B =2 Wealsohave 35 =4+a=2+15=2+4+(1)2—-05=F+mpf +¢, and so m = 1 and
e = —0.5. Substituting A =1, =2,m =1 and e = —0.5 in (2.3) gives

sin(x?) pld 725 b 9 717
S gy = -2 F(1,23 50 T ) Lo
/ 235 9 25 Trwr 23\ MevewiTa) T

We can use the same procedure for the hyperbolic sine integral, the results are stated in the
following theorem. Its proof is similar to that of Theorem 1, we will omit it.

Theorem 2. Let f > 1 and a > 1, and let « = mf3 + €, where m is an integer (m € N) and

—B<e<f.

1. If e =0, then

/ sinh ( )\xﬁ)dx _ Zl: A\2n+2m 226n+1
ApPte = T(2n+2m+2)26n +1
A2 1 3 1 \2g?
F3(1,14 —; 1 - 24— — C
T AT m + T (m +3/2) 26+ 1) 2° ( hggm Tt Lmt g st ogi Ty > +&
where m = a/f.
2. Ife =1, then
inh B 2m —1 2n+2m 28n
/Sln (A\x )dx A In | + Z A x
Aghte I'(2m+2) L= T(2n+2m+2) 26n

)\2m+2x26
22m+4 /Tl (m + 2)I' (m +5/2) 8

5 )\2 28
2F3<151am+2’m+§a2a z >+C’

_|_
where m = (o — 1)/p.
3. Finally, if e € (—=5,0)U (0,1) U (1,5), we have

)\2n+2m xZﬁn—e—l—l

2n+2m+2)26n —e+1

afre O 'Cm+2)1—ce¢
)\2m+2x2ﬁ76+1
T AT (m 4 2T (m +5/2) (28 — e+ 1)«

sinh()\xﬂ)d Ao ple n Zl: o

1—¢ 5 1—e A2228
F; (1,1 +—; 2 - 24 —; C
X2 3<, =+ 25 am+ ,’I’I’L—|—2, + 25 3 4 >+ ;

where m = (o — €)/p.
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3. Evaluation of the cosine integral Cigssi0, 8> 1, a > 1

Theorem 3. Let > 1 and a > 1, and let o = 28m + €, where m is an integer (m € N) and
—20 <e<2p.
1. If e =0, then
. cos (\zf 1 gl-26-a A\2n+2m+1 226041
Cig281a = / %)dx + Z 1)ntm+l
Az2Pte A —-28—a F'2n+2m+3)26n+1

n=—m

N (=)™ N2y ml11s 1 N 3 Iy 1 A28 ‘o
—im+—,m ———
242 /7l (m +3/2) T(m +2)(28 +1) > 2\ T2 T2 T gy ’
(3.5)
where m = «a/(2).
2. Ife=1, then
B 1 gl—28-a _1)m)\2m+1 —1 2n+2m+1 28n
/cosg)\x) s 1@ +( )™ In 2| + Z(_l)n+m+1 A x
2Bt Al —=28—a T(2m+3) = T'(2n +2m + 3) 28n
(_1)m+1)\2m+3x26 5 )\2x2ﬁ
F5(1,1; = 3,2;— C
s AT (m 15/ Tm 1 3)8 2 s \bim g m s G
(3.6)
where m = (o — 1) /(20).
3. Finally, if e € (—25,0) U (0,1) U (1,20), we have
/COS ()\xﬁ)dm B l 1.17267(1 N (_1)m)\2m+1 2=
)\x25+0‘ Al —28—a T(@2m+3) 1—e¢
N Z n+m+1 )\2n+2m+1 1.2ane+1
= F'2n+2m+3)26n—e+1 (3.7)

(_1)m+1)\2m+3x2ﬁ—5+1
92m+ A /ol (m + 5/2) T(m + 3)(28 — e + 1)

_|_

1—e¢ 5 1—e X228
F3(1,1 3,2 C
><23<,+25 m—|—2m+ +25 n >+ )

where m = (o — €)/(28).

Proof. We proceed as in Theorem 1. We have

cos ()\xﬁ)dx _ / 1 i(—l)"()\xﬁ)%dx

Ag2B+a Ag2B+a o (2n)!

= [ e s 3 [ e gt

)\ n+2
n+1 26n—o¢
/A%der /Z BT dx

m—1
1)‘ it

1 A2
= ——_d —_1)nt 26n 2B8m— €d / n+1 Qﬁn—Qﬁm—gd
/)\x25+0‘ QH_/ Z( y (2n+2)! T Z 2n+2).x v

n=0
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A +1 Az 22B(n—m)
d n n m Ed n n—m —Ed
- [ gt | S o g e [ S G
n+m+1 )\2n+2m+1 2Bn—e
/A 25+adx+/ Z @n+2m+2)!" du
n=—m
)\2n+2m+1
/Z n+m+1 Qﬁnfedx
2n +2m +2)!
)\2n+2m+1
d n+m+1 Qaned
/)\ 2B+ $+/Z (2n+2m+3)x v
n=—m
oo
)\2n+2m+1
_1\ntm+1 Qaned
+/Z( ) T(2n+2m+3)" N
2m+1 In+2m+1
/ 1 R +( )m+1 Azt / / Z n+m+1 Azt Z’Qﬁniedm’
Ag2B+a r'(2m + 3) = T'(2n+2m + 3)
et )\2n+2m+1 28
_1\ntm n—eq
+/Z( ) T(2n+2m+3)" N
1 1 )\2m+1 et )\2n+2m+1 28
d m n m n—Ed
/)\ e+ Uty / /n_zm T2n+2m+3)
N )\2n+2m+3 28n128
_1\ntm n —€d
+/Z( ) F2n+2m+5)x v
B l pl—28-c N (_ )m+1 A2m+1 / 1)n+m+1 A\2n+2m+1 p2Bn—etl
Al —20—« I'(2m+ 3) = F'2n+2m+3)26n—e+1
N Z n+m )\2n+2m+3 x2[3n+2576+1 N Cl
F2n+2m+5)26n+2—e+1
95 —1 _
B l xl 28— N (_1)m+1 )\Qm—f—l / dr N (_1)n+m+1 )\2n+2m+1 xQBn e+1
Al —28—« I'(2m + 3) F'2n+2m+3)26n—e+1

(_1)m+1>\2m+3x2ﬁ—5+1 oo

n=—m

(D) (1+(1-6)/(28)),, (=222 /4)"

_|_

_l’_

C
22m+4, /rT (m+5/2) F(m+3)(2ﬁ—e+1) Z (m+5/2)n (m+3)n (2+(1—€)/(20)),, n! o
B 1 561—25—04 N ( 1 - )\2m+1 / 1)n+m+1 )\2n+2m+1 xZﬁn—e-i—l
A —-28 -« L(2m + 3) F'2n+2m+3)26n—e+1
(_1)m+1)\2m+3x2576+1 1— 5 1— € )\2.%.25
F5(1,1 3,2 Cy.
22 JaT (m 4+ 5/2) Tm +3) (28 —e+ D) 22\ T 2g 25 S, S g )t
(3.8)
1. For e = 0, we substitute e = 0 in (3.8), and hence, we obtain
\p2B+a \z 2B+a (2n+2m+3)
n=—m
o
)\2n+2m+1 1 x17257a
_1)ntmtl Wngpy — — 2
+/nzzo( ) Tent2m+3) T A1-28-a
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)\2n+2m+1 25n+1 0 )\2n+2m+1 w26n+1
-3 DI

= I'2n+2m+3)2pn+1 F'2n+2m+3)26n+1

1 gl—28-a —1 A\2n+2m+1 28n+1

— v + Z (_1)n+m+1 Z
A =2—a —~ I'2n+2m+3)26n+1
+ L > (L (1+1/(28)),, (=A%2%/4)"
2m+2y/m(28 + )T (m +3/2) T'(m + 2) = (m + 3/2),, (m + 2)n (2 +1/(28)),, n!
1 xl 2B—« N Z n+m+1 )\2n+2m+1 xZﬁn—f—l
)\1—25—o¢ = I'2n+2m+3)28n+1
(_1)m)\2mx

_l’_

(114 tma S maaay L XY o
_'m — m _—

2m+2 /7T (m+3/2) T(m+2)28 +1) > ° " " 28 2’ U Y R ’

which is (3.5), and where m = a/(25).

2. For e =1, we set ¢ = 1 in (3.8) and obtain

s (B 1 gl-28-a _1)ym)\2m+1 —1 2n+2m+1 28n
/Cos(x) v = — £ +( ) A ln\x]—i— Z(_l)nerJrl A z
Ag2Bta A —-28—a T(2m+3) = T'(2n+2m + 3) 26n
(_1)m+1)\2m+3x25
22m+5, /7T (m +5/2) T'(m + 3)3
which is (3.6), and where m = (o — 1)/(28).
3. For e € (—23,0) U (0,1) U (1,28), (3.8) gives
/cos ()\xﬁ)d 1 gl-2p-« . (—1)mAZmtl pl—e
P e — =
Ap2hte Al —-28—a T(2m+3) 1—c¢
. Zl: (_1)n+m+1 A\2n+2m+1 p2Bn—e+1
= F'2n+2m+3)2n—ec+1
(_1)m+1)\2m+3x2ﬁ76+1

92+ /7T (m + 5/2) T(m + 3) (26 — e + 1)

1—e¢ 5 1—e M2
F3 (1,1 4+ —; — 3,24+ —;— C
X2 3<, + 25 7m+2’m+ ) + 25 ; 4 >+ ;

which is (3.7), and where m = (o — €)/(25). O

_|_

5 )\2 28
2F3<151am+§,m+3’27_ z >+C’

_l’_

Ezample 2. In this example, we evaluate [ [cos(x) / x5] dz. We first observe that A =1 and 8 = 1.
We also have 5 =20 +a =2+3=2+2(1)(1)+1=5+20m+¢ and som =1 and ¢ = 1.
Substituting A=1, 8 =1, m=1and e =1 in (3.6) gives

. —4 -2 1 2 2
/Cos(f)dx:—x——x—JrMJr i oS (1,1;3,4,2;—x—>+c.
X

4 4 24 7207 2 4
We can use the same procedure for the hyperbolic cosine integral, the results are stated in the
next theorem. Its proof is similar to Theorem 3’s proof, we will omit it.

Theorem 4. Let > 1 and o > 1, and let o = 28m + €, where m is an integer (m € N) and
—20 < e<20.
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1. If e =0, then

cosh (\z”) 1 pl=26-e — AZnt2mtl g 20t
[
A28+ Al=28-—a  —~ T(2n+2m+3)26n+1
A2my 1 3 1 A%
F5(1,1 2,2 C
i AT (m 1 3/2) T(m+ 2)(28 + 1) 2 3( T I ST L ) .
where m = a/(20).
2. If e=1, then
8 1-28—a 2m+1 —1 2n+2m+1 28n
2B+ A —283—a T(©2m+3) L= T(@2n+2m+3) 26n
)\2m+3x26

_|_

F o Na?? C
151a a) 3’27 )
22m+5 /7T (m + 5/2) T(m + 3)8 ° 3( mhgm 1 >+

where m = (o — 1)/(2P).
3. Finally, if e € (—=25,0) U (0,1) U (1,20), we have
cos (Az?) 1 gl-28-« (—1)mAZml gl—e = \2nt2mAl g2Pn—etl
ezt X1 28 —a | Tem+3) 1—e+nz_:mf(2n+2m+3)2ﬁn—e—|—1
A2m+3 28 —e+1 -
22m+4fr (m+5/2)T(m 1 3)(28 —e+ 1) |

_l’_

woFy (1,14 1=¢ +5 +32+1_GAZ e
243 5 sm m 25 4 )

where m = (o —€)/(28).

4. Evaluation of the exponential integral Eigg ., 5 >1, a>1

Theorem 5. Let 5> 1 and o > 1, and let « = Bm + €, where m is an integer (m € N) and

—f<e<p.
1. If e =0, then

1 .%'1 B—a )\ner BnJrl
Ei ———dr = —
AT
+ F: 11+ ;m 42, 2+ Azl )+ C,
T(m +2) 5+1 2 2< B’ )
where m = a/(p).
2. If e=1, then
AzP 1-B—a m —1 n+m Bn
e 1 z A A T
Ei = [ ——dr = - | _
Bfta /)\xﬁﬂ“ v Al—ﬁ—a+F(m+ )n]m\—i— Z  I(n+m+2) Bn (4.10)
)\m—‘rlﬂfﬁ B .
+— OF (1,1;m—|—3,2;)\x >+C,
T(m+3)3 %7

where m = (o — 1) /(B).
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3. Finally, if e € (—5,0)U(0,1) U (1,8), we have

e}\l"a 1 xl—ﬁ—a A 561_5 —1 A\ntm xﬁn—s-{—l
e s s
Azhte Al=f—a T(m+2)1-€¢ = T(n+m+2)fn—c+l
)\erlxﬁ*eJrl
Pim+3)(B—e+1
where m = (o — €) /().

(4.11)
_|_

1— 1—
)2F2<1,1+ ﬁ6m+32+ 5 )\x>—|—C’,

P roof. We proceed as before. Then, we have

Azf 0 B\n
/)\xﬁmdx_/)\mma Z ol dz = /)\xﬁmd LY /Z da

n=0

)\n—f—l 6
nfad
/)\ac5+°‘ )\/Z n+1)! v
1 m— n o0
— Bn—pPm—e
/Axﬁ+ad5”+/§) CES dm+/n;n(n
m—1 e}
1 AT AT
- - _ 2 B-m)—e B(n—m)—e
_/)\xﬁJradac—i-/Z n+1!x dx+/z(n+1)!x dx

)\n—f—m )\n—f—m

d 5" €d 67’L76d
/)\xm‘“ x—i—/ Z (n+m+ 1) ﬂU—l—/Z n+m+1)! *

)\n—f—m )\n-i—m

d 5" €d 6n7€d
/)\ Pta x—l—/z n+m+2 ﬂU—i—/Z C(n+m+2) v
1 A dx Antm
= R - ﬁnfe
/)\x5+“dm+Fm+2)/ /Z n—i—m—|—2) du

S e = [ et 2 [
Tn+m+2) ) Aafta I(m+2) ) xf

)\ner )\n+m+1

Bn €d Bn—l—ﬁ—ed
/ Z Fn+m+2 x+/zrn+m+3 o

pPn—Pm—cqy

(4.12)

B 1 xlfﬁfa / i: A\ntm xﬁn e+1
_)\1—5—04 m+2  T(n+m+2)pn—ec+1
)\n+m+1 ﬁnJrﬁ e+1
+Z a +C
Fn+m+3)ﬂn+ﬂ—e+1
B 1 xlfﬁfa / _Z A\ntm xﬁn e+1
_)\1—5—04 m+2  P(n+m+2)pn—ec+1
L A a1+ @=a/p), ()"

L(m+3)(f—e+1) = (m+3), (2+ (1 —¢)/B), n!

1 xlfﬁfa A\ntm xﬁn e+1

:Xl—ﬂ—a+F(m+2)/ Z  T(n+m+2)pn—ec+1
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)\m-{—lxﬁ—s-i-l

1 1

1. For € = 0, we substitute € = 0 in (4.12), and hence, we obtain

A’ \ntm \nt+m
/Wd _/ Lhra / Z T(n+m+2) Bndx+/zrn+m+2 2"dx
1 gl-B-a Antm P+l A\ntm P+l
:Xm Z Fn+m+2)ﬁn+1 Zl“n—i-m—i-Q)ﬁn—i-l

1 xlfﬁfa —1 A\ntm xBnJrl
:Xl—ﬁ—a Z  D(n+m+2)pn+1

Ny > (1)n(1+1/ﬁ)n (A2?)" 1 gl Pe
+I‘(m+2)(ﬁ+1)%(m+2)n(2+1/ﬁ)n n  Al-f-a

Antm xBnJrl Ay
- Z -
 T(n+m+2)Bn+1 T(m+2)(5+1

1
) o Fy <1,1 + =

im+ 2,2+ — Am) C,
B’ B’

which is (4.9), and where m = /5.

2. For e =1, we set € =1 in (4.12) and obtain

m —1 )\n-‘,—m xﬁn

6)\@‘5 1 :Cl B—a
- dr == 1 s
/)\xﬁ-m v Al—ﬁ—a+F(m+2) n’x‘—i_nz_:mf(n—km—i—Z) Bn
)\erlxﬁ

AT R (1,1; 3,2: )\ /3) c,
+F(m+3)52 2 m + ") +

which is (4.10), and where m = (o — 1)/0.

3. For e € (—5,0) U (0,1) U (1,5), (4.12) gives

e)\xfe 1 xl—ﬁ—a L xl—e —1 A\ntm xﬂn—e—l—l
e = 1 5>
Aghte AM—-fF—-—a TI'(m+2)1—ce¢ nzfmf(n+m+2)ﬁn—6—|—1

)\erlefeJrl . 1—¢ 1— )\ o
+ L1+ m+3,2+ —— +C,
T(m+3)(B—e+1) < g E “’U)

which is (4.11), and where m = (o —¢€) /3. O

Ezample 3. In this example, we evaluate [ (6*12 Jx*)dz. We first observe that A = —1 and 8 = 2.
We also have 4 = f+a=2+2=2+4+2(1)+0= 5+ m+¢, and so m = 1 and € = 0. Substituting
A=1, =1, m=1and e =0 in (4.9) gives

e = L1 T p 1935 2?40
A x_T_E_ZQ 2(7aaa_$)+-

Corollary 1. Let a > 1 and let &« = m + €, where m is an integer (m € N) and —1 < e < 1.
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1. If e=0 or 1, then

Az m _ nm "
e 1 A A z
Birria= | -5 —do— - 1 Thtmed n
A1+ /Am”a * Aaz® * I'(m+2) ozl +nzzm I(n+m+2) n
Aty
+———— o (1,1;m + 3,2, M) + C,
R )

where m = a — 1.

2. And if e € (—1,0) U (0,1), we have

6)\1‘ p 1 L xl—e —1 Antm xn—e—l—l
/Am”a T T aze + I'm+2)1—ce * Z F'n+m+2)n—e+1
n=—m
)\m+1$2_6
+ oFy (1,2 —¢,m+3,3— ¢ \x) + C,

T(m+3)(2—¢)

where m = a — €.

Proof.

1. If e = 0 or 1 implies &« = m + € is an integer (a € N) since (m € N). Morever, « = m + €
implies 8 = 1 in Theorem 5. Therefore, we obtain (1) by setting 5 = 1 in (4.10).

2. For e € (—1,0) U (0,1), we set S =11in (4.11) and obtain (2). O

Ezample 4. In this example, we evaluate [ (e_x/x?’]) dx. We first observe that A = —1. We
also have 3.7=14+a=14+27=14+2+07=1+m+¢, and so m = 2 and € = 0.7. Substituting
A=—-1,m=2and e =0.7 in (2) gives

9F» (1,1.3;5,2.3; —x) + C.

/ efmd x72.7 20-3 L7 N 207 213
—aAr= — - — — —
37 2.7 1.8 1.7 1.4 31.2

5. Conclusion

Formulas for the non-elementary integrals Sig, = [[sin (\z?)/(A\z®)]dz, 8 > 1, @ > B+ 1, and
Cigo = [[cos (A2?)/(Ax®)]dz, B > 1, a > 283 + 1, were explicitly derived in terms of the hyperge-
ometric function 9F3 (see Theorems 1 and 2). Once derived, formulas for the hyperbolic sine and
hyperbolic cosine integrals were deduced from those of the sine and cosine integrals (see Theorems 2
and 4). On the other hand, the exponential integral Eig , = f(e)"“"ﬁ Jx¥)dx, B> 1, a > [+ 1 was
expressed in terms of the hypergeometric function 9F5 (see Theorem 5 and Corollary 1).

Beside, illustrative examples were given. Therefore, their corresponding definite integrals can
now be evaluated using the FTC rather than using numerical integration.
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